GENERIC RANK OF BETTI MAP AND UNLIKELY INTERSECTIONS

ZIYANG GAO

ABSTRACT. Let A — S be an abelian scheme over an irreducible variety over C of relative
dimension g. For any simply-connected subset A of S*" one can define the Betti map from Aa to
T?9, the real torus of dimension 2g, by identifying each closed fiber of Aan — A with T?9 via the
Betti homology. Computing the generic rank of the Betti map restricted to a subvariety X of A
is useful to study Diophantine problems, e.g. proving the Geometric Bogomolov Conjecture over
char 0 and studying the relative Manin—-Mumford conjecture. In this paper we give a geometric
criterion to detect this rank. As an application we show that it is maximal after taking a large
fibered power (if X satisfies some conditions); it is an important step to prove the bound for
the number of rational points on curves [DGH20]. Another application is to answer a question
of André—Corvaja—Zannier and improve a result of Voisin. We also systematically study its link
with the relative Manin-Mumford conjecture, reducing the latter to a simpler conjecture. Our
tools are functional transcendence and unlikely intersections for mixed Shimura varieties.
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1. INTRODUCTION

Let S be an irreducible variety over C, and let mg: A — S be an abelian scheme of relative
dimension g, namely a proper smooth group scheme whose fibers are abelian varieties.

For any s € S(C), there exists an open neighborhood A C S" of s with a real-analytic map,
which we call the Betti map,

ba: Aa =gl (A) — T,

where T?9 is the real torus of dimension 2g. The precise definition will be given in (4.2),
but we give a brief explanation here: Up to shrinking A we may assume that it is simply-
connected. Then one can define a basis wi(s),...,waq(s) of the period lattice of each fiber s € A
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as holomorphic functions of s. Now each fiber A; = ﬂgl(s) can be identified with the complex
torus C9/Zwq(s) @ - -+ ® Zway(s), and each point x € As(C) can be expressed as the class of

Z?£1 bi(x)w;(s) for real numbers by (z), ..., bag(z). Then ba(x) is defined to be the class of the
2g-tuple (b1(x),...,ba,(x)) € R* modulo Z9.

Through the introduction, let X be a closed irreducible subvariety of A such that 7g(X) = S.

The goal of this paper is to compute the generic rank of ba|xna,. We also systematically
study the link between this rank and the relative Manin—-Mumford conjecture, reducing the
latter to a simpler conjecture on unlikely intersections.

First of all, rankg(dba|x ), must be an even number for each z € X*™(C), as each wj(s) is
holomorphic. So the question becomes giving a characterization for
(1.1) rankg(dbalx) = _ e AA(rankR(dbAlxmAA)x) =2l.
Also it can be shown that rankg(dba|x) does not depend on the choice of A by Sard’s theorem;
see the end of §4 for a detailed explanation.

There is a naive bound for rankg(dba|x) as follows. Let 2, be the universal abelian variety
over the moduli space A, of abelian varieties. We have the modular map

(1.2) .A*L>Q[g

l ) i

TS T
ts
S——=A,.

It is not hard to show that ba factors through ¢. So rankg(dba|x) < 2min(dim¢(X), g).

The question to characterize (1.1) was explicitly asked and systematically studied for the first
time in [ACZ20]. The submersivity problem, i.e. | = g, was solved in loc.cit for all A/S with
End(A/S) = Z and dimg(S) > g. A clear connection to functional transcendence (André’s
independence of abelian logarithms [And92] and pure Ax-Schanuel [MPT19]) was presented.

In our paper we completely solve the generic rank problem by giving a criterion (equivalent
condition) to (1.1) for each [ in simple terms of the geometry of X. Our approach is independent
of [ACZ20]. It uses functional transcendence (in a different vein, mixed Ax-Schanuel [Gao20]),
combined with a finiteness result [Gao20, Theorem 1.4]. Here let us state the criterion in an
equivalent (but simpler formulated) way: give a criterion to rankr(dba|x) < 2[ for each I.

The following notation will be used throughout the paper: Denote by Ax the translate of an
abelian subscheme of A — S by a torsion section (up to a finite covering of S) which contains
X, minimal for this property. Then Ax — S itself is an abelian scheme (up to taking a finite
covering of S), whose relative dimension we denote by gx.

Theorem 1.1 (Criterion to (1.1)). For each I, we have rankg(dbalx) < 2l if and only if
the following condition holds: there exists an abelian subscheme B of Ax — S (of relative
dimension gg) such that for the quotient abelian scheme pg: Ax — Ax /B and the modular map
v Ax /B — gy g, we have dim(t g o pp)(X) <1 — gs.

(1.3) Ax &AX/BﬁmgX*QB
_
S I R
s idg s L/B,S AgX—gB

This geometric criterion to detect the Betti rank can be simplified in some cases, e.g.

rankg (dba|x) = 2min(dim ¢(X), dim(X)gen—sp — dim 5)

(1.4) if dim¢g(S) =1 or t5(S) has simple connected algebraic monodromy group.



See Definition A.1 for the definition of (X)gen—sp and Corollary A.4 for the statement.

Betti map was first studied and used in [Zan12]. Then it was used to study the relative Manin-
Mumford conjecture by Bertrand, Corvaja, Masser, Pillay and Zannier in a series of works
[MZ12, MZ14, MZ15, BMPZ16, CMZ18, MZ18], to prove the geometric Bogomolov conjecture
over char 0 by Gao-Habegger [GH19] and Cantat-Gao-Habegger-Xie [CGHX20] with (1.1) for
I = dim X — dim S, and to prove the denseness of torsion points on sections of Lagrangian
fibrations by Voisin [Voil8] using André-Corvaja-Zannier’s result [ACZ20] on (1.1) for [ = g < 4.

1.1. Two applications. We see two applications of Theorem 1.1 in this subsection.
As shown by [DGH20, Theorem 1.6], in some number theory and algebro-geometric applica-
tions, it is particularly important to understand when (1.1) holds for [ = dim X, namely

(1.5) rankg (dba|x) = 2dim X.

As rankg (dba|x) < 2min(dim ¢(X), g) always holds, (1.5) requires ¢|x to be generically finite
and that dim X < g. But in applications we often need to handle X with dim X > g.

Because of this problem, our main result towards (1.5) is in the following philosophy. Instead
of proving (1.5) for X, we raise X to a large enough fibered power so that (1.5) holds for this
fibered power. In this process we need to put some extra assumptions on X.

Let us explain this in details. For any integer m > 1, denote by AM = A xg ... xg A
(m-copies), X" = X xg ... xg X (m-copies) and by b[Am] = (ba,...,ba): A[Am] — T?™9. Let
g4 Am+1] 5 Al be the m-th Faltings-Zhang map fiberwise defined by (Py, Py, ..., Py) —
(PL— Po,...,Pn— Py).

We start with the following example. Let M, be the moduli space of curves of genus g. Up
to taking a finite covering, we have a universal curve €, — M. Let A, be the moduli space of
principally polarized abelian varieties of dimension g. Up to taking a finite covering, we have a
universal abelian variety m: 2, — A,. Then we have

Jac(Qi) — A
)

M, A,.

By abuse of notation denote by M the image of the bottom arrow.

Let S be an irreducible variety with a generically finite (not necessarily dominant) morphism
S — M such that €, xp, S — S admits a section €. Take A =24y x4, S, and let €5 = €5 x py, S.
We have the fiberwise Abel-Jacobi embedding j.: €5 < Jac(€g) via €, and by abuse of notation
denote by €g the image of €g under ¢ o j.. Denote by €5 — €g = @{4(0:5).

Theorem 1.2. Let S, A and &g as above. For any m > 1, we have
(i) rankg(dby"| ) = 2dim(€5") for all m > dim S if g > 2.
S
(ii) rankg (bR | ¢y —eqyom) = 2dim(€s — €)™ for allm > dim S if g > 3.

Theorem 1.2 is a particular case of part (i) of the following Theorem 1.3 (applied to ¢ = id,
X =¢C€g and X = €g — €g), which is the general result towards (1.5).

Theorem 1.3. Assume that t|x is generically finite. Assume furthermore that X satisfies:

(a) We have dim X > dim S.

(b) For each s € S(C), X generates As.

(¢) We have X + A" € X for any non-isotrivial abelian subscheme A’ of A — S.
Then we have

(i) rankR(db[g] | xtm)) = 2dim XU for all m > dim S.



(ii) rankR(db[Z] | ga(xtm+1y) = 2dim (XY for all m > dim X if « is quasi-finite.

This theorem follows directly from Theorem 10.1, applied to ¢ = 0. In practice, the bound
for m can often be improved; see Remark A.5 for some cases for Theorem 1.2 and Theorem 1.2’
Hypothesis (a) is crucial: if X is the image of a multi-section of A — S, then X™ is contained
in the diagonal of A — Al™ so essentially no new objects are constructed with the operations.

We close this subsection with the following result, which is a direct corollary of part (ii) of
Theorem 1.3 applied to ¢ =id and X = €g.

Theorem 1.2'. Under the notation of Theorem 1.2. Let Dy, = .@%{’, namely

D Ag Xpg g Xpg - Xp, g =g Xp, oo Xa, Ay

(m+1)-copies m-coplies
fiberwise defined by (Po, P1,...,Py) — (PL — Po,..., Py — Fy). Assume g > 2. Then we have
rankg (o}, (elriy) = 2dim Do (€Y for all m > dim(€g) = 1 + dim S.
mi=s

Theorem 1.2" will be applied in [DGH20], as an important step, to prove: For a smooth
projective curve C' of genus g > 2 defined over a number field K, #C(K) is bounded only in
terms of g, [K : Q] and the Mordell-Weil rank.

Our second application is to answer a question of André—Corvaja—Zannier [ACZ20).

ACZ Question. Assume that A/S has no fized part over any finite covering of S and that
ZX = Unez{[N]z : x € X(C)} is Zariski dense in A. Does (1.1) hold for | = min(dim ¢(X), g)?

Many cases of this question were proved to be true when dim¢g(S) > g in [ACZ20], e.g. when
g <3 orany A/S with End(A4/S) = Z.

We hereby answer the ACZ Question: it has positive answer in many cases, but may be false
in general.

Theorem 1.4. We have:

(i) The ACZ Question has a positive answer if:
(a) Either A — S is geometrically simple;
(b) Or each Hodge generic curve C C 1g(S) satisfies the following property: 1(A)|c :=
7 1(C) — C has no fived part over any finite covering of C.
(ii) There exist a closed irreducible subvariety S C A4 of dimension 4 and a section & of
A4|ls — S such that Ay4|s — S has no fized part over any finite covering of S, ZE& is
Zariski dense in Ag|s, and rankg (dbae(s)nan)e < 8 for all z € ().

Part (i) is Theorem 9.2; see Remark 9.3 for (1)(b). Part (1)(a) for [ = g, combined with
[ACZ20, Proposition 2.1.1], shows that [Voil8, Theorem 0.3] holds without the dimension as-
sumption because by Lemma 4.5 of loc. cit the abelian scheme in question is geometrically simple.
Part (ii) is constructed in Example 9.4; it is closely related to [ACZ20, Remark 6.2.1]. Note that
this counterexample is the simplest one: In this example A/S has maximal variation and X is
the image of a section, and by [ACZ20, Theorem 2.3.1] no such examples exist for g < 3.

1.2. The i-th degeneracy locus. Our method to study the generic rank of the Betti map is
to translate the problem into studying the t-th degeneracy locus defined below. Let us explain
it in this subsection. Recall our abelian scheme 7g: A — S.

Definition 1.5. A closed irreducible subvariety Z of A is called a generically special sub-
variety of sg type of A if there exists a finite covering S’ — S, inducing a morphism
p: A= AxgS — A, such that Z = p(c’ + o}y + B'), where B' is an abelian subscheme of
A'/S', o' is a torsion section of A'/S’, and o{y is a constant section of A'/S".



We briefly explain the meaning of constant section here. Let C’ x S” be the largest constant
abelian subscheme of A’/S’. We say that a section o(,: S’ — A’ is a constant section if there
exists ¢ € C'(C) such that o is the composite of S" — C’ x S, s’ — (¢, s'), and the inclusion
C'x S CA.

Definition 1.5 is closely related to the generically special subvarieties defined in [GH19, Defi-
nition 1.2]. See Appendix A for some discussion.

For any locally closed irreducible subvariety Y of A, denote by (Y')s, the smallest generically
special subvariety of sg type of Al (y) = 7T§1(7['5(Y)) which contains Y.

Definition 1.6. Let X be a closed irreducible subvariety of A. For any t € Z, define the t-th
degeneracy locus of X, denoted by X98(t), to be the union of positive dimensional closed
irreducible subvarieties Y C X such that dim(Y)sg — dim7g(Y) < dimY +¢t. When t =0, we
abbreviate X4°8(0) as X9, We say that X is degenerate if X is Zariski dense in X.

Note that X9¢ = X clearly holds if X is a multi-section and g < dim S.
The locus on which rankg(dba|y), is smaller than expected is precisely X9 (¢) for some

t < 0. More precisely we have: (recall the modular map ¢: A — 2, (2.1) and the naive bound
rankg (dba|x) < 2dim (X))

Theorem 1.7. For each integer | < dim«(X), we have
rankg (dba|x) < 21 < X9°8(1 — dim X) is Zariski dense in X.

