Chapter 5

(Reductive) Borel-Serre
compactification

Let (G, X) be a Shimura datum. By abuse of notation use X to denote a connected component.
Let I' < G(Q) be an arithmetic subgroup.
Throughout the whole chapter, P will denote a proper parabolic subgroup of Gder,

5.1 General discussion on compactifications of I'\ X

5.1.1 General philosophy of compactifying '\ X

In general, here is what we get a compactification of I'\ X in the following steps:

(i) Consider a certain set of proper rational parabolic subgroups of GI°*. To each such P, we
associate a boundary component e(P). Set X* := X U| |e(P).

(ii) Extend the action of I" on X to X*.

(iii) Endow a nice topology on X* (often called the Satake topology), such that the action of T’
on X* is continuous and prope and that '\ X™* is Hausdorff and compact.

In practice, Siegel sets play a crucial role in defining the topology on X* and in showing the
compactness of I'\ X*. Let us review its definition in the next subsection.

5.1.2 Revision on the rational symmetric spaces and Siegel sets
Recall the rational Langlands decomposition of P from (4.5.9)
P(R)" ~ Np(R) x Ap(R)" x Mp(R)
and the induced rational horospherical decomposition
h: X ~ Np(R) x Ap(R)" x Xp
with the rational boundary symmetric space

Xp = Mp(R)"/(Mp N K.

Namely, any € X* has an open neighborhood W such that {y € T': yW N W # (0} is a finite set.
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Let A(Ap,P) = {a1,...,a,} be the subset of simple roots defined as in (4.5.8); they are

characters of a maximal Q-split torus Ap contained in P. Then we have an isomorphism
Ap(R)"T = R, ar (ar(a)™t . an(a)™h). (5.1.1)
A Siegel set in X associated with P is of the form
Spusy i=h N (Ux Apy x V) C X (5.1.2)
with U C Np(R) and V' C Xp bounded and
Ap;:={ac Ap(R)" : a(a)™! <t, Va € A(4p, P)}.

If P < Q are parabolic subgroups of G4¢*, then Ap > Aq. Moreover, it can be shown that the
followings are equivalent: (i) Xp is compact, (ii) Mp has Q-rank 0, (iii) P is minimal parabolic in
Gde' | Furthermore, reduction theory asserts the following: If P is a minimal parabolic subgroup
of G, then there exist a finite subset J C GI(Q) and a Siegel set & := U x Ap; x V of P
such that

Xi=J-6 (5.1.3)

is a fundamental set for the I'-action on X.

5.2 Borel-Serre compactification

5.2.1 Borel-Serre partial compactification: definition

For any P, define the Borel-Serre boundary component
e(P) := Np(R) x Xp. (5.2.1)

Since Np is a normal subgroup of P, the boundary component e(P) ~ P(R)"/Ap(R)"(Mp N
K) is then an Np(R)-principle bundle over the rational boundary symmetric space Xp =~
P(R)"/Np(R)Ap(R)T(Mp N K ). Another visualization of e(P) is given in (5.2.8)), where we
see that e(P) is in some way the quotient of X by Ap(R)™.

The Borel-Serre partial compactification X% s defined, as a set, to be

X=X U] |e(P). (5.2.2)
P

The extension of the I-action, or more generally the G (Q)-action, to X5 will be given in
(5.2.11]).

Let us define the topology on YBS, for which we only need to define the neighborhoods of
the boundary points. For this purpose, we need to analyze boundary components e(Q) and e(P)
for two parabolic subgroups P < Q of G4,

For the reductive subgroup Mq of Q, set P’ := P N Mgq. Then P’ is a parabolic subgroup
of Mq such that, by looking at the root system construction,

MP/:MP, 1&1:>:¢AQ><1A1:N7 NPZNQNNPI. (523)
Thus the horospherical decomposition of Xq associated with P’ is

