
Exercise Sheet 10

Let K be a non-archimedean local field and let K̄ be a separable closure. For any positive
integer m, let µm denote the set of m-th roots of unity in K̄.

Exercise 1. The goal of this exercise is to prove that there is a bijection

{finite abelian extensions of K} - {open subgroups of K∗}
L 7→ N(L∗)

.

In the rest of the exercise, the fields L, L′ will be finite abelian extensions of K.

1. Prove L ⊂ L′ ⇒ N(L∗) ⊃ N(L′∗);

2. Prove N((LL′)∗) = N(L∗) ∩ N(L′∗) (Hint: use the map φK : K∗ → Gal(Kab/K));

3. Use (2) to deduce N(L∗) ⊃ N(L′∗) ⇒ L ⊂ L′;

4. Conclude.

Exercise 2. Let p = charK. Prove that

Kur =
⋃

(m,p)=1

K(µm).

Deduce that Kur ⊂ Kab. (Hint: compare the residue fields of both sides of the equation).

Exercise 3. Let K = Qp and let π = p be a uniformizer. The goal of this exercise is to
compute Kπ for this case.

1. Prove that N(Qp(µpn)∗) = U
(n)
Qp

· pZ;

2. Prove that (Qp)p =
⋃

n>1 Qp(µpn) (Hint: use Exercise 1).

Exercise 4. Use the previous two exercises to prove the following statement (which is also
called the local Kronecker-Weber theorem): any finite abelian extension of Qp is contained in
a cyclotomic extension.
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