This is not yet satisfactory as the X4°8(¢) thus defined is a priori a complicated subset of X.
However we show that they are all Zariski closed in X.

Theorem 1.8. The set X98(t) is Zariski closed in X for each t € Z.

Both theorems will be proved in §9. Before the treatment of the general case, we will prove,
for the case X C %4, Theorem 1.7 in §6 and Theorem 1.8 in §7.

1.3. Relation with the relative Manin-Mumford conjecture. Another application of the
t-th degeneracy locus is for the relative Manin-Mumford conjecture. In this application we need
to take t = 1. Let us state the result.

Denote by Ay the set of points « € A(C) such that [N]x lies in the zero section of A — S for
some integer N. Zannier [Zan12] proposed the following relative Manin-Mumford conjecture.

Relative Manin-Mumford Conjecture. Assume that ZX = Jycz{[N]z : x € X(C)} is
Zariski dense in A. If (X N Agor)?™ = X, then codim4(X) < dim S.

In this paper we will reduce this conjecture to another simpler conjecture.

Conjecture 1.9. Assume S is a locally closed irreducible subvariety of A, defined over Q and
A=y xp, S. Assume X is defined over Q. If (X N Ator) % = X, then X98(1) = X.

Proposition 1.10. Conjecture 1.9 implies the relative Manin-Mumford conjecture.

A more precise version of this reduction is Proposition 11.2.

Proposition 1.10 suggests that there is a strong link between the Betti map and the relative
Manin-Mumford conjecture. The existence of such a link already appeared in previous works on
relative Manin-Mumford: the Betti coordinate played a key role in the proofs of many particular
cases of the conjecture by Masser-Zannier [MZ12, MZ14, MZ15] and Corvaja-Masser-Zannier
[CMZ18] (pencils of abelian surfaces, first over Q then over C; passing from Q to C is highly
non-trivial as it enlarges the base), Bertrand-Masser-Pillay-Zannier [BMPZ16] (semi-abelian
surfaces), and Masser-Zannier [MZ18] (any abelian scheme over a curve). See also [Zan14].



1.4. Outline of the paper. In §2 we set up some convention of the paper. In §3 we recall the
universal abelian variety and define the Betti map for this case. In §4 we define the Betti map
for a general abelian scheme. These are the basic setting up of the paper.

In §5 we explain in details our main tools to study the Betti map. There are two parts. The
first part §5.1-5.2 is to introduce the functional transcendence theorem (mized Axz-Schanuel),
and the second part §5.3-5.4 is Deligne-Pink’s language of mixed Shimura varieties.

§6-8 are the core of this paper. In these sections we prove the main results on the Betti rank
(Theorem 1.7, Theorem 1.8 and Theorem 1.1) for the case X C 2. In §6 we use weak mized
Az-Schanuel to transfer the problem of the generic rank of the Betti map into studying the ¢-th
degeneracy locus for some particular t’s, and hence prove Theorem 1.7 for X C ;. In §7 we use
the finiteness result [Gao20, Theorem 1.4] to prove the Zariski closedness of the ¢-th degeneracy
locus (Theorem 1.8) for X C ;. The proof in this section will also be used in §8, where the
criterion to check whether X is degenerate is proved for X C ;. Combined with results in §6-7
this proves Theorem 1.1 for X C 2.

Then ultimate versions of the main results on the Betti rank (Theorem 1.7, Theorem 1.8
and Theorem 1.1) are proved in §9. As we shall see they are not hard to be deduced from
the case X C 2(,. The end of this section sees its application to the ACZ question and proves
Theorem 1.4.

Then in §10 we prove Theorem 1.3, claiming that the Betti map attains the maximal rank if
we raise X to a large enough fibered power, for X satisfying some mild properties.

In §11 we reduce the relative Manin-Mumford conjecture to a simpler conjecture involving
the 1-st degeneracy locus.

In Appendix A we further simplify the formula of the Betti rank when the base takes some
simple form.
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2. CONVENTION AND NOTATION

2.1. Let g > 1 be an integer. Let S be an irreducible variety over C and let 7g: A — S be an
abelian scheme of relative dimension g. Since level structures are not important in this paper,
we will use the following abuse of notation through the whole paper.

(i) We say that a subvariety B of A is an abelian subscheme of A — S if there exists a
finite covering S’ — S, inducing a morphism p: A" = A xg S’ — A, such that B = p(B’)
where B’ is an abelian subscheme of A’/S’ in the usual sense.[!]

(ii) We say that o is a section of A — S if there exists a finite covering S’ — S, inducing a
morphism p: A’ = A xg S’ — A, such that ¢ = po o’ where o’: S’ — A’ is a section of
A’ — S in the usual sense.) Denote by o(S) := (po ') ().

[I]Namely B’ is an irreducible subgroup scheme of A’ — S’ which is proper, flat and dominant to S’. In
particular each fiber of B’ — S’ is an abelian subvariety of the corresponding fiber of A" — 5.

[2]In other words o is a multi-section in the usual sense.



(iii) In (ii), call o a torsion section if ¢/(s") is a torsion point on A/, for each s’ € S'(C);
call o a constant section if ¢’ is the composite of S — C’ x §’, ' — (¢, s'), and the
inclusion C’ x " C A’, where C’ x S’ is a constant abelian subscheme of A" — S’.

The following definition is convenient to study constant sections.

Definition 2.1. An abelian scheme C — S (of relative dimension g) is said to be isotrivial if
one of the following equivalent conditions holds:

(i) The fibers Cs are isomorphic to each other for all s € S(C),
(ii) There exists a finite covering S’ — S such that C xg S" is a constant abelian scheme,
namely C xg 8" = C x S for some abelian variety C over C.
(iii) The image of the modular map S — Ay induced by C — S is a point.

In particular the zero section of any abelian scheme A — S is an isotrivial abelian subscheme.
If dim S = 0, then A — S is isotrivial.

Since the sum of two isotrivial abelian subschemes of A — S is isotrivial, we can define the
largest isotrivial abelian subscheme of 4 — S which we denote by C. Then any constant section
of A — S (defined above) has image in C.

2.2. Modular map. When g = 0, let %y and Ag be a point. When g > 1. Let D =
diag(ds,...,dy) be a g x g diagonal matrix with d, ..., d, positive integers such that d|- - -|d,.

For any integer N > 3, let A, p(IN) denote the moduli space of abelian varieties of dimension
g with polarization of type D and with level-N-structure. Then A, p(N) is a fine moduli
space, and hence admits a universal family 7: Ay p(N) — Ay p(IN). Since level structure is not
important for our purpose, we shall drop the “(N)” in the rest of the paper. When there is
no ambiguity about the polarization type, we also drop the “D” and simply use the notation
m: Ay — Ay,

It is known that any abelian scheme mg: A — S can be equipped with a polarization of
type D for some D = diag(dy,...,dy), with di,...,d, positive integers such that di|-- - |dg;
see [GN09, §2.1]. Thus up to taking a finite covering of S and the associated base change of
A — S, we have the modular map

(2.1) pR—
o
™
S A,
Then A — S is isotrivial if and only if 15(S) is a point. In particular if S C Ay, then 24, x5, S
is isotrivial if and only if S is a point.
3. UNIVERSAL ABELIAN VARIETY AND BETTI MAP

We recall some facts on the universal abelian variety in this section. Let D = diag(dy,...,dy)
be a g x g diagonal matrix with dy, ..., d, positive integers such that di|---|d,.

3.1. Uniformizing space of A,. Let 5’Jg+ be the Siegel upper half space
{Z=X+V-1Y € Myyy(C): Z=2', Y > 0}.

It is well-known that the uniformization of A, := A, p in the category of complex varieties is
given by

(3.1) ug: H; = Ay

Let us take a closer look at this uniformization.



Let Spy, be the Q-group

0O D\ (0 D
fneain () D)= (2 O))

and let GSp,, be the image of Gy X Spy, under the central isogeny Gpy X SLag — GLgg. Then
GSpy, (R)*, the connected component of GSpy,(R) containing the identity, acts on $} by the
formula

AV BN iz By oz ), v B e aspy,®) and Z €5}
c D - ( + )( + ) ) o' D € p29( ) ar S f)g .
It is known that the action of GSpggr(]R) = Spy,(R) on H thus defined is transitive, and the

uniformization (3.1) is obtained by identifying (Ag)™ with the quotient space I'gsp, \$y for a
suitable congruence group I'sp, =~ of SPay(Z).

3.2. Uniformizing space of 2(,. To obtain the uniformization of 2, let us construct the

following complex space X;;’a.

(i) As a semi-algebraic space, X;;a =R x 9t
(ii) The complex structure of Xi;a is the one given by

X+

(3.2) e = RIXRIXHE = CIxHt,

(a,b,2) — (Da+2Zb,Z)
The uniformization of 2, in the category of complex varieties is then given by

(3.3) u: X,

%9, D/

Similar to the discussion on ug, there exists a Q-group which we call P, , such that nge’;(R)
acts transitively on XZZ@ and u is obtained by identifying (2(,)*" with the quotient space F\XQZ’a
for a suitable congruence subgroup I' = Z29 x Usp,, of PS;;(Z). Let us briefly explain this.

Use Va4 to denote the Q-vector group of dimension 2g. Then the natural action of GSpy, on
Vay defines a Q-group

P2g,a = ‘/29 X GSp2g'
The action of Pyyo(R)" on Xy is defined as follows: for any (v,h) € Paoga(R)T = Vou(R)
GSpy, (R)* and any (v/,z) € X3 ,, we have

9.0
(3.4) (v,h) - (V',2) = (v+ k', hx)
where GSp,, (R)™ acts on R? as above (3.2).

The natural projection of complex spaces 7: ng 0 .6; is equivariant with respect to the

natural projection of groups Pga — GSpy,. Hence by abuse of notation we also denote by
T P297a — Gszg.

3.3. Betti map. We define the Betti map in this section. We will start by defining the universal

uniformized Betti map on X2Z7a, and then descend it to Af);, the pullback of 2,;/A, under
ug: 55; — A,4. Note that Aﬁ; is a family of abelian varieties over 53;.
Recall that Xt . is defined to be R29 x ﬁ;“ with the complex structure determined by (3.2).

2g,a T
The universal uniformized Betti map b is defined to be the natural projection

(3.5) b: Xy — R

Then b is semi-algebraic. For the complex structure on X;;,a given by (3.2), it is clear that

b~1(r) is complex analytic for each r € R29.



Recall that (Ag)*" ~ I‘\XZ}’a as complex spaces for a suitable congruence subgroup I' =
729 % Usp,, of PQC‘;;(Z). The family of abelian varieties .Af);r defined as at the beginning of this
subsection can be identified with the quotient space (Z29 {1})\/\,’;;@. Now taking quotient by

729 on both sides of (3.5), we obtain the universal Betti map
. 29
(3.6) b: Agy =T

where T?9 denotes the real torus of dimension 2g. By the discussion below (3.5), we have the
following properties for b and b.

(i) Both b and b are real-analytic, and b is moreover semi-algebraic.
(ii) For each r € R?9, resp. each t € T?9, we have that 5*1(7"), resp. b~ 1(t), is complex
analytic.
(iii) For each 7 € ), the restriction b|( A i) is a group isomorphism.
g

We summarize our notations regarding the uniformizations in the following diagram

%\
(3.7) XQJ_rq,a T A T Hy

with the uniformization u from (3.3) and the uniformization ug from (3.1).

4. BETTI MAP ON ARBITRARY ABELIAN SCHEMES

The goal of this section is to extend the definition of Betti map to an arbitrary abelian scheme.
Moreover we choose to work on the original abelian scheme instead of on the pullback to the
universal covering.

Let S be an irreducible quasi-projective variety over C, and let mg: A — S be an abelian
scheme of relative dimension g. Then up to replacing S by a finite covering and A — S by the
corresponding base change, we have

(4.1) At Ay

ts
S ——=A,.

Let Ag be a simply-connected open subset in A%". Fix a component of Ay of u&l(Ao) under
the uniformization ug: Y); — Ag4. The fact that Ag is simply-connected implies that ug| X0 is
an isomorphism in the category of complex spaces. Thus the universal Betti map (3.6) induces
a map ba,: Agla, — T2 by identifying Ay|a, = 7~ 1(A¢) with .Aﬁq+ |Zy-

For any s € S(C), we can find a Ag as above such that t5(s) € Ag. Let A be a component of
Lgl(Ao) which contains s. Let Apx = ng(A). Define

(4.2) ba: Ax — T2
to be the composite of ¢ and ba,. The following properties of ba follows from the properties of
the universal Betti map listed below (3.6).

(i) The map ba is real-analytic.

(ii) For each ¢ € T?9, we have that b,'(t), is complex analytic.
(iii) For each s € A, the restriction bal.4, is a group isomorphism.
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Note that ba is not unique as we can choose different components of uél(Ao). But b is unique
up to Spy,(Z) because Ay =~ FGSpQQ\f); for some congruence subgroup I'csp,, of Spyy(Z).