Xq ~ Np/(R) x Ap/(R)" x Xp: = Np/(R) x Ap/(R)T x Xp. (5.2.4)
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Next, we find another Q-split torus Ap q of Ap which is isomorphic to Ap/. We start with
the case where P is a standard parabolic subgroup. Namely, we fix a basis gA of the relative
root system @ = ®(A, G4r) for some maximal Q-split torus A in G9°", and then we obtain
a minimal parabolic subgroup Py of G4 as below , and assume P = P; for some subset
I C @A asin Theorem[.4.6. Since Q > P, we have Q > Pg and hence Q = P for some J C gA
by Theorem [4.4.6] and it is clear that I C J. By Lemma we have then A; > A . Better,
using definitions of A; and A; we get that Ay = A; ; x Ay, with Ay ;= <ﬂa,eJ\I Kero/) .
Notice that in this case, A(Ap, P) = @A \ I, and hence J \ I C A(Ap, P). In general, P is
conjugate to a unique P7, and then the conjugation of Q by the same element in G (Q) is
standard (i.e. contains Pg), and hence Q = P ; for some J C gA. Let Ap q < P be the suitable
conjugation of Ay y, and let Ip g € A(Ap, P) be the suitable conjugation of J\ I. Then we have

Ap = Aq x Apq. Thus Ap: ~ Ap q by the second equality in (5.2.3). So (5.2.4) becomes

Xq ~ Np/(R) x Apq(R)™ x Xp. (5.2.5)
Therefore by (5.2.3) and (5.2.5), we have
e(Q) = NQ X XQ ~ NP(R) X AP7Q(R)+ X Xp. (5.2.6)

Definition 5.2.1. The topology on X5 s defined as follows: (i) on X it is the natural one, (ii)
for each parabolic subgroup P of GI°*, the neighborhoods of a point (n, z) € e(P) = Np(R) x Xp
is |_|Q>P U x Ap g+ x V for all neighborhoods U of n in Np(R), all neighborhoods V' of z in
Xp, and all t > 0, with

AP,Q,t = {a S AP,Q(]R)Jr : a(a)*l <t, Va € IP,Q}.

A better description is given in Corollary

5.2.2 Borel-Serre partial compactification: corners and Hausdorff property

Recall the isomorphism Ap(R)* ~ RZ, from (5.1.1). Use Ap to denote the closure of Ap(R)*"

. . . . . BS .
in R" under the natural inclusion RL,; € R". The discussion on the topology of X > in the
previous subsection yields easily the following results.

Lemma 5.2.2. We have a disjoint decomposition

Ap = Ap(R)" U | | (Apq(R)" x 0q)
Q>P

where Oq s the origin of the real vector space R"™ arising from AQ(R)* ~ ]R;lo CR".

Proposition 5.2.3. The embedding Np(R) x Ap(R)" x Xp ~ X C X% can be naturally
extended to an open embedding Np(R) x Ap x Xp < X Moreover, the image of Np(R) x
Ap x Xp in YBS s equal to the subset

XU |_|Q>P e(Q) (5.2.7)

. ==BS
mn X .
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We will call (5.2.7) the corner associated with P and denote it by X (P). Then we have
X(P) ~ X x 4w+ Ap, e(P) = Np(R)x{(0,---,0)} xXp, X(P)~e(P)x[0,00)". (5.2.8)

Another corollary of Lemma is the following description of neighborhood bases of points
in the boundaries.

Corollary 5.2.4. For any point (n,z) € e(P) = Np(R) x Xp, a neighborhood basis in X
1s given by U X Tp’t xV C X(P), where n € U,z € V are bases of neighborhoods of n and z
respectively, and t > 0 with

Ap;:={a€ Ap :afa)"' <t, Va € A(Ap, P)}.

This neighborhood basis is highly related to the Siegel sets (5.1.2). This relation is the key
to the proof of the following proposition.

Proposition 5.2.5. X is q Hausdorff space.

Proof. Take two distinct points y1,y2 € X \ X, with y; € e(P;).

If P; = Py, then ¢(P;) = e(P3) and clearly there are open neighborhoods of y; and y2 which
are disjoint.

From now on assume P71 # Py. Assume that y; and y2 have open neighborhoods which are
non-disjoint. By Corollary we may assume that the neighborhoods are U; x Aipl,t x Vi
and Us X Aip” X Vo with ¢ > 0. We may furthermore assume that Uy, Vi, Us, Vo are bounded.
Call the intersection W. Then W is open in U; x Aipji x Vj.

