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Part 0. Motivation

It is a fundamental question in mathematics to solve equations.
For example, f (X ,Y ) = polynomial in X and Y with coefficients in Q. What
can we say about the Q-solutions to the equation f (X ,Y ) = 0? (Diophantine
problem)

➢ f (X ,Y ) = X2 + Y 2 − 1. We wish to find rational numbers (x , y) such that
x2 + y2 = 1. Pythagorian triples (3/5,4/5), (5/13,12/13), etc.

➢ f (X ,Y ) = Y 2 − X3 − 2. We wish to find rational numbers (x , y) such that
y2 = x3 + 2. There are solutions like (−1,±1), (34/8,±71/8),
(2667/9261,13175/9261), etc.

➢ f (X ,Y ) = X3 + Y 3 − 1. We wish to find rational numbers (x , y) such that
x3 + y3 = 1. The only such solutions are (1,0) and (0,1).
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Part 0. Motivation

The last example from the previous slide, x3 + y3 = 1, is a particular case of
the so-called Fermat’s Last Theorem.

Theorem (Wiles, Taylor–Wiles, 1995)

Let n ≥ 3 be an integer. If x and y are rational numbers such that xn + yn = 1,
then (x , y) = (0,±1) or (x , y) = (±1,0).

Of course if n is furthermore assumed to be odd, then −1 cannot be attained.
This suggests that it can be extremely hard to find all Q-solutions to an
arbitrary polynomial f (X ,Y ) = 0!
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Part 0. Motivation

Instead, here is a more achievable but still fundamental question.

Question (Mordell, Weil, Manin, Mumford, Faltings, etc.)

Is there an “easy” upper bound for the number of the Q-solutions? How do
these Q-solutions “distribute”?

Modern Language: the Q-solutions become rational points on algebraic
varieties.
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Part 0. Main topic of the talk

Distribution of certain kind of points in certain varieties. For example, rational
points in algebraic curves.
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Part 0. Faltings’s Theorem

In what follows, g ≥ 0 and d ≥ 1 will be two integers, and K is a number field
with [K : Q] = d . Let C = irreducible smooth projective curve of genus g
defined over K .
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Part 0. Faltings’s Theorem

In 1983, Faltings proved the famous Mordell Conjecture (since 1922).

Theorem (Faltings 1983)

When g ≥ 2, the set C(K ) is finite.

However Faltings’s 1983 proof does not give a good upper bound on #C(K ).
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Part 0. In search of an upper bound on #C(K )

The cardinality #C(K ) must depend on g.

Example

The hyperelliptic curve defined by

y2 = x(x − 1) · · · (x − 2022)

has genus 1011 and has at least 2024 different rational points.

The cardinality #C(K ) must depend on [K : Q].

Example

The hyperelliptic curve
y2 = x6 − 1

has points (1,0), (2,±
p

63), (3,±
p

728), etc.
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Part 0. In search of an upper bound on #C(K )

Here is a very ambitious bound.

Question

Is it possible to find a number B(g, [K : Q]) > 0 such that

#C(K ) ≤ B?

This question has an affirmative answer if one assumes Lang’s conjecture
(Caporaso–Harris–Mazur, Pacelli).
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Part 0. Classical result on #C(K )

In early 90s, Vojta gave a second proof to Faltings’s Theorem. The proof was
simplified and generalized by Faltings, and further simplified by Bombieri. This new
proof (BFV) gives an upper bound, which was later on made explicit by de Diego,
David–Philippon, and Rémond.

Theorem (Vojta, Faltings, Bombieri, de Diego, David–Philippon, Rémond)

#C(K ) ≤ c(g, [K : Q],hFal(J))1+rkZJ(Q)

where J =Jacobian of C, and hFal(J) is max{1,Faltings height of J}.

Roughly speaking, the number hFal(J) measures the “complexity” of the coefficients of
the equations defining the curve C.
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Part 1. Bound on #C(K )

Theorem (Dimitrov-G’-Habegger, Annals of Math. 2021)

If g ≥ 2, then
#C(K ) ≤ c(g, [K : Q])1+rkZJ(K )

where J is the Jacobian of J. Moreover, c(g, [K : Q]) grows at most polynomially in
[K : Q].

➢ This proves a conjecture of Mazur (1986, 2000).

➢ Compared to the classical result, the height of J is no longer involved in the
bound.

➢ No algorithm, up to today, to compute rkJ(K ). But upper bound given by the
Ooe–Top theorem.

➢ Heuristic for rkJ(Q) by Poonen.