The Betti map factors through the universal abelian variety by definition. Thus to study the
generic rank of the Betti map, it often suffices to consider the subvarieties of 2.

Before moving on, let us see another way to define the Betti map. Let ug: S — S0 be the
universal covering, and let Az be the pullback of A — S under ug. Then the modular map
t: A — 2, induces a natural morphism ¢: Az — Aﬁ;; see (3.6) for notation. Then one can

define bg: Az — T?9 to be 7 composed with the universal Betti map (3.6). Note that bg is
uniquely determined, contrary to bo. Now ba (4.2) can be obtained as follows: Identify Aa and
Aj by identifying A with a component A of ugl(A), then ba is bz restricted to Aa.

Now we are able to prove some easy properties of the Betti rank. Let X be a closed irreducible
subvariety of A with 7g(X) = S. Then rankgr(dbalx) := max,cxem(c)na, (rankg (dba|x)z)
satisfies:

(1) It is at most 2min(dim ¢(X), g) as ba factors through ¢.

(2) It is even by property (ii) above.

(3) It does not depend on the choice of A: Take a complex analytic irreducible component X
of the inverse image of X*™ under Az — A, then rankg (dba|x) = rankR(dbgb?mAg). As

X NAg is open (and hence has positive Lebesgue measure) in X, we have rankg (dbg| g 4. ) =
A
rankg (dbg| ¢) by Sard’s theorem. The conclusion then follows.

5. BI-ALGEBRAIC SYSTEM ASSOCIATED WITH 2l

The goal of this section is to give some further background knowledge on the universal abelian
varieties, which will serve as our main tools to study the Betti map. There are two parts.
The first part §5.1-5.2 is to introduce the functional transcendence theorem (called weak Az-
Schanuel), and the second part §5.3-5.4 is Deligne-Pink’s language of mixed Shimura varieties. [’

5.1. Generically special subvarieties of sg type and bi-algebraic subvarieties. The goal
of this subsection is to explain the relation between generically special subvarieties of sg type
(see Definition 1.5) and bi-algebraic subvarieties of 2.

Let us start with defining bi-algebraic subvarieties of 2,. Recall the uniformization u: X;;a

_>
2,. By [Gaol7b, §4] X;gﬁ can be embedded as an open, in the usual topology, semi-algebraic

subset of a complex flag variety (hence algebraic) X2vg7a.

Definition 5.1. (i) A subset Y of XQJ;’& is said to be irreducible algebraic if it is a
complex analytic irreducible component of X;;a NW for some algebraic subvariety W of
Xo) o
(ii) An irreducible subvariety Y of 2, is said to be bi-algebraic if one (and hence any)
complex analytic irreducible component Y of u (Y is algebraic.

It is not hard to show that the intersection of two bi-algebraic subvarieties of %, is a finite
union of irreducible bi-algebraic subvarieties of 2,. Hence for any subset Z of 2(,, there exists
a smallest bi-algebraic subvariety 2, which contains Z. We use ZPZ%ar ¢4 denote it. Note that
ZbiZar D ZZar_

BlFor readers not familiar with the language of Shimura varieties but only want to see how to study the generic
rank of the Betti map or the relative Manin-Mumford conjecture via X9°8(t), it is probably a better idea to skip
§5.3-5.4 as these two complicated subsections will only be used in §7 and §8 (whose proofs we also suggest to skip
at first).
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Remark 5.2. There is a canonical way to endow ,6; with an algebraic structure which s
compatible with : X;;’a — 55;‘ and the algebraic structure on XZZ’a defined above; see [Gaol7b,
§4/. Then it is clear that for any F bi-algebraic in Ay, we have that w(F') is bi-algebraic in Ag.

Bi-algebraic subvarieties of 2(, are closely related to generically special subvarieties of sg type
defined in Definition 1.5 by the following proposition.

Proposition 5.3 ([Gaol7a, Proposition 3.3]). Let B be an irreducible subvariety of Ag. Denote
by Aglp = 7 1(B). Then we have

{generically special subvarieties of sg type of Ay|p}
={irreducible components of (Ay4|p) N F : F irreducible bi-algebraic in Ay with B C w(F)}.
The following equivalent form of Proposition 5.3 is more practical for our use.

Corollary 5.4. LetY be an irreducible subvariety of Ay. Then (Y )sg is an irreducible component
of Rglr(yy) NYPZ . In particular dim(Y )sg — dim7(Y) = dim YP#2r — dim 7r(Y')Pi%ar,

Proof. First note that (g|(y)) N ybiZar j5 equidimensional. So the “In particular” part follows
from the main part and the fact that 7(Y)P%er = r(ybiZar) (Remark 5.2).

Denote by B = 7(Y) for simplicity. Proposition 5.3 implies that each irreducible component
of (A,|p) NYPZar is a generically special subvariety of sg type of 2,|p. Hence (Y)ss C W where
W is an irreducible component of (2,|g) N YbiZar,

For the other inclusion, since (Y)s is a generically special subvariety of sg type of 24|p,
we have by Proposition 5.3 that (Y)s is an irreducible component of (4/p) N F' for some
irreducible bi-algebraic subvariety F' of ;. Then Y C (Y)s, C F. Hence ybiZar C B Thus
(Ay[) N ybizar c (Ay[p) N F.

In summary, we have (Y)s, € W C (y|p) N ybiZar (Ay|p) N F, and that (Y)s is an
irreducible component of (2y|p) N F. So W = (Y')s, and we are done. O

5.2. Weak Ax-Schanuel for 2,. One of the most important tools we use to study the Betti
map is the following weak Ax-Schanuel theorem for 2, [Gao20, Theorem 1.1 or Theorem 3.5].

Theorem 5.5. Let Z be a complex analytic irreducible subset of nga. Then
dim Z%* + dim(u(Z))%* > dim Z + dim(u(Z))>%*",
where Z% means the smallest irreducible algebraic subset of XQZ@ which contains Z.

5.3. A quick introduction to Shimura varieties. We gather some notation and facts on
Shimura varieties. We will need the knowledge (only) for the proofs in §7 and §8.
Recall that in §3.1, we have associated a reductive Q-group GSp,, and a complex space .6;
to the moduli space A4. In other words we have associated a pair (GSpgg,ﬁ;) to Ay, where
e (GSpy, is a reductive Q-group;
° ﬁ; is a complex space on which GSp,, (R)™ acts transitively;
e As a complex space, A, is the quotient of .6; by a congruence subgroup of GSpS‘;r(Z).
This pair (GSpQQ7 Y);r) is a special case of pure Shimura datum, and the third bullet point makes
A, a pure Shimura variety. In general, a pure Shimura datum is a pair (G, XCJYC ) such that G is a
reductive Q-group and Xg is a complex space on which Gder(R)+ acts transitively (along with
some other properties). A pure Shimura variety is a quotient space FG\/"((J;r for some congruence
subgroup I'g of G9°7(7Z).
Next we turn to the universal abelian variety 2,. In §3.2 we have associated with it a Q-group
Py, o and a complex space X;;a. Note that P, is not a reductive group. Nevertheless we have
the following properties for the pair (P, XQ';&):
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o Py, is a Q-group, whose unipotent radical is a vector group;
° XQJ; . is a complex space on which Py, ,(R)T acts transitively;

e As a complex space, 2, is the quotient of X;g],a by a congruence subgroup of ng‘?;(Z).

This makes the pair (ng@,XiLa) a mized Shimura datum of Kuga type, and the third bullet
point makes 2, a mized Shimura variety of Kuga type. In general a mixed Shimura datum of
Kuga type is a pair (P, X ") such that P is a Q-group whose unipotent radical is a vector group,
and X7 is a complex space on which P(R)* acts transitively (along with some other properties).
A mixed Shimura variety of Kuga type is a quotient space I'\ Xt for some congruence subgroup
I of Pt (Z).

It is worth pointing out that any pure Shimura datum is a mixed Shimura datum of Kuga
type (such that the unipotent radical of the underlying group is trivial). Given two mixed
Shimura data of Kuga type (Q,Y") and (P,X7"), a map f: (Q,Y) — (P,X™) is called a
Shimura morphism if f is a group homomorphism on the underlying groups and is a holomorphic
morphism on the underlying complex spaces, and that f(q-9) = f(q) - f(¥) for any q € Q(R)™
and any y € Y. For a Shimura morphism f of this form, we say that (f(Q),f(YT)) is
a mized Shimura subdatum of (P,X"). Applying the discussion to (P,X") = (Paga, &3 ),
we get the definition of mixed Shimura subdata of (ng@,/l’i;a). Applying the discussion to
(G, &%) = (GSpyy, H), we get the definition of Shimura subdata of (GSpy,, H;).

It is known that for each mixed Shimura subdatum (Q,Y") of (P, XQ';@
radical of @ is Vo, N Q by weight reasons; see [Gaol7b, Proposition 2.9].

Define the special subvarieties of 2, to be the subvarieties of the form u(Y*) where Y
is the underlying space of some mixed Shimura subdatum (Q,Y") of (Pag.a, XQJ;@). Define the

), the unipotent

special subvarieties of Ay to be the subvarieties of the form ug(V}) where Y, is the underlying
space of some Shimura subdaum (H, Y}) of (GSpyy; 9y )-

Let us end this subsection by the following proposition on the geometric meaning of special
subvarieties of 2, and beyond. Recall the notations 7: Paga — GSpy, at the end of §3.2 and
the uniformizations (see (3.7))

(5.1) X;m — =0

ui lua

Ay — = Ay

Proposition 5.6. Let M be a special subvariety of A,. Then Mg := w(M) is a special subvariety
of Ay, and M is the translate of an abelian subscheme of Ug|rp, — Mg by a torsion section.
Conversely all special subvarieties of U4 are obtained in this way.

More precisely, if M is associated with the mized Shimura subdatum of Kuga type (Q,YV)
of (PQg’a,Xég’a) (namely M = u(Y*1)), then the relative dimension of M — Mg is gg =
3 dim(Voy N Q).

5.4. Quotient by a normal group. In §7 and §8, we need the geometric interpretation of the
operation of taking the quotient mized Shimura varieties of Kuga type. We explain this in the
current subsection.

The setting is as follows. Let (Q,)Y") be a mixed Shimura subdatum of (ng,a,é’(;é’a), and
let M = u(Y™") be the associated special subvariety of 21,. Take a normal subgroup N of Q.

Pink [Pin89, 2.9] constructed the quotient mized Shimura datum (Q,Y*)/N whose underlying
group is Q/N.
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By Proposition 5.6, Mg := 7(M) is a special subvariety of A,. Let (G, ng) be the pure
Shimura subdatum of (GSp,,, $,) in Proposition 5.6, then Mg = uG())gQ).

Denote by Vo = Vo,NQ and Viy = VoyNN. We explained above (5.1) that Vg is the unipotent
radical of ). Since N <1 @), group theory implies that Vi is the unipotent radical of N. Denote
by Gy = N/Vn, then Gy is a normal subgroup of Gg.

Proposition 5.6 says that 7|y : M — Mg itself is an abelian scheme of relative dimension
9Q = %dim(Vgg N Q). Let e: Mg — M be the zero section. It induces a Levi decomposition
Q = Vg x G and a semi-algebraic isomorphism

V= Vo(R) x V&,

such that u({0} x ng) = ¢(Mg). In the rest of this subsection, we shall use this identification
of YT with Vg(R) x yg;@.

Deligne [Del71, Rappel 4.4.3] proved that Y+ — ng is a variation of Hodge structure of
type (—1,0) + (0, —1).

We have Vy <1 Q) since N <1 @) and Vy is the unipotent radical of N. The reductive group
G, as a subgroup of GSp,y,, acts on Va,. Now Vi < @ implies that Vy is a Gg-submodule of

Vag, so Vi is a sub-Hodge structure of Vg. Thus VN (R) x ng — ng is a sub-variation of
Hodge structure of Y — yg@. Thus u(Vy(R) x ng) is an abelian subscheme of M — Mg
by [Del71, Rappel 4.4.3].

The quotient py: (Q,Y) — (Q,Y")/N can be constructed in two steps. First we take the
quotient (Qo,yg) = (Q,Y")/Vn, and then we take (Q',Y'") := (QO,J}J)/GN.

The geometric meaning of the quotient po: (Q, V) — (Qo, V) = (Q,YT)/Vy is as follows.
We have the following commutative diagram (where I'yg = po(I' N Q(R)))

Po

(5.2) Al Yo

w| |

M 2> My :=To\Yy

7'I'|Mi lﬁo
id]uG

Mg Mg

such that My — Mg is the abelian scheme obtained by taking the quotient of M — Mg by
u(Vn(R) x ng). Denote by gy = 3dim Vi, then the relative dimension of My — M is
9Q — N

To explain the quotient p': (Qo, Vi) — (Q, V') = (Qo,Y;)/Gn, we need the following
preliminary. We know that G is a normal subgroup of Gg. We take for granted that we can
do the operation (Gg, ng) /Gn for pure Shimura datum, and this quotient gives a morphism

PGy : MG — Mé.m

For each y, € MY, the inverse image (pg, ) ' (y};) equals ug(Gn(R) " y¢) for some yg € yg@.
So the connected algebraic monodromy group of (pay )™t (ye) is G9er. Since N <1 @, we have
Gn = N/Vy < Q/Vn. Hence Gy acts trivially on Vg /Vy. So MO’(pGN)il(yé;) — (pay) " (Yh)
is an isotrivial abelian scheme by Deligne’s Theorem of the Fixed Part [Del71, Corollaire 4.1.2].