Because U; x Ap, ; x V; is open and dense in Uj ><A7pj7t x Vj, we have that WnN(U; x Ap, X% Vi)
is open and dense in W. So W N (U; x Ap,+ x V1) N (Uz x Ap,+ x V3) is non-empty.

But Py # P, so general theory of Siegel sets says that (U; x Ap,  x V1)N(Ua x Ap, 1 x Va) =0
for t > 1 (say t > to for some fixed ty € R). Therefore by the previous paragraph, ¢t < tg. Hence
we find open neighborhoods Uy x Tm,to x V1 of y1 and Us x Aipw0 x Vo of yo which are disjoint.
We are done. O

5.2.3 Extension of G (Q)-action

For any element v € G (C), write 7(-) for the conjugate v(-)y~!.

We start by explaining the action of P(R)™ on the boundary component e(P). Recall
P = Np x (ApMp). Let p € P(R)", which decomposes into p = ngagmg with ng € Np(R),
ap € Ap(R)* and mo € Mp(R). Then for (n,z) € e(P) = Np(R) x Xp, set

p-(n,z) = (ng-*°"n,myz) € Np(R) x Xp = ¢e(P). (5.2.9)

We can rewrite this action in the following way. Instead of decomposing p = ngagmg, we can
also decompose it into p = m/a’n’ with m’ € Mp(R), ' € Ap(R)*T and n’ € Np(R). Indeed
(since Ap and Mp commute), we can take m’ = mg, a’ = ag, and n’ = (@0mo) ™"y Then

p-(n,2) = (" (n'n),m'z). (5.2.10)

Next we extend this action to the action of G4°T(Q) on X" as follows. Let g € G4T(Q) and
(n,z) € e(P) = Np(R) x Xp. Then we can decompose g = kp for k € K, and p € P(R), and
moreover p = m/a’n’ with m’ € Mp(R), o’ € Ap(R)* and n’ € Np(R). Notice that both k and
m’ are not uniquely determined by g, but determined up to an element in KooNP = K, NMp. In
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particular, the product km’ is uniquely determined by ¢. Notice that *P = 9P is a Q-parabolic
subgroup of G4¢r. Set

g-(n,2) == """ (n/n), k- m'z) € Nup(R) x Xip = e(*P) = e(YP). (5.2.11)

We need to explain the notation k - m’z. Denoting by Kp := K, N Mp, the point m’'z € Xp ~
Mp(R)"T/Kp can be written as mKp for some m € Mp(R)". Then k- m'z € Xep = Xop is
FmKip = *mKop.

Proposition 5.2.6. The action of GI*(Q) on X defined above is continuous.

Proof. 1t suffices to prove the following: Let {y;} be a sequence of points in X% which converges
t0 Yoo, then {g - y;} converges to g - yoo for any g € Gr(Q). This is clearly true if yoo € X.
Thus we may assume Yo, € e(P) for some P.

Now there are two cases to consider: either {y;} C X, or {y;} C e(Q) for some Q > P.
Indeed, by passing to a subsequence we can always reduce to one of these two cases. In the
first case, write each y; under the horospherical decomposition associated with P. In the second
case, write the Xq-component of each y; under the relative horospherical decomposition .
We omit the details of the computation. ]

Finally, let T' < G4°"(Q) be an arithmetic subgroup. We have:

Corollary 5.2.7. T' acts properly on YBS, i.e. any point x € x58 has an open neighborhood
W such that

{yeT :AyWNW #0}

is a finite set.

Proof. 1t is known that I' acts properly on X. So it suffices to prove the result for = € e(P) for
any P. By Corollary [5.2.4] we may take W = U x Ap; x V, with U x Ap; x V a Siegel set in

X. Since W is open in X7 and that T acts continuously on X (Proposition |5.2.6), we have:

YU X Apy x V)N (U x Apy X V) £ D= AWNW #0

with an argument similar to Proposition [5.2.5. Hence the desired finiteness follows from general
theory of Siegel sets. O

5.2.4 Quotient by I' and conclusion

Theorem 5.2.8. The quotient F\YBS 1s a compact Hausdorff space. If I is torsion-free, then

F\YBS has a canonical structure of a real analytic manifold with corners.
Moreover, there are finitely many I'-conjugacy classes of proper rational parabolic subgroups
of GI. Taking a set of representatives {P1,..., P}, we have

NX > =T\X U |i| T'p,\e(P;) (5.2.12)
j=1

with T'p, :== T NP;(Q).