➢ We showed that the constant c should not depend on [K : Q] assuming the
relative Bogomolov conjecture. Recently achieved unconditionally by Kühne.
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Part 1. Previously known results on this bound

✎ By Diophantine method, based on BFV,
➢ David–Philippon 2007: when J ⊂ En.
➢ David–Nakamaye–Philippon 2007: for some particular families of curves.
➢ Alpoge 2018: average number of #C(Q) when g = 2.

✎ By the Chabauty–Colmeman method,
➢ Stoll 2015: hyperelliptic curves when rkJ(K ) ≤ g − 3.
➢ Katz–Rabinoff–Zureick-Brown 2016: when rkJ(K ) ≤ g − 3.
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Part 1. Example of a 1-parameter family

Example (DGH 2019, IMRN)

Let s ≥ 5 be an integer and let Cs be the genus 2 hyperelliptic curve defined by

Cs : y2 = x(x − 1)(x − 2)(x − 3)(x − 4)(x − s).

Then

rk(Js)(Q) ≤ 2g#{p : p = 2 or Cs has bad reduction at p}

≤ 2g#{p : p|2 · 3 · 5 · s(s − 1)(s − 2)(s − 3)(s − 4)}

�g
log s

log log s
.

This yields, for any ε > 0,
#Cs(Q)�ε sε.
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Part 1. Review of the BFV method

r ∼g hΘ(J)

0
r

small points

large points

Take a symmetric ample line bundle L on J.
It induces a function ĥL : J(Q)→ R≥0 vanishing
precisely on J(Q)tor.
  ĥL : J(K )⊗Z R→ R≥0 quadratic, positive definite.
  “Normed Euclidean space” (J(K )⊗Z R, ĥ1/2

L ),
and J(K ) becomes a lattice in it.

Theorem (Bombieri, de Diego, Alpoge)

#large points ≤ c(g)1.872rkJ(K ).
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Part 1. A new Gap Principle

Our new contribution is the following New Gap Principle.

Theorem (Dimitrov–G’–Habegger Ann. Math. 2021, uses G’ Compositio Math. 2020)

Set m = 3g − 2. Then if P, P1, . . . ,Pm are points of C(Q) in general position, then

ĥL(P1 − P) + · · ·+ ĥL(Pm − P) ≥ chFal(J)− c′,

where c > 0 and c′ are constants which depend only on g.

As an upshot, we then prove:

Theorem (New Gap Principle for large curves)

There exists a constant δ = δ(g) > 0 with the following property. If hFal(J) > δ, then
each P ∈ C(Q) satisfies

#{Q ∈ C(Q) : ĥL(Q − P) ≤ c1hFal(J)} ≤ c2

for some constants c1 and c2 depending only on g.
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Part 1. A new Gap Principle

Theorem (New Gap Principle, Dimitrov–G’–Habegger + Kühne)

Each P ∈ C(Q) satisfies

#{Q ∈ C(Q) : ĥL(Q − P) ≤ c1hFal(J)} ≤ c2

for some constants c1 and c2 depending only on g.

➢ This theorem says (roughly) that algebraic points in C(Q) are in general far from
each other in a quantitative way. In particular, this holds true for rational points in
C.   Distribution of algebraic points in C.

➢ The proof of this new Gap Principle uses deep results on functional
transcendence (the mixed Ax–Schanuel theorem) (G’ Compositio Math. 2020)
and unlikely intersection theory on the universal abelian variety (G’ Compositio
Math. 2020).
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Part 1. Setup for the proof

Cg

��

universal curve

Mg moduli space of curves of genus g with level-3-structure

We are interested Q − P, for P,Q ∈ C(Q), viewed as a point in J. This can be realized
in families.

Cg ×Mg Cg
D1 //

&&

Jac(Cg /Mg)

��

(P,Q) 7→ Q − P fiberwise

Mg
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Part 1. Setup for the proof

On step further, one can put everything in the universal abelian variety π : Ag → Ag .