[41t is a torsion section of Ag|vre = Me.

[BlSee [Pin89, 2.9] or [UY11, Definition 2.1]. In this paper we mostly only need the notion, so we choose not
go into more details on this in the preliminary part.
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We have the following commutative diagram

(5.3) V&

N

Mg

Mg

where 7’ is an abelian scheme (of relative dimension gg — gn) such that each closed fiber of
M0|(pGN)*1(y2;) — (pay) " (yg) is the abelian variety (7')~!(y/;). In other words, the lower box
is an intermediate step of the modular map

My ——y,—gy

N
o
Mg ——Agy—gn-

We end this subsection by summarizing the quotient py: (Q, Y1) — (Q,YT)/N (after taking
the uniformizations) in the following commutative diagram:

PN

(5.4) M == My = Fo\yg\—*p'» M —— Ay
_ _
| ar WOJ{ ! i
id
MG dpg MG PGy M /G AQQ .

where each vertical arrow is an abelian scheme, with the left one of relative dimension gg and

the other three of relative dimension gg — gn. Moreover MO|P81 ) is isotrivial for any b’ € M,
N

by the discussion above (5.3). And for any 2’ € M’, we have that pf\,l (2') is the translate of an

abelian subscheme of M |7T(PE1 @) ~ m(py'(2")) of relative dimension gg — (9o — gn) = gn by

a constant section.

6. FrROM BETTI MAP TO THE {-TH DEGENERACY LOCUS

In §6-8 we will prove Theorem 1.1 for X C 2. It is arranged as follows: §6 transfers the study
of the generic rank of the Betti map to the ¢-th degenerate locus of X for some particular t’s,
§7 proves the Zariski closedness of the t-th degenerate locus X°8(¢), and §8 gives the criterion
to Xdes(t) = X.

Let us fix the notations. Recall the uniformizations (5.1)

Koo — 9]
||
ng$Ag

and the uniformized universal Betti map b: X;;a — R29 defined in (3.5). Let X be an irreducible

subvariety of 2,. Fix a complex analytic irreducible component X of u(X).
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Proposition 6.1. Denote for simplicity by d = dim X . For any integer | € {1,...,d}, let
Xeo = {7 € X : rankg (b| )z < 21, u(¥) € X*™(C)}.

Then X%8(1 — d) N X (C) C u(X.y;), where X98(1 — d) is defined in Definition 1.6.
Conversely, ifrankR(g\;()g < 2l for all T € X with u(F) € X*(C), then X&(1—d) is Zariski
dense in X.
Proof. Let us prove X498 (] —d)N X" (C) C u()?<21). Suppose not, then there exists some Z € X
such that u(z) € X4 N X (C) and rankR(g|§)g = 2[. By definition of X4°8(] — d), the point
u(7) lies in a subvariety Y of X such that dim(Y)s; — dim7(Y) < dimY + (I — d), where (Y)s
is defined above Definition 1.6. _ _
Let Y be a complex analytic irreducible component of u=!(Y) with # € Y C X. Observe

that rankR(a)?)i < rankR(a};)g +2(dim X —dimY’). So 2] — 2(d — dimY) = rankR(a)?)i -

2(dim X — dimY’) < rankg(b|y)z. So for (Y)s, a complex analytic irreducible component of
u 1 ((Y)sg) which contains Y, we have

rankg (b| 7 = 2(dim (Y )gg — dim 7 (Y"))

m)x
<2l —-2(d—dimY) by choice of Y

< rankR(b]f,)g

—_~

But this cannot happen as Y C (Y)sg-
Conversely, assume 2/’ := max__z u(@exXsm(C) rankg (b| 5)z < 2l. There exists a non-empty

open (in the usual topology) subset U of X on which rankg (5| )z =2l'forallz € U. By [Whi72,
Appendix II, Corollary 7F], each fiber of b| 7 has (real-)dimension 2d — 21" > 2(d — ).

Let Z € U and set 7 = b(Z), then
(6.1) (dimg)z(b"'(r) N X) > 2(d —1).

In the rest of the proof, we identify X;;a as the semi-algebraic space R?9 x Jﬁ; with the
complex structure defined by (3.2). In particular b=1(r) = {r} x $,. Property (ii) of the Betti

map (below (3.6)) implies that b~'(r) N X is complex analytic. Then by (6.1), there exists a
complex analytic irreducible subset W in 53; of dimension > d — [ + 1 such that

Fe{r}xWCcCX.

Now u(U) is Zariski dense in X because it contains a non-empty open subset (in the usual

—~ \ Zar
topology) of X*™#"  So it suffices to prove the following assertion: Y = <u({r} X W))

satisfies
(6.2) dim(Y)sg — dim7(Y) < dimY + (I — d).
Apply weak Ax-Schanuel for 2, namely Theorem 5.5, to {r} x W. Then we get
(6.3) dim({r} x W)%* + dimY > dim({r} x W) + dim YP%",
On the other hand we have
(6.4) dim W2 < dim W% = dim(ug(W))P?* < dim 7(Y)P%r,

where the last inequality holds because ug(W) C 7(Y) by definition of Y.
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Let us temporarily assume ({r} x W)Zar ={r} x W2 and finish the proof. Then from (6.3)
and (6.4) we get
dim 7(Y)P22 4 dimY > dim W + dim Y PiZer,
Thus ) . ~
dim(Y)sg — dim7(Y) = dim VP — dim 7(Y)"2" < dim YV — dim W,
where the first equality follows from Corollary 5.4. Therefore (6.2) holds since dim W >d—1+1.
It remains to prove ({r}xW)% = {r} x W2 First note that {r}x W% is semi-algebraic and
complex analytic. Then it is a general fact that {r} x W% is algebraic in X;;’a; see [KUY16, (the
proof of) Lemma B.1]. Thus ({r} x W)%¥* C {r} x W% Remark 5.2 says that the algebraic
() xT7)zar ({r} x W)%ar — W2ar ig
dominant. Now we can conclude. O

structures on XQJ; . and .V); are compatible under 7, so %\(

7. ZARISKI CLOSENESS OF THE {-TH DEGENERACY LOCUS

The goal of this section is to prove Theorem 1.8 for X C ;. Let X be an irreducible
subvariety of 20,. Through the whole section we fix a t € Z. Let X48(¢) be the ¢-th degeneracy
locus of X defined in Definition 1.6.

Theorem 7.1. The subset X98(t) is Zariski closed in X .

Our proof of Theorem 7.1 is inspired by Daw-Ren’s work [DR18, §7] on the anomalous sub-
varieties in a pure Shimura variety.

7.1. Weakly optimal subvariety. To prove Theorem 7.1, we need the following definition of
weakly optimal subvarieties. The notion was first introduced by Habegger-Pila [HP16] to study
the Zilber-Pink conjecture for abelian varieties and product of modular curves.

Definition 7.2. (i) For any irreducible subvariety Z of Uy, define the weakly defect to be
Sws(Z) = dim ZP%r — dim Z.
(ii) A closed irreducible subvariety Z of X is said to be weakly optimal if the following
condition holds: Z C Z' C X with Z' irreducible closed in X = dyws(Z') > 0ws(Z).

Weakly optimal subvarieties of X are closely related to X4°8(¢) by the following lemmas.
Lemma 7.3. dim(Z)s — dim7(Z) < dim Z + t < 0ys(Z) < dim 7 (Z)P128r 4 ¢,
Proof. The condition dim(Z)ss — dim7(Z) < dim Z + ¢ can be rewritten to be
(dim(Z)sg — dim7(Z)) + dim 7(Z)P%*") — dim Z < dim 7(Z)P%7 4-¢.
By Corollary 5.4, we have dim ZP% = (dim(Z)sy — dim7(Z)) + dim7(Z)P%2". Hence the
inequality above becomes dys(Z) < dim 7(Z)P%ar 4 ¢, O

Lemma 7.4. Assume a closed irreducible subvariety Z C X satisfies dim(Z)s, — dim7(Z) <
dim Z + t and is maximal for this property. Then Z is weakly optimal.

Proof. For any Z C Z' C X with Z’ irreducible closed in X, if 0yws(Z’) < dws(Z), then we have
5WS(Z’) < ows(Z) < dimﬂ-(z)biZar +t< dimﬂ_(zl)biZar +¢

where the second inequality follows from Lemma 7.3 (applied to Z). Applying Lemma 7.3 to
Z', we get dim(Z')sg — dim7(Z’) < dim Z’ + ¢. The maximality of Z then implies Z = Z'. So
Z is weakly optimal. O

Thus X9(¢) is the union of some weakly optimal subvarieties. We will show that this

union is finite. The key point is the following finiteness theorem concerning weakly optimal
subvarieties [Gao20, Theorem 1.4]. See §5.3 for notation.
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Theorem 7.5. There exists a finite set & consisting of elements of the form ((Q, Y1), N), where
(Q, V) is a mized Shimura subdatum of Kuga type of (Pag.a, X;;’a) and N is a connected normal
subgroup of Q@ whose reductive part is semi-simple, such that the following property holds. If a
closed irreducible subvariety Z of X is weakly optimal, then there exists ((Q,Y1),N) € ¥ such

that ZP7%a" = u(N(R)*7) for some 5 € Y+.

7.2. An auxiliary proposition. Let X be as in Theorem 7.1.

Let Z be a positive dimensional closed irreducible subvariety X such that dim(Z)s—dim7(Z) <
dim Z 4 ¢ and is maximal for this property. Then Z is weakly optimal by Lemma 7.4. So The-
orem 7.5 gives a finite set ¥ and a ((Q,Y1), N) € ¥ such that Z"%¥ = u(N(R)*y) for some
7y € Y. Recall that N is a connected normal subgroup of Q whose reductive part is semi-simple.
Note that IV # 1 since Z has positive dimension.

Consider the operation of taking quotient mixed Shimura datum py: (Q,Y*") — (Q,Y1)/N =:
(Q', V') discussed in §5.4 and the induced morphism on the corresponding mixed Shimura va-
rieties of Kuga type

(7.1) y+ Nyt

o

MY

We refer to (5.4) for the geometric meaning of py: M — M’ and notation.
For any integer h, define

(7.2) E, = {1’ e X: dim$(pN‘XﬂM)7l(pN(x)) > h}
Then Ej, is Zariski closed in X.

Proposition 7.6. For gy = 3 dim(Vo, N N) as in (5.4), we have
(i) We have Z C Egy 4.
(ii) We have Egy—¢ C X9°8(2).

Proof. (i) Recall that Z satisfies dim(Z)s; — dim7(Z) < dim Z + t. Therefore dys(Z) <
dim 7(Z)P%2r 4 ¢ by Lemma 7.3. Hence

dim Z > dim Z"Z2" — dim 7 (Z)PZer — ¢,

By construction we know that ZP%2" ig a fiber of py. Hence as a morphism, ZP%ar —
7(Z)Pi%a% is an abelian scheme of relative dimension gy by the discussion below (5.4). So
the inequality above becomes dim Z > gy —t. As Z C X N M, we have that Z C E,, ¢
by definition of Eg, .

(ii) For any = € E,,_¢, there exists a component Y of (pn|xnm) '(pn(z)) containing =
such that dimY > gy — t. Denote by 2’ = pn(z).

By (5.4) and the discussion below, py' (') — 7w(py'(z')) is an abelian scheme of
relative dimension gy .

Proposition 5.3 says that as a morphism, YPiZar — m(Y) is an abelian scheme.
Since py' (2') is bi-algebraic ([Gaol7b, Corollary 8.3]) and YV C py (2'), we have YPiZar C
px' (/). Thus the relative dimension of the abelian scheme Y787 — 7(Y)P%a" ig at most
gn- So

biZar

dimY > gy —t > dim YP2% — dim 7 (Y)PiZer — ¢,

Hence 6ys(Y) < dim 7 (Y)PZar ¢, Thus dim(Y )sg —dim 7(Y) < dim Y +¢ by Lemma 7.3,
and hence Y C X9 (t) by definition. By varying = € EJ,, we get the conclusion. O
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7.3. Proof of Theorem 7.1. Now we are ready to prove Theorem 7.1. Let X be as in Theo-
rem 7.1. Let ¥ be the finite set in Theorem 7.5.

For any positive dimensional closed irreducible subvariety Z of X such that dim(Z)s —
dim7(Z) < dim Z + t and is maximal for this property, we obtain some ((Q, Y1), N) € ¥ from
which we can construct a Zariski closed subset E,, _; of X such that Z C E,,_; by (i) of
Proposition 7.6. Since X is a finite set, we have finitely many such F;, _;’s. By definition of
Xdeg(¢), we then have that X9°8(¢) is contained in the union of these E,, _;’s, which is a Zariski
closed subset of X.

Conversely by (ii) of Proposition 7.6, each such E,, _; is contained in X9&(¢).