We also use I‘\XBS to denote F\YBS.
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Proof. F\YBS by Proposition and Corollary

For the proper rational parabolic subgroups Py, ..., P,, of G reduction theory says that
the images of some associated Siegel sets

Ul X AP17t1 X Vl, .. .,Um X APm,tm X Vm

under X — I'\ X cover the whole space. Clearly we can take all the Uj, V}’s to be compact. By

Proposition [5.2.3} the closure of U; x Ap, +; X V; in YBS is Uj x Ap, b X V;, which is a compact
oLy

set. The I'-translates of these compact sets cover X5 because X is dense in x5 So we prove
~BS
the compactness of I\ X .

Next we show that X has a canonical structure of real semi-algebraic manifolds with
corners. Indeed, this is clearly true for X (P) ~ Np(R) x Ap x Xp for each P, and it is not hard
to check that the real semi-algebraic structures of different X (P)’s are compatible (it suffices to
check for Q > P, for which we can use (5.2.5)). The G (Q)-action is easily seen to be given
by real semi-algebraic diffeomorphisms.

Now if I' is torsion-free, then the action of I' on X" has no fixed points. So F\YBS has a
canonical structure of a real analytic manifold with corners.

Finally to get (5.2.12), it suffices to show that I'p is the stabilizer of e(P) in I" for each P.
This is true because: for any g € G4°7(Q), either g € P(R)* and ge(P) = e(P), or g ¢ P(R)*
and ge(P) Ne(P) = 0; see (5.2.11)). We are done. O

Example 5.2.9. For the Poincaré upper half plan $ and the group SLo, consider the parabolic
subgroup
e b | %
P_{[O al} aeQF, be@}.

We have Np = (1) :be R} ~ Gar. Soe(P) ~R, by adding a “real azis” at the point co.

Then T'p\e(P) ~ Z\R is a loop, with I' = SLy(Z).

b
1

5.3 Reductive Borel-Serre compactification

It often occurs that the Borel-Serre compactification is too large. In this section we define the
reductive Borel-Serre compactification. For each P, define the reductive Borel-Serre boundary
component to be

e(P) := Xp. (5.3.1)

Then clearly it is obtained from the Borel-Serre boundary component (5.2.1) by collapsing
Np(R). Define the reductive Borel-Serre partial compactification to be

XM= xul |e®), (5.3.2)
P

with the topology as follows. Recall, for each Q > P, (5.2.5)
XQ ~ Np/(R) X AP,Q(R)+ X Xp.

So e(P) is attached to ¢(Q) at infinity (here, we use the isomorphism Ap(R)" ~ RZ, which is
componentwise the inverse of (5.1.1)). In particular for Q = G9°*, we retain the horospherical
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decomposition X ~ Np(R)x Ap(R)* x Xp. Now for any z € ¢(P) = Xp, a basis of neighborhood
system of of z in X885 given by

(NP(R) X Ap,t X W) U |—|Q>P(NP/ (R) X A[{Q}t X W)

with W a neighborhood of z in e(P) and ¢ > 0. Observe that if W is open, then the union above

is the interior of the closure of Np(R) x Ap; x W in X8,

Similarly to the discussion on Borel-Serre compactifications, we have:

Theorem 5.3.1. X js Hausdorff, and the G (Q)-action on X extends continuously to
<RBS.

The quotient F\YRBS is a compact Hausdorff space containing T\ X as an open dense subset.
If we let {P1,..., Py} be a set of representatives of the I'-conjugacy classes of proper parabolic

subgroups of GI*, then we have

<-RBS

MNX o =T\XU |i| Tnip, \Xp, (5.3.3)

j=1
with Pij =I'nN ij (Q)

S J—
We also use I‘\XRB to denote I‘\XRBS.

Theorem 5.3.2. The identity map on X extends to a continuous surjective G (Q)-equivariant

map X° L XS,

BS RBS
The identity map on T\X extends to a continuous map T\X —~ — T\X .
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