Cg ×Mg Cg
D1 //

&&

Jac(Cg /Mg)

��

// Ag

π

��
Mg

τ // Ag

where τ is given by the Torelli morphism. Thus one can see the image of D1 as a
subvariety of Ag . Hence we are required to study certain subvarieties of Ag .
The proof uses Betti map/form and Betti rank (Corvaja, Masser, Zannier, Bertrand,
André; Mok). A key point is to prove that X := DM (CM+1

g ) is non-degenerate (as
introduced by Habegger 2013), i.e. X has Betti rank 2dimX . This is done in G’ 2020
Compositio Math.
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Part 1. Uniform Mordell–Lang

Using these tools (e.g. the height inequality of DGH, the construction of
non-degenerate subvarieties by G’, the equidistribution result of Kühne and
the Ullmo–Zhang approach), we generalized the result for curves and proved
the full Uniform Mordell–Lang Conjecture and the Uniform Bogomolov
Conjecture (G’–Ge–Kühne, 2021 preprint) for arbitrary subvarieties of abelian
varieties.
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Part 2. Small points on abelian varieties

In Part 1, we have see a height bound, if hFal(J) > δ(g) for some fixed δ(g),

ĥL(P1 − P) + · · ·+ ĥL(Pm − P) ≥ chFal(J)

for (P,P1, . . . ,Pm) ∈ C(Q) in general position.

Another way to understand this height bound is as follows. Consider the following
morphism

Dm : Cm+1 → Jm, (P0,P1, . . . ,Pm) 7→ (P1 − P0, . . . ,Pm − P0).

Then the point (P1 − P,P2 − P, . . . ,Pm − P) is precisely Dm(P,P1, . . . ,Pm).
In other words, the height bound can be translated to: If hFal(J) > δ(g), then
ĥL�m (x) ≥ chFal(J) for a generic point x ∈ X (Q), where X = Dm(Cm+1).
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Part 2. Small points on abelian varieties

This is a (quantative) refinement of the following theorem of Ullmo and
S. Zhang, which is known as the Bogomolov conjecture over number fields.

Theorem (Ullmo, S. Zhang 1998)

Let A be an abelian variety and X be a subvariety, both defined over Q. Let L
be a symmetric ample line bundle on A. Then there exists a number
ε = ε(A,L,X ) > 0 such that

ĥL(x) ≥ ε

for a generic x ∈ X (Q), unless X is a torsion coset.

However, it was not shown how ε depends on A,L,X .
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Part 2. Small points on abelian varieties

However, the analogue over function fields, known as the Geometric Bogomlov
Conjecture, remained open in its full generality, both over characteristic 0 and p > 0,
during a long time.
With Serge Cantat, Philipp Habegger and Junyi Xie, we proved this conjecture in its full
generality over characteristic 0.

Theorem (Cantat–G’–Habegger–Xie, Duke Math. J. 2021)

Let K be a function field over characteristic 0. Let A be an abelian variety and X be a
subvariety, both defined over K . Let L be a symmetric ample line bundle on A. Then
there exists a number ε = ε(A,L,X ) > 0 such that

ĥL(x) ≥ ε

for a generic x ∈ X (Q), unless X is a torsion coset translated by a subvariety from the
trace of A.

In an earlier work of G’–Habegger (Ann. of Math. 2020), this theorem was proved if
furthermore trdeg(K /k) = 1.
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Part 2. Small points on abelian varieties

✎ Classical proof by Arakelov geometry. Gubler 2006 proved GBC for A totally
degenerate at some place. In a series of work, Yamaki reduced GBC to A
traceless and has good reduction everywhere. More recently, Xie and Yuan
proved this last case (by another method), and thus completing the proof of GBC.

✎ There is a serious obstacle for the classical approach: If A has good reduction
everywhere, then we do not have a place which could possibly give a “good”
metric with which we can work. This phenomenon does not show up in the
number field case (because of the archimedean place, at which an abelian variety
becomes a complex torus).

✎ Our approach is completely different. No Arakelov geometry is used. We use the
Betti map / foliation, and either the Pila–Wilkie counting theorem from
o-minimality or arithmetic dynamics.

✎ Compared with the classical approach, although completely different, there is one
surprisingly common aspect. The Betti map / foliation in some way constructs a
“totally degenerate place”, over which we have a real torus.
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Part 3. Special points on moduli spaces

There is an analogue between abelian varieties and moduli spaces of mixed Hodge
structures (mixed Shimura varieties). We also take the universal abelian variety
Ag → Ag as an illustrating example.

Abelian varieties mixed Shimura varieties Ag → Ag
torsion / small points special points torsion points on CM fibers

torsion cosets Shimura subvarieties “sub-”moduli spaces

The analogue of the Manin–Mumford conjecture or the Bogomolov conjecture
becomes the André–Oort conjecture.
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Part 3. Special points on moduli spaces

Theorem (G’ 2016 and 2017, mixed André–Oort conjecture)

Let S be a connected mixed Shimura variety and X be a subvariety. Suppose X
contains a Zariski dense subset of special points. Then X is a mixed Shimura
subvariety, if a lower bound for the size of Galois orbit of special points holds true.