Hence X98(¢) is the union of these Ej, _;’s. This is a finite union with each member being
a closed subset of X. Hence X98(t) is Zariski closed in X.

8. CRITERION OF DEGENERATE SUBVARIETIES

Let X be an irreducible subvariety of ;. Through the whole section we fix a ¢ € Z. Let
Xdeg(t) be the t-th degeneracy locus of X defined in Definition 1.6.

The goal of this section is to prove the criterion for X = X9°(¢), and hence part (i) of
Theorem 1.1 for X C 2, in view of Proposition 6.1 and Theorem 7.1.

For notation let B = 7w(X), let Ax be the translate of an abelian subscheme of 2,|p — B
by a torsion section which contains X, minimal for this property. Then Ax — B itself is an
abelian scheme (up to taking a finite covering of B), whose relative dimension we denote by gx.

For any abelian subscheme B of Ay — B whose relative dimension we denote by g, we
obtain the following diagram

Ly
(8.1) Ax 2 Ax [B—"25 gy
_
wl ]
B idp B L/B,G A

9x—9gB>
where pp is taking the quotient abelian scheme, and the right box is the modular map.

Theorem 8.1. Assume either t < 0, ort = 1 and Ax = U,|p. Then X = X92(¢) if and
only if the following condition holds: There exists an abelian subscheme B of Ax — B (whose
relative dimension we denote by gi) such that for the map 15 o pg constructed above, we have
dim(¢/5 0 pp)(X) < dim X — gg +t and that 1/5 o pp is not generically finite.

Note that when ¢ < 0, the condition ¢,z o pp is not generically finite is redundant. This is
because in this case, dim(z/5 0 pp)(X) < dim X — gg + ¢ implies dim(:/53 0 pp)(X) < dim X, and
hence ¢/ o pp is not generically finite.

8.1. Auxiliary proposition. We start by proving the following auxiliary proposition.

Proposition 8.2. We have X = X98(t) if and only if there exist

e a special subvariety M, of Uy, associated with (Q«, Vi), which contains X ;
e a non-trivial connected normal subgroup N, of Q. whose reductive part is semi-simple;
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such that the following condition holds: For the operation of taking quotient mized Shimura
datum py, : (Qs, Vi) — (Q«, V) /Ny discussed in §5.4 and the induced morphism on the corre-
sponding mized Shimura varieties of Kuga type

(8.2) Vi Py

u|y:ri
PN

M* 4>M>{<7
we have dim X — dimpy, (X) > gn, —t, where gy, = 1 dim(Voy N N,).

Proof. We prove <. Let Eyy —; = {z € X : dim,(pn, |x) ' (pn. (x)) > gn, — t} as defined in
(7.2). Then X = E,, —; as dim X — dimpy, (X) > gn, —t. Note that (7.1) and (8.2) have the
same shape. Hence X = X98(¢) by (ii) of Proposition 7.6.

Now let us prove =. By the proof of Theorem 7.1 (§7.3), we have that X4°8(¢) is a finite
union of some Zariski closed subsets Eg, —¢'s of X. Now X = E,, ; for some Eg, _ since
X = Xxdee(t).

Recall the definition of Ey, 4 as in (7.2): Egy ¢ = {z € X : dima(pn, | xnns) " (pw, () >
gn, — t} for some mixed Shimura subdatum of Kuga type (Q«, Vi) of (ng,a,XQJ;’a) and a
non-trivial connected normal subgroup N, of @), whose reductive part is semi-simple, with
gn, = 3 dim(Voy N N,).

By definition of Eyy 4, it is contained in X N M,. Hence X = Ey, ¢ C M,.

Now that each fiber of py,|x has dimension > gy, — t, we have dim X — dimpy, (X) >
gn, —t. O

8.2. Theorem 8.1 in terms of mixed Shimura variety. In this subsection, we prove The-
orem 8.1 in terms of mixed Shimura variety. Then we translate it into the desired geometric
description in the next subsection.

Let M be the smallest special subvariety of 2, which contains X. Assume that M is associated
with the mixed Shimura subdatum of Kuga type (Q,Y ™) of (Paga, X;;,a)'

Proposition 8.3. Assume eithert <0, ort =1 and M = |, ps). Then X = Xdeg(t) if and
only if there exists a non-trivial connected normal subgroup N of Q) whose reductive part is semi-
simple, such that the following condition holds: For the operation of taking quotient Shimura
datum py: (Q, V1) — (Q,YT)/N =: (Q', V') discussed in §5.4 and the induced morphism on
the corresponding mixed Shimura varieties of Kuga type

(8.3) Y+ Pyt

w| |

M2
we have dim X — dimpy(X) > gy — t, where gy = & dim(Vay N N).

Proof of Proposition 8.3. We use Proposition 8.2. First < of Proposition 8.3 follows directly
from < of Proposition 8.2.
Let us prove = of Proposition 8.3. Let My, (Q«, V"), Ni and gy, be as in = of Proposition 8.2.
Set NV to be the identity component of ) N N,. Since X C M, and M is the smallest special
subvariety of 2, which contains X, we have M C M,. Hence we may assume (Q,V7T) C
(Q«, YF). Let N = QN N, then N <1 Q. Replacing N by N N7~ (7(N)), we may and do
assume that the reductive part of NV is semi-simple; here 7: Py — GSpy,,.
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Let us temporarily assume
(8.4) dimpy, (X) = dim py (X)

and finish the proof by showing that this N can be taken as the desired connected normal
subgroup of (). We need to prove:

(i) dim X — dimpn(X) > gy — t for gy = 3 dim(Voy N N);

(ii) N is a non-trivial group.

For (i): We have gn < gn, since N < N,. So dim X — dimpy(X) = dim X — dimpy, (X) >
gN, —t 2 gn — t.

For (ii): Suppose N is trivial. Then px = idjs and thus dimpy(X) = dim X. Sodimpy, (X) =
dim X. Hence py,|x is generically finite. So X = E,, _; implies that gy, —¢ < 0. But then
gn, =0and t =1 as ¢ < 1. Hence N, is reductive. It can be viewed as a subgroup of Spy, via
T Paga — GSpy,. Now N, <@, implies that the subgroup N, of Spy, acts trivially on Vg N Q..
By our hypothesis on X (note that ¢ = 1 now) and Proposition 5.6, we have M = 2| ().
Hence Vo, N Q = V4. Thus Vo, N Qs = Va4 since Q C (QQ«. But the only connected subgroup of
Spy, acting trivially on V3, is 1. Hence N, is trivial, contradicting to the choice of N,. Thus N
is non-trivial. Hence this IV can be taken as the desired connected normal subgroup of Q.

Now it remains to prove (8.4). Each fiber of py is of the form N(R)"y for some g € Y+,
and each fiber of py, is of the form N,(R)" 7, for some 7. € V7. As YT C VI, we can take
U« =y € Y. By definition of N, we have N(R)Ty = Q(R)Ty N N, (R)Ty =Y N N.(R)"7.

Denote by X a complex analytic irreducible component of u=!(X) which is contained in
Y*t. Then by the previous paragraph, each fiber of py| 5 is of the form N (R)*y N X , and
each fiber of py,| 5 is of the form N.(R)*y N X. The last sentence of last paragraph says
N(R)tFNX = YT NN, (R)*§N X, which furthermore equals N, (R)*7NX since X C Y*. Thus
the fibers of pn| and py,|5 have the same dimensions. Hence the fibers of py|x and py,|x
have the same dimensions. Thus (8.4) holds. Now we are done. O

8.3. Proof of Theorem 8.1. Let M be the smallest special subvariety of 2, which contains
X. Assume that M is associated with the mixed Shimura subdatum of Kuga type (Q,Y™) of
(P2973,X;q’a). Denote by Vo = Vo N Q and Gg = 7(Q) the reductive part of ). Denote by
9o = % dim Vg.

Special subvarieties of 2, are described in Proposition 5.6. Hence the smallest special subva-
riety M of 2, which contains X can be described as follows:

e Let M¢ be the smallest special subvariety of A, which contains m(X);
e Let M be the translate of an abelian subscheme of 244|5;, — Mg by a torsion section
which contains X, minimal for this property.

Then M — Mg itself is an abelian scheme of relative dimension ggq.

‘ = of Theorem 8.1 ‘ Apply = of Proposition 8.3. Then we obtain a non-trivial connected normal
subgroup N of Q whose reductive part is semi-simple, such that for the quotient Shimura
morphism py: M — M’, we have (gy = 3 dim(Vy N N))

(8.5) dim X — dimpy(X) > gn — t.

Recall the geometric meaning of py (5.4)

PN

M s My = TO\Vf —7= M? — i g — g

_ _
7| m 0 7 i
idpg PGy i

MG MG M/G i AgQ—gN'
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The morphism py is taking the quotient of M — Mg by the abelian subscheme Ker(py)° (which
has relative dimension gy). For each b’ € M, the abelian scheme M0|p51 ) p&llv () is
N

isotrivial.
Take B = Ker(pg)° N Ax. Then B is an abelian subscheme of Ax — B of relative dimension
gn, namely gg = gn. Now we can construct the maps in (8.1). We have Ax = M|, ps = pol Ay

T/5 = 0| sy 5 L8 = (009 agy)p and ¢y5.6 = (iG o pay )| Thus
dim(¢/z 0o pg)(X) < dimpy(X) <dim X — gy +t=dim X — g5 +1¢

where the first inequality follows from X C M|p and the second inequality follows from (8.5).
Thus it suffices to prove that ¢/ o pg is not generically finite.

Suppose ¢/ o pg is generically finite. Then gy = 0, pp = ida, and ¢/ is generically finite.
Hence dim(:/5 0 ps)(X) = dim X. But then dim X < dim X — g5+t =dim X +¢. When ¢t <0
this cannot hold. Hence t =1 and Ax = 24| by our hypothesis. Hence M = |y,

Since gy = 0, we have py = idys and My = M = Ay|p,,. For each ' € M, the abelian
scheme 2| pal ) — pajlv (b) is isotrivial. So dim pajlv (b') = 0; see the end of §2. Hence pg,

is generically finite, and so is p’. Thus dim M = dim M’. This contradicts our choice of N
(non-trivial connected).

‘<: of Theorem 8.1‘ Before moving on, let me point out that if ¢ < 0, then this implication
follows rather easily from Proposition 6.1 and Theorem 7.1 because we can translate it into
studying the generic rank of the Betti map. However the argument below works also for ¢ = 1.

Hodge theory says that: (1) every abelian subscheme of Ax — B is the intersection of an
abelian subscheme of M — Mg with 4,|p (in particular Ax = M NAy|p = M|p and gx = gg);
(2) the abelian subschemes of M — Mg are in 1-to-1 correspondence to Gg-submodules of V.
See [Del71, 4.4.1-4.4.3].

Assume that B = B N 2A,|p where B is an abelian subscheme of M — Mg, and that B
corresponds to the Gg-submodule Vi of V. Let gy = %dim Va, then B — Mg has relative
dimension gy. Hence gg = gn-.

Taking the quotient, we get

M2 M3

thl l“/%
idarg

Mg ——= Mg.

In particular 7/ is an abelian scheme of relative dimension g — gn. It induces a modular map
L
M/B 2o

|
71'/%
Lyb:Nel

Mg ——A

9Q—9N

|

9Q—9IN*

By definition of ¢ /g ¢, (M/%)‘L/*%’G(a) is an isotrivial abelian scheme for each a € Ay, .
Modular interpretation of Shimura varieties implies that ¢ g ¢ is a Shimura morphism, namely
L/, 1s induced by some 7/ ;1 (G, T(V1)) — (GSpQ(gQ_gN),Y);Q_gN). Denote by H the kernel
of 7/p  on the underlying groups, then H <1 Gg. Replace H by H der ‘then H < GdQer.
Each fiber of 7/ ¢ on the underlying spaces is of the form H(R)yg for some yg € T(Y™T).
Hence each fiber of ¢/ ¢; is of the form ug(H (R)*%q) for some yg € T(V"), where ug: H — A,

is the uniformization. Thus the connected algebraic monodromy group of L/_% c(a) is H for each
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a € Ay,—gy- By Deligne’s Theorem of the Fixed Part [Del71, Corollaire 4.1.2], H acts trivially
on Vo/Vn =~ Vy(g,—gy) because (M/%)\L/fég(a) is isotrivial.

The zero section of the abelian scheme M — Mg gives rise to a Levi decomposition ) =
Vo xGg. Let N = Vy x H. Then N is a connected normal subgroup of () whose reductive part
is semi-simple. Moreover the quotient morphism py is precisely ¢/5 o py, namely the geometric

interpretation (5.4) for this N becomes

PN———o
(8.6) M “pme M/ o (M)
N
WlMi W/Bl \Lﬂ'/
idy L/B,G
Mg —S Mg = tys,q(Ma).

Note that (8.1) is precisely (8.6) restricted to B C M.

If N =1, then py = idy. This contradicts ¢/5 o pp being not generically finite. Hence N is
non-trivial.

Note that X C M|p. Thus the inequality in < of Theorem 8.1 becomes dimpy(X) <
dim X — gy +t. Now it suffices to apply < of Proposition 8.3 to this N.

9. SUMMARY ON THE GENERIC RANK OF THE BETTI MAP

In this section, we go back to the general setting and prove the main results concerning the
Betti rank. First of all let us recall the setting up.

Let S be an irreducible quasi-projective variety over C, and let mg: A — S be an abelian
scheme of relative dimension g > 1. Recall the modular map (4.1)

y——

]

TS T

Sy

Let ba: Ax — T?9 be as defined in (4.2) where A is some open subset of S

Let X be a closed irreducible subvariety of A dominant to S. Assume that ¢|x: X — «(X)
has relative dimension r > 0. Then for each x € X(C), we have

(9.1) dimy ¢ (u(x)) > 7.

9.1. Proof of Theorem 1.8. Fix t € Z. We proved that +(X)9°8(t) is Zariski closed in ¢(X)
for each ¢ in Theorem 7.1. Thus Theorem 1.8 follows immediately from:

CHuX)E(t4r)) if t+r<0orr=0

Lemma 9.1. Xd(t) = {X horwi
otherwise

Proof. First let us make the following observation: For any Y C A irreducible, we have that
(Y)sg is an irreducible component of ¢ ({¢(Y))sg). So

(9.2) dim(u(Y))sg — dim7(e(Y)) = dim(e(Y))sg — dim tg(ms(Y)) = dim (Y )gg — dim7g(Y)

‘ Caset+r<0Qorr=20 ‘ For C: Take Y C Xdeg(t) irreducible such that dimY > 0 and
dim(Y ) — dim7g(Y) < dimY +¢.

As t|x has relative dimension 7, we have dim¢(Y') > dimY —r. So (9.2) implies

dim(e(Y))sg — dim 7w (¢(Y)) = dim(Y)gg — dimmg(Y) < dimY + ¢ < dim (YY) + (¢t + 7).
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If t+r < 0, then the inequality above further implies 0 < dim ¢(Y"). If » = 0, then ¢ is generically
finite and hence dim¢(Y) = dimY > 0. Hence in either case, we have t(Y) C o(X)8(t + r).
This proves C.

For D: Conversely take Y’ C t(X)%8(¢ 4 ) irreducible such that dimY”’ > 0 and

dim(Y")ge — dim7(Y') < dim Y’ + ¢ + 7.
Let Y be an irreducible component of ¢|3*(Y’). Then Y’ = ((Y). So dimV > dim Y’ +7 > 0 by
(9.1). By (9.2) we have then
dim(Y)sg — dim7g(Y) = dim(Y')gg — dim7(Y’) < dim Y’ + ¢t +r =dimY +¢.

Hence Y C X9¢8(¢). This proves D.
‘Case t+r>0andr> 0‘ Let x € X(C). Let Y be the irreducible component of ¢|3*(¢(z))
which contains z. Then dimY > r > 0.

For B :=mg(:71(u(2))) = 15" (7(¢(x))), we have that ¢~ (c(z)) is a constant section of A|p —
B. Thus dim7g(Y) =dimY > r, and (Y)s =Y. Hence

dim(Y)sg —dim7g(Y) =dimY —dimY =0<r —r+1 <dimY + (—r + 1).

So Y C X9%8(—r 4 1). Thus X C X9%8(—r 4 1).
But t > —r+1since t+7 > 0. So Xdeg(—r +1) C Xdeg(t) by definition. So we are done. [

9.2. Proof of Theorem 1.7. Fix z € X (C). Then
rankR(dbMX)x <2l & rankR(dbAh(X))L(x) < 2.

Apply Proposition 6.1 to ¢(X), then we have
rankg (dbal,(x)) < 2l & (X)98(1 — dim (X)) is Zariski dense in ¢(X).
Since [ < dim ¢(X), we have
(x) € u(X)¥8(l — dim (X)) & o € X9°8(] — dim X).
by Lemma 9.1, because dim X = dim ¢(X) + r. We are done by the three equivalences above.

9.3. Proof of Theorem 1.1. The implication < is clear: The generic rank of the Betti map
on (15 0 pp)(X) has the trivial upper bound 2dim(¢/3 o pg)(X), thus rankg(dbalx) < 295 +

2 dim(e 0 pp)(X) < 2.1
Let us prove =. If [ > dim¢(X), then rankr(dba|x) < 2l always holds. Take B to be the
zero section of Ax — S. Then gg = 0. Thus
dim(e/p 0 pp)(X) = dim ¢ /p(X) < dim(X) <l =1- gz
It suffices then to consider the case [ < dim¢(X). By Theorem 1.7 and Theorem 1.8, we have
rankg (dba | x) < 21 < o(X) = 1(X)%8(] — dim +(X)).

Denote by B = 15(S) = 7(¢(X)). Apply Theorem 8.1 (and the discussion below) to ¢(X) and
t =1 —dim¢(X) < 0. We thus obtain an abelian subscheme B’ of A, xy — B (of relative
dimension gp), such that dim(:/p o psr)(¢(X)) < dim 1(X) — gp: for

pB/ L/B/
AL(X) - AL(X)/B, - QlQL(X)—SJB/
_
7z-I»AL(X)\L 7r/B’\L l
idp t/B,G
B A9L<x)—93/-

(611 other words, < of Theorem 8.1 is clearly true when t < 0 if one translates the condition X = X9°5(¢)
into studying the generic rank of the Betti map. But for ¢ = 1, we still need to go into our original proof.
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Observe Ax = 17 (A,(x)); 80 gx = g,(x). Set B =1"1(B'). Then B is an abelian subscheme of
Ax — S; its relative dimension gz equals gg. The following diagram commutes

L/B

Ay —2 > Ax/B

9x —9B
Ll L\L

Pp! L/B/ i

A xy —= Aux)/ B ——= Ay, ) —gp -

2

Thus (¢/50p5)(X) = (¢/p0ps)(1(X)). So dim(t/zopp)(X) = dim(t/z opp)(¢(X)) < dim ¢(X)—
an’ < dim X — gB-

9.4. A question of André-Corvaja-Zannier. In this subsection we apply the previous results
to study a conjecture of André-Corvaja-Zannier.
Let £ be a section of A — S. Denote by ba ¢ the composite ba o &: A — Ax — T2,

Theorem 9.2. Assume that Z§ is Zariski dense in A. Assume furthermore:

(i) FEither A/S is geometrically simple;
(ii) Or each Hodge generic curve C C 1s(S) satisfies the following property: 1(A) X, 45y C =
7 1(C) — C has no fived part over any finite covering of c.l

Then maxgea rankg (dbale)s = 2min(dim ¢((S5)), g)-

Remark 9.3. If A/S is isotrivial, then hypothesis (ii) holds automatically since vtg(S) is a point.
In general hypothesis (ii) can be checked in the following way. Let Gp be the connected algebraic
monodromy group of 1s(S). Then hypothesis (ii) is equivalent to: for any non-trivial connected
normal subgroup H of G, the only element of Vo, stable under H is 0. It holds for example
when A — S has no fized part and Gg is a simple group.

Proof. Denote by X = ¢(S) and d = dim¢(X). Then maxsea rankg(dbale)s = rankg(dba|x).
Since Z¢& is Zariski dense in A, we have Ax = A where Ay is defined above Theorem 1.1.
Assume rankg(dba|x) < 2min(d, g). Applying Theorem 1.1.(1) to [ = min(d, g), we get an

abelian subscheme B of A — S (whose relative dimension we denote by gg) such that

(9.3) dim(¢/5 o pg)(X) < min(d, g) — g5
for
2 t/B
(0.0 AT A,
I
s
id L/B.s
S > S Ag_gg

Case (i) | By assumption B is either the whole A or the zero section of A — S. In the former

case, g = g. But then (9.3) cannot hold. In the latter case, g5 = 0, pg = id4 and ¢/5 = ¢. So
dim(¢/5 0 pg)(X) = dim 1(X) = d. But then (9.3) cannot hold.

[TTwe say that a curve C' C 15(S) is Hodge generic if the generic Mumford-Tate group of C' coincides with the
generic Mumford-Tate group of ¢5(.5).



25

Case (ii) | If B = A, then g = gp, and hence (9.3) cannot hold. So A/B — S is a non-trivial
abelian scheme. Applying the modular map ¢: A — 2, (and tg: S — Ay) to (9.4), we obtain

!
P LB

UA) = 1(A)/UB) ——Ag—gs

w7
L1

15(8) — s 1g(8) —25 A

9—9B"*

It is not hard to check (L//B o pig)(L(X)) = (/8 0 pB)(X).

By construction of LI/& g (tL(A)/u(B)) ats(@ — L//;S(a) is an isotrivial abelian scheme. Taking

a splitting of pj; yields an isotrivial abelian subscheme of +(A) ats(@ — Ll/zs(a) which is non-

trivial. For each a Hodge generic in L’/B 5(¢(S)), we have that L//gls(a) is Hodge generic in ¢tg(S).

But then our hypothesis forces dim LI/E}S(@) = 0. Hence L’/& ¢ is quasi-finite, and so is L’/B. So
dim(L’/Bop’B)(L(X)) = dim pj(¢(X)) > dim «(X) — g = d— g > min(d, g) — gg. This contradicts
(9.3) as dim(L’/B o p)(1(X)) = dim(¢/5 0 ps)(X). O

Example 9.4. The extra hypotheses (i) or (ii) in Theorem 9.2 are necessary. We illustrate this
with an example with g = 4. Consider A4 — Ay. Now that Ay x Ay — Ag X Ag is an abelian
scheme of relative dimension 4, it induces canonically the modular map

Q[QXQ(24>%4
o

AQ X AQ 4>A4.

By abuse of notation we write Ay x As, resp. Ag X Ag, for the image of the morphism on the
top, resp. on the bottom.

Let S1 and Sy be irreducible subvarieties of Ao, then S := S1 X So C Ay X Ay. The above
diagram implies that A4|s — S is the product of the two abelian schemes As|ls, — S1 and
Q[Q’SQ — SQ.

Let i € {1,2}. Let & be a section of Aa|s, — Si such that Z&; is Zariski dense in Us|s, for
i € {1,2}. For the Betti map ba,: Az|a, — T4, where A; C (S;)™ is an open subset, we have
rankg (dba, e, )s; < 2min(dim S;,2) for all s; € S;(C).

Now & = (&1,&2) is a section of A4l — S such that ZE is Zariski dense in 4.

Take S1 = Ag and Sy to be a curve in Ag such that sls, has no fized part (over any
finite étale covering of Sa2), then Ayls — S has no fized part (over any finite étale covering
of S) and dimS = 4 = g. Let A = Ay x Ay. Then the Betti map ba equals (ba,,ba,). So
rankp (dbale)s < max,, ca, rankg(dba, |¢, )s;, +maxg,en, rankr (dba, e, )s, < 2(2+dimSy) =6 <
8 = 2min(dim&(S), g) for any s € A.

10. APPLICATION TO FIBERED POWERS

The goal of this section is to prove (a generalized form of) Theorem 1.3.
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Recall the setting up. Let S be an irreducible subvariety over C and let 7g: A — S be an
abelian scheme of relative dimension gy > 1. We have the following modular map (4.1)

A——=2,

1,
TS
S5 Ay

Let X be a closed irreducible subvariety of A such that 7g(X) = S.

For any integer m > 1, set A" = Axg...xgA (m-copies), XM = X xg.. . xgX (m-copies)
and by b = (ba, ... ba): ALY = T2mo,

The modular map ¢ induces a morphism ([ : AM — Apngo- Set Xb[m] = (m (X [m]). It is a
closed subvariety of ¢(X) X, (g) - -+ X,4(s5) t(X), which may be proper.

Let 21 Al 1) 5 Alml he the mth Faltings-Zhang map fiberwise defined by (Po, Pr1,...,Pp) —
(Pr—Po,...,Pn—PF). In the particular case where A — S'is A, — A, abbreviate Z,,, = .@3‘{’0.
Then (™ o A = 9, o I H1,

Theorem 10.1. Assume that X satisfies the following conditions:

(a) we have dim X > dim S;
(b) for each s € S(C), X5 generates As;
(¢) we have X + A" € X for any non-isotrivial abelian subscheme A" of A — S.

Then for each t > 0, we have the following:
(1) rankR(db[gL} | xim)) > 2(dim xm - t) for all m > dim S — t.
(ii) rankg(dbY" g ximen)) > 2(dim Z (XY — 1) for all m > dim X — .
Before proceeding to the proof, let us fix some notation. Set d = dim X —dim S > 0. For any
m > 1, we have dim X" — dim S = md. In particular, dim Xb[m] < dim X[ = md 4+ dim S.
For notation let Aym be the translate of an abelian subscheme of AlM — S by a torsion

section which contains X[™ minimal for this property. Hypothesis (b) then implies Axim) =
Al for all m > 1.

Proof of Theorem 10.1.(i). Suppose rankR(db[Am] | xim)) < 2(dim XL[m} —t). Then by Theorem 1.1,

there exists an abelian subscheme B of A — S (whose relative dimension we denote by gg)
such that

(10.1) dim(e/p 0 pg) (X)) < dim X[™ — ¢ — g

for the following diagram.