In particular, combined with the lower bound proved by Pila–Shanka–Tsimerman –
Esnault–Groechenig (which uses Binyamini–Schmidt–Yafaev), the result holds true
unconditionally.
This theorem is based on and extends many other works. The proof follows the
Pila–Zannier method. For pure Shimura varieties, it is proved in a serious of work by
Pila, Daw, Klingler, Tsimerman, Ullmo, Yafaev...
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Part 4. Torsion points in families of abelian varieties

In mixed André–Oort, we studied torsion points on CM fibers in families of abelian
varieties. What if we allow arbitrary fibers?
This is the setup of the relative Manin–Mumford conjecture. Let S be an irreducible
variety defined over C, and let π : A→ S be an abelian scheme. In particular, each
fiber As is an abelian variety.
Denote by Ator the set of torsion points on all closed fibers.

Theorem (G’–Habegger, in progress)

Let X be an irreducible subvariety of A which dominates S. Assume that the geometric
generic fiber Xη is irreducible and is not contained in any proper subgroup of Aη.
If X ∩Ator is Zariski dense in X, then dim X ≥ dimA− dim S.

Proposed by Zannier, and proved if X is a curve in a series of work of Corvaja, Masser,
Zannier...
An almost immediate corollary of this theorem is the Uniform Manin–Mumford
Conjecture for curves (recently proved by Kühne). Our approach does not use
equidistribution.
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Part 5. Interaction: functional transcendence

In the proof of the three kinds of distribution of points explained before, a key idea / tool
is the functional transcendence in the spirit of Ax–Schanuel.

Question ((weak) Ax-Schanuel)

Let q : Ω→ S be a surjective holomorphic morphism between algebraic varieties. Let
Z ⊆ Ω be complex analytic. Then

dim Z
Zar

+ dim q(Z )
Zar
≥ dim Z + dim q(Z )

biZar
.

Here q(Z )
biZar

means the smallest bi-algebraic subvariety of S containing q(Z ), where
bi-algebraic means “both algebraic in Ω and in S”.

Theorem (Ax, 1971, 1973)

Ax-Schanuel holds for semi-abelian varieties.
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Part 5. Interaction: functional transcendence

Theorem (G’ Crelle 2017, Compositio 2020)

Let S be a mixed Shimura variety. Then Ax–Schanuel holds if

➢ if Z is algebraic (Ax–Lindemann);

➢ if q(Z ) is algebraic (logarithmic Ax);

➢ if S =Ag , or more generally S is of Kuga type.

The theorem generalizes the following previously known results.

✎ Various particular cases of Ax–Lindemann were proved by Pila, Tsimerman, Ullmo, Yafaev, before it was
proved for all pure Shimura varieties by Klingler–Ullmo–Yafaev.

✎ Ax–Schanuel was proved for pure Shimura varieties by Mok–Pila–Tsimerman.

There is more general Ax–Schanuel conjecture for variations of Hodge structures proposed by Klingler in 2016.
Proved for VPHS by Bakker–Tsimerman 2019; for VMHS independently by Chiu and G’–Klingler (preprints
2021).
O-minimality is extensively used in the proofs!
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Part 5. Interaction: unlikely intersections

Another aspect of the interactions of the three kinds of distribution presented before is
the unlikely intersection behavior. More precisely, the Geometric Bogomlov
Conjecture, the André–Oort conjecture and the Relative Manin–Mumford Conjecture
are particular cases of unlikely intersections, and one uses deep theory of unlikely
intersections to prove the bound for #C(K ).

In particular, an important result to study unlikely intersections is the generalization of
the following theorem of Bogomolov.

Theorem (Bogomolov, ’70)

Let A be an abelian variety and let X be a subvariety. There are only finitely many
abelian subvarieties B of A with dim B > 0 satisfying:
(1) a + B ⊆ X for some a ∈ A;
(2) B is maximal for the property described in (1).

Ziyang GAO (CNRS, IMJ-PRG) DistrPt 28/06/2021 33 / 35



Part 5. Interaction: unlikely intersections

Generalization of this theorem, all by using o-minimality.
➢ Ullmo (2014) proved the corresponding result for pure Shimura varieties,

for the purpose of studying the André-Oort conjecture.
➢ Habegger–Pila (2016) introduced the notion of weakly optimal

subvarieties when studying the more general Zilber-Pink conjecture.
They also proved the corresponding finiteness result for the case Y (1)N .

➢ Daw–Ren (2018) proved the finiteness result for pure Shimura varieties.
➢ G’ 2020 (Compositio Math.) generalized and simplified Daw–Ren’s result

to Ag (mixed Shimura varieties).
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Thanks!
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