(10.2) Alml 22 Alml /B S Rimgo g5
_
1T
S s S /s A7”90*913
The following fact will be proved in Appendix B. There exists an isogeny
(10.3) p: Alm s glm]
such that p(B) = By Xg ... Xg By, for some abelian subschemes By, ..., B, of A. Moreover we

may assume that p satisfies the following property: g1 o p = p1 0 g1 for some isogeny p1: A — A,
where ¢;: A™ — A is the projection to the first factor.

Lemma 10.2. B; — S is non-isotrivial for each i € {1,...,m}.
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We will see that Lemma 10.2 implies the following naive lower bound for dim(¢,5 o ps)(X [l
(10.4) dim(¢/3 o p) (XM > m(d + 1) — gz
Let us finish the proof by assuming Lemma 10.2 and hence (10.4). We have
g5 — (dim X[ — dim(z /5 0 pg) (X ™))
=g5 + dim(s 5 0 p)(X™) — dim Xx[™!
m(d+ 1) — (md + dim S)
>m — dim S.

This contradicts (10.1) for m > dim S — ¢t. So we are done. O

Proof of Lemma 10.2. Suppose By, — S is isotrivial for some ig. Note that (AM/B)|, v J@

71; g(a) is an isotrivial abelian scheme for each a. Hence A/B;,, being an abelian subscheme of

Al™ /B via the decomposition (10.3), is isotrivial when restricted to ¢7, /B, S( a). Thus A| o —
B,S

(a)
L/B,S(a) is isotrivial. So by the discussion of the end of §2, dim¢g(¢ /B,S( a)) = 0 where tg: § —
Ay, is the modular map for A — S.
Applying the modular map ¢: A — Ay, (and tg: S — Agy) to (10.2), we obtain (denote by
Al = ] (Alm])) the following diagram.

[m] Pl (s)

(10.5) A —— -A / [m]( ) 4> Urngo—gss
_
WL T/ 0ml(s) J{ lw’
id YiB,8
ts(S) ts(S) Amgo—gs

The previous paragraph implies that dim(L’/& g)(a’) = 0 for cach a’. Thus L//B’ ¢ 1s generically
finite, and so is L//B.

It is not hard to check (/3 opp) (XM = (L//B opL[m](B))(XL[m}). So
dim(e /5 opp) (XM = dim(L’/B O P,im] (B))(Xb[m}) = dimp,m)(g) (X" > dim X" — g,

where the last inequality holds because (/™ (B) — 15(S) has relative dimension gg. This contra-
dicts (10.1) since ¢t > 0. O

Proof of (10.4). Use the notation in (10.2). Take a point s € S such that (¢/5 o pp)(XIM) —
7'((¢/8 o p) (X)) is flat over s’ := t/B,5(s). Then dim(L/B o pg) (XM = dim 7' (/5 ©
pe)(XI™)) & dim((x') (') 1 (175 © pe)(XI™)) > dim((x) () N (15 0 ps)(XE)). So it
suffices to prove the lower bound for dim((7")~*(s") N (1/5 o pg)(XM)).

On the other hand (¢/50pg) (A N X)) € () ~1(s') N (/50 ps) (X ™)) by the commutative
diagram (10.2). Hence it suffices to prove the lower bound for dim(¢/ o pg)(A[sm} N X)), But

pB(A[Sm] N X[™)) is contained in one fiber of 7 /8- SO L3| is an isomorphism. So

dim(e/5 0 ps) (A" N X)) = dim pB(ALml nxm,

Thus it suffices to prove the lower bound for dim pB(A[Sm] N XM = dimpg(X™).
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The isogeny p in (10.3) gives an isogeny A7" — AZ", which we still denote by p by abuse of
notation. Set for simplicity B = B, B; = (Bi)s for i € {1,...,m}. Denote by p;: As — As/B;
the quotient. Then by the last paragraph, to prove (10.4) it suffices to prove

(10.6) dim(p1, -, pm)(p(X™) = m(d+ 1 ZdlmB

By Hypothesis (¢) on X, for a very general s we have Xg + A, ¢ X for any non-isotrivial
abelian subscheme A’ of A. In particular, X5 + B; € X by Lemma 10.2. Thus

(10.7) dimp;(Xs) > d — (dim B; — 1).

Let us prove (10.6) for such an s by induction on m. For m = 1, this is precisely (10.7).
For general m > 2, denote by ¢;: A" — A the projection to the first factor. Recall that
q1 0 p = p1 o q for some isogeny p;: As — As; see below (10.3). For each z € p1(Xs), we have

(XM Mgt (2) = p (XN p e H(2) = p (XN (q10p) 7 (2))
= p (XN (proa) H(2)) = p (X Nar (o7 (2)))
=p (XM {p e x A ) = p({e} x XY,

z’EXsﬁpl_l (2)

Thus each irreducible component of a non-empty fiber of g1 |,(xm) is a translate of p} (X™m=1) for
the isogeny p}: A1 — A™~! obtained from p|{O}XA;n71.

We wish to apply the induction hypothesis to p} (X" ~1) and the quotient morphism (pa, - - - , py).
However we cannot directly do this because p| may not satisfy the extra property that ¢; o p}
and ¢ differ from an isogeny A — As.

To solve this problem, let [3’1l be the neutral component of p_l(eg Xg By Xg...xgBn) C
p~Hes x5 A1) where eg is the zero section of A — S. Apply (10.3) to Bt € Am~1. We
thus obtain an isogeny

pIIA[m_H%A[m_H

such that p/'(Bi) = B, x5 ... x5 B, and that ¢, o o’ = pg 0 ¢ for some isogeny pa: A — A. As
Pl Am™E — Am~1 s obtained from p|{0}><A;n71, we have

dim(p27' o ;pm)(pll(X;n_l)) = dim(pé,--- ,p;n)(p/(X;n—l))’

where p: Ay — As/(Bl)s is the quotient morphism.
Lemma 10.2 applies to B} since A/B; is still an abelian subscheme of A™ /B. So B, — S is
non-isotrivial. Hence we can apply the induction hypothesis to p/(X7~1) and (p},--- ,pl,). So

dim(ph, - -+, p,) (P (X7 > (m — 1)(d + 1) Zdlm = )(d+1) ZdlmB

Denote by q;: As/B1 x - As/By, — Ag/Bj the projection to the first factor. Then we have

q1((p1, - pm) (p(XT))) = pr(q1(p(X))) = p1(q1 0 p(XT)) = p1(p1 o q1(XF")) = p1(p1(Xs)).
But dimp;(p1(Xs)) > d — (dim By — 1) by the same argument for (10.7). Hence by the fiber
dimension theorem we have

dim(py, -, pm)(p(XT)) > (d — (dim B; — 1))+ (( )(d+1) ZdlmB ) = m(d+1)-) _dim B;.
=1

This finishes the proof. O
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Proof of Theorem 10.1.(ii). The proof of part (ii) is similar. Let us sketch it.

We reduce (ii) to the case where X contains the zero section of m4: A — S. Indeed, up to
replacing S by a Zariski open subset (which does not change the generic Betti rank in question)
we can take a section o: S — X of m4|x. Then ZA(X!"H) = 2A((X — o(S))"H1) for all
m > 1. It suffices then to replace X by X — o(S5).

Set YV := 22X+t We have Y D X" because X" = 2405 x5 X xg5--- x5 X) C
2A(XmH1]) Let Ay be the translate of an abelian subscheme of A™ — S by a torsion section
which contains Y, minimal for this property. Then Ay = A" since Ayim = A.

Suppose rankR(db[Z]\y) < 2(dim ™ (Y) — t). Applying Theorem 1.1.(1) to Y, we get an
abelian subscheme B of A" — S (whose relative dimension we denote by g) such that for the
map ¢/5 o pg as in (10.2), we have dim(¢/5 0 pg)(Y) < dim JmM(Y) —t — gg. This B is different
from the one in the proof of part (i).

Under a possibly new decomposition (up to isogeny) A" ~ A xg ... xg A (m-copies), we
may write B = By Xg ... Xg By, for some abelian subschemes B, ..., B, of A. One can show
that B; — S is non-isotrivial for each 7 € {1,...,m}: indeed it suffices to take a verbalized copy

of the proof of Lemma 10.2 with X" replaced by ¥ and X m} replace by J[™(Y).
Then (10.4) holds for this new B. Thus
g8 +t+dim(¢/gopp)(Y) —dimY
>gB +t +dim(¢/z 0 ps)(Y) — ((m + 1)d + dim S)
>gp + t + dim(e/5 0 ps)(X™) — (m + 1)d — dim S since X" C v
>t+m—d—dimS by (10.4)
=t+m—dimX

This contradicts dim(¢/5 0 ps)(Y) < dim (Y)Y —t — g5 when m > dim X — ¢.

So rankR(db[Xﬂ ly) > 2(dim [ (Y')—t) when m > dim X —t. So the conclusion follows because
rankg(db" | gu xim+1)) = rankg(dbR"|y) and dim Z(X") = dim(m o g7 (xtm) =
dim ([ (V). O

11. LINK WITH RELATIVE MANIN-MUMFORD

In this section, we discuss about the relative Manin-Mumford conjecture. It is closely related
to Xdee(1).

Let S be an irreducible variety over C, and let wg: A — S be an abelian scheme of relative
dimension g > 1. Denote by Ao, the set of points z € A(C) such that [N]z lies in the zero
section of A — S for some integer N. In other words x is a torsion point in its fiber.

Let X be a closed irreducible subvariety such that 7g(X) = S. Denote by Ay the translate
of an abelian subscheme of A — S by a torsion section which contains X, minimal for this

property.
Relative Manin-Mumford Conjecture. If (X N Aior)%* = X, then codim 4, (X) < dim S.

Conjecture 11.1. Assume S, g, and X are defined over Q. If (X N Awor)?™ = X, then
Xdee(1) is Zariski dense in X.

The goal is to reduce the Relative Manin-Mumford Conjecture to Conjecture 11.1.

Proposition 11.2. Conjecture 11.1 implies the Relative Manin-Mumford Conjecture. More
precisely for X C A — S such that (X N Awor)?™ = X, we have codim 4, (X) < dim S if
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Conjecture 11.1 holds for any irreducible subvariety X' C 2y defined over Q with1 < ¢’ < g,
dim X’ < dim X and dim7'(X’) < dim S.!®!

Proof. First let us note that by standard specialization argument, if relative Manin-Mumford
holds for all S, g and X defined over Q, then it holds for all S, mg and X defined over C.

Let X € A — S be as in the relative Manin-Mumford conjecture which is defined over Q.
Note that Ax — S itself is an abelian scheme. Replacing A — S by Ax — S, we may assume
Ax = A. It suffices to prove codim4(X) < dim S.

Let us prove it by induction on (dim S, g), upward on both parameters. When dim S = 0
it follows from the classical Manin-Mumford conjecture (first proved by Raynaud [Ray83] and
then re-proved by many others). The conclusion for the case g = 0 is easily true.

In general, consider the modular map (4.1)

y——

l ) i

TS T
ts
S——=A,.

Denote by B = 15(S). Then ((A) = 77 1(B) =: Ay|p. Now (X N Ay)?® = X implies
(L(X)Ne(A)tor) % = 1(X). Applying Conjecture 11.1 to t(X) C t(A),) we get that ¢(X)%8(1) is
Zariski dense in (X ). Hence by Theorem 7.1 we have ¢(X)4&(1) = +(X). Applying Theorem 8.1
tot =1 and ¢(X), we get an abelian subscheme B of 24|p — B (whose relative dimension we
denote by gg) such that for

p L/B
ng‘B S (ng‘B)/B — Aygp

4
idp L/B,G
B B 9—98>
we have that ¢/5 o pp is not generically finite and
(11.1) dim(¢/5 0 pg)(1(X)) < dim¢(X) — gs + 1.

Hence we have (denote by g—g,, » () = () (t/8.c(B)))

(codim4(X) — dim S) — (codim(%_%lm o) (175 0 P8)(1(X)) — dim¢ /B,G(B))
= (dim A — dim S — dim X)) — (dim(mg,%\%c(m) —dim ¢/5,(B) — dim(1/5 OpB)(L(X))>
=g —dim X — (g — gp) + dim(¢/5 o pp)(1(X))
= —dim X +dim(¢/5 0 ps)(1(X)) + g5
< — dim (X)) + dim(¢/5 0 ps) (1(X)) 4+ g5 < 0,
and so

(11.2) codim g ))(L/B opp)(1(X)) < dim¢/p g(B) = codimy(X) < dim S.

9*95|L/5‘G(B
If dim ¢/ (B) < dim B, then dim¢/5 ¢(B) < dim S since dim B = dim ¢5(5) < dim S. Now
we can apply the induction hypothesis on dim S to get

codim gy (¢/5opB)(1(X)) < dim /s g(B).

g-98li,5 ()

So codim4(X) < dim S by (11.2).

[BlHere 7/ Ay — Ay is the universal abelian variety.
9INote that ¢ and 15 are defined over Q, dim ¢(X) < dim X and dim7(¢(X)) = dim¢5(S) < dim S.
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If dim¢/g (B) = dim B, then ¢/5 ¢ is generically finite. So ¢/5 is generically finite. But
L/ © pp is not generically finite. So gg > 0. Moreover

dim(e/5 0 pp)(1(X)) = dimpp(e(X)) > dim (X)) — g,

and hence dimpg(¢(X)) = dim¢(X) — gg by (11.1). So «(X) + B = «(X).
Now the assumption (X N Agor)?® = X implies

(p(«(X)) N (Ag]B)/B)ior) ™ = ps(t(X)).

As (2,4|p)/B — B has relative dimension g — gg < g, we can apply the induction hypothesis on
g to get codimy,|,)/5(ps(¢(X))) < dim B.

As both ¢/3 and 1/ are generically finite, we have dim(%y|p)/B = dim¢/z((/Uy|p)/B) =
dim Ay g, |05 o (), dimpp(e(X)) = dim(t/p 0 pp)(1(X)) and dim B = dim /5 g(B). So the left
hand side of (11.2) holds by the previous paragraph. Thus codim 4(X) < dim S. O

APPENDIX A. DISCUSSION WHEN THE BASE TAKES SOME SIMPLE FORM

Let S be an irreducible subvariety over C and let 7g: A — S be an abelian scheme of relative
dimension g > 1. Let X be a closed irreducible subvariety of A with dim7wg(X) = S.

Definition A.1. Denote by (X)gen-sp the smallest subvariety of A of the following form which
contains X : Up to taking a finite covering of S, we have (X)gen-sp = 0 + Z + B, where B is an
abelian subscheme of A — S, o is a torsion section of A — S, and Z = Z x S where C x S is
the largest constant abelian subscheme of A — S and Z C C.

If we furthermore require Z to be a point, then we obtain (X)s; (Definition 1.5).

Let Ax be the translate of an abelian subscheme of A — S by a torsion section which
contains X, minimal for this property. Then Ax — S itself is an abelian scheme, whose relative
dimension we denote by gx. It is easy to see (X)gen—sp € (X)sg € Ax.

The variety (X)gensp is closely related to rankr(dba|x). Let us start with the following
proposition, saying that rankg(dba|x) attains its minimal value if and only if X = (X)gen-sp-

Proposition A.2. rankg(dba|x) = 2(dim X — dim S) <= X = (X)gen—sp-
In particular if dim S = 1, then either rankg(dbalx) = 2dim X or X = (X)gen—sp-

Proof. The direction < is not hard to check. Let us prove = now.
Apply Theorem 1.1.(1) to I = dim X —dim S+ 1. Then rankr(dba|x) < 2(dim X —dim S+1)
if and only if there exists an abelian subscheme B of Ax — S such that
dim(e/p 0 pg)(X) < dim X — dim S — g5
for

Ax e -’4X/‘B i Q[gx—gs

|
7"S|AX\L 71F/BJV/ lw'

S S Agx—gs-

Thus 2(dim X — dim S) = rankg (dba|x) < 295 + 2dim(¢/5 0 ps)(X) < 2(dim X — dim §). This
implies dim ps(X) = dim X — g5, and dim(¢/5 0 pg)(X) = dim X — dim S — g5 = dimpp(X) —
dim S. So pg|x has relative dimension gz, and L/B|pB(X) has relative dimension dim S. So

idg L/B,S

X = pg' (ps(X)) as pp has relative dimension g, and pp(X) = L;é(b/g(pB(X))) with ¢/5 having
relative dimension dim S. So ¢/5 g has relative dimension dim S, making ¢/5 ¢(S) a point.

Now X = (15 0p8) ' (15 0p5)(X) and 15 5(S) is a point. So X = (X)gen—sp. O
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To further investigate the relation between rankg(dba|x) with (X)gen-sp, let us first of all
recall the modular map (4.1)

y——

S

S ——=A,.

Proposition A.3. We have

(i) rankg(dba|x) < 2min(dim ¢(X), dim(X)gen—sp — dim S).
(ii) Assume dimtg(S) =1 or the connected algebraic monodromy group of ts(S) is simple.
Then rankg (dba|x) > 2min(dim ¢(X), dim(X)gen—sp — dim S).

Before proving this proposition, let us see its direct corollary on the Betti rank.

Corollary A.4. Assume that 1s(S) has dimension 1 or has simple connected algebraic mon-
odromy group. Then

rankg (dba|x) = 2min(dim ¢(X), dim(X)gen—sp — dim S).
We point out that the hypotheses in Corollary A.4 cannot be removed; see Example 9.4.

Remark A.5. Let €, be the universal curve embedded in 2,. Use notations in Theorem 1.2

and Theorem 1.2. It is clearly true that ((’Ign]>gen_sp = g Xa,,, S for all m > 1.0 pr s
has dimension 1 or has simple connected algebraic monodromy group (for example when S is

the whole Torelli locus), then Corollary A.4 has the following immediate corollaries: (’:?] has

¢[Serl]

mazximal generic Betti rank for all m > 3 and g > 2, D ) has mazximal generic Betti

rank for allm > 4 and g > 2, and an] — C[Sm] has mazimal generic Betti rank for all m > 4
when g > 5, for all m > 5 when g = 4 and for all m > 6 for g = 3.

Proof of Proposition A.3. (i) We have seen rankg(dba|x) < 2dim¢(X) at the end of §4. On
the other hand it is not hard to check rankg(dba|x) = 2(dim(X ) gen—sp — dim 5)
by the definitions of ba and (X)gen—sp. Hence we are done because rankg(dbalx) <
rankR(dbARX)genfsp)'

(ii) Set ! = min(dim ¢(X), dim(X)gen—sp — dimS). Assume rankg(dba|x) < 2{. Then by
Theorem 1.1, there exists an abelian subscheme B of Ax — B (whose relative dimension
we denote by gp) such that

gen—sp )

(A.1) dim(¢/5 0 pg)(X) < min(dim ¢(X), dim(X)gen—sp — dim S) — gz
for
(A.2) Ax = Ax B2,y
|
7TS|AX\L ﬂ/BJ/ lﬂ"
s idg s L/B,S A

Observe that (X)gen—sp pgl <L/_Bl (<(L/B opB)(X)>gen_sp)). So
dim(X)gen—sp — dim S < dim(B — 5) + dim((¢/5 © pB) (X)) gen—sp = g8 + dim((¢/5 © pB) (X)) gen—sp,
and thus (/5 0 ps)(X) # ((¢/8 © PB)(X))gen—sp by (A.1). So ¢/5¢(S) is not a point.

[10]Here S is a subvariety of Ay, and Ay is seen as a subvariety of A,,4 via the diagonal embedding.



33

Apply the modular map ¢: A — 2, (and t5: S — Ay) to (A.2). Denote by B = 15(5).
We have

!
P 0]

UAx) — t(Ax)/UB) —— Ay —gp

_
WL(Ax)\L i iﬂ’
1
idg YyB,s

B B AQX —9B*

Let G be the connected algebraic monodromy group of B C Ay, and let G be the
Mumford-Tate group of B C A;. Then Gp < GdQer.

We have that (c(Ax)/u(B))] -1 @
/B,S
a to be Hodge generic in L//B’S(B>, then by a theorem of Deligne-André [And92, §5, The-

. . . . . ,_
is an isotrivial abelian scheme over ¢ /Bls(a). Take

orem 1], the connected algebraic monodromy group H of L//;S(a) is a normal subgroup
of G%er. Moreover H < G since L//;S(a) C B. Thus H < Gp.

Recall the assumption: either dim B = 1 or H is simple. In the first case, either
L'/&S(B) is a point or L//B’S is quasi-finite. In the second case, either H = G or H = 1 by
the previous paragraph. If H = Gp, then the fact that (:(Ax)/(B)) als(@ — L//;S(a)
is isotrivial implies that «(Ax)/¢(B) — B is isotrivial. Hence LI/B,S(Bj is a point. If
H =1, then dim L,/;;S(a) = 0, and hence L//B7 g is generically quasi-finite.

As L//BVS(B) = 1/B,5(5) is not a point, we have that L//B7S is generically quasi-finite.
So g is generically quasi-finite, and so dim(tg o pg)(X) = dim(L’/B o p) (X)) =
dim pj(¢(X)) > dim ¢(X) — gB, contradicting (A.1). O

APPENDIX B. DECOMPOSITION OF ABELIAN SUBSCHEMES
The goal of this appendix is to prove (10.3).
B.1. Linear Algebra. Let G be a reductive group and let V be a finite dimensional G-
representation, both defined over Q.

Let m > 1 be an integer and let W be a G-submodule of V®™. The goal of this section is to
prove the following proposition.

Proposition B.1. There exists a G-linear isomorphism
T VI~ om
such that
TW)=W1&---& Wy,
for some G-submodules W1, ..., Wy, of V. Moreover T can be chosen such that gy oT = q1 where
q1: VO™ — V is the projection to the first factor.
The key to prove this proposition is the following lemma.
Lemma B.2. Let g: VO™ — VO pe g linear projection. Then there exists a G-homomorphism
i: VO 5 O guch that
(i) goi= 1y am;
(i) i(q(W)) =i(VE™)nW;
(iil) lgewy is injective.
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Proof. As G is a reductive group and charQQ = 0, there exists a G-submodule Wy of W such
that W = (W N Kerq) @ Wy. In particular Wy N Kerqg = Wo N W N Kerq = {0}. Thus
Wy + Ker g = Wy @ Ker q. Note that ¢(W) = ¢(Wp), and ¢q|w, is injective.

Now Wy @ Ker g is a G-submodule of V™. Again as G is a reductive group and charQ = 0,
there exists a G-submodule W of V™ such that V™ = (W, & Ker q) & W},. Moreover we claim
that Wy N W = 0. Indeed, W = (W NKerq) & Wy C Kerg & Wy, and WjN (Kerqg & Wy) = 0.
Thus (Wo & W) N W = W,.

As VO™ = (W, @ Ker q) & W, we have that alwoewy: Wo® W} — V& is injective and both
sides have the same dimension. So Q|W0@W0’ is an isomorphism.

Let i: VO™ — VO™ he the composite of the inclusion Wy @ W} C VO with (Q|Wo€BW5)_1'
Then i(VE™) = Wy @ W},

Let us show that ¢ is the desired map. Property (i) clearly holds. To see (ii) and (iii),
recall that (W) = ¢(Wp), and hence i|,w) = ilgmy) = (Q‘WO@W(;)*l’q(WO): qWp) ~ Wy =
Wo@ Wi NW =i(Ve™)ynw. O

Proof of Proposition B.1. We prove the proposition by induction on m. When m = 1, the
proposition trivially holds true.

Now for a general m > 1, suppose the proposition is proved for 1,...,m — 1.

Apply Lemma B.2 to ¢;: V& — V the projection to the first component. We thus obtain
i1: V — VO™ with the three properties. In particular V™ = iy (V) @ Ker ;.

Let ¢} : V& — V®m=1) be the quotient by i1 (V). Then Ker ¢} N\W = iy (V)W = iy (g1 (W)
by property (i) of i;. Let i} : VOm=1 — y@m 4 s (0,0). Then i (VOm-1Y) = Kergq, and
from the last paragraph we have V&™ = i1 (V) @ i} (VO(1). Define

i1 +’L/1
—d

(B.1) s VO I8,y g yeimen) yom,

Then 71 is a G-isomorphism, and 71 (W) C i3 0 g1 (W) @ i} o ¢y(W). But dimi} o ¢j(W) =
dim ¢} (W) = dim W —dim(Ker ¢ "W) = dim W —dim 1 (¢:(W)). Hence dim W = dim 74 (W) <
dimiy o ¢1 (W) 4+ dimd} o ¢4 (W) = dimiéy o 1 (W) + dim W — dim iy o ¢1 (W) = dim W. Hence
(W) =i 0q (W) @i} ogy(W).

Set Wi = i1 0 q1(W) and Wit = i} o ¢{ (W).

By induction hypothesis applied to I/VlL C V8m=1  there exists a G-linear T yoem=1) ~
VOm=1) such that 7] (Wit) = Wa @ - - - ® Wy, for some G-submodules W, ..., W, of V.

Let 7 be the composite

FoyEm T pem _ g pem-1) W g pem-1) _ pem

Then 7(W) =W, ® Wa @ --- @ W,,,. Hence we are done for the construction of 7.
Let us prove the “Moreover” part. By our construction of 7, we have ¢y o7 = q1o(ly, 7{)or =
quomi=qo(i1oq +ioq)=q asqoip =1y and g 04y =0. O

B.2. Proof of (10.3). Now we are ready to prove (10.3). Let mg: A — S be an abelian scheme,

Al be the m-fold fibered power, and B be an abelian subscheme of Wgn] Al 5

The variation of Hodge structures (VQHS) (R'(75)«Q)" over S is polarizable of type (—1,0)+
(0,—1). Its generic Mumford—Tate group G is a reductive group defined over Q.

As Endyg_ns((RY(7s)«Q)Y) is a variation of Hodge structures of S of weight 0, there ex-
ists s € S(C) such that each element in Endg_pns((R'(7s).«Q)Y) extends to an element in

Endyons((R'(75)Q)"), up to replacing S by a finite covering. See [PS08, proof of Theo-
rem 10.20].
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Set V = (R'(75).Q)Y = Hi(As,Q). Apply Proposition B.1 to W = H;(Bs,Q). We obtain
a G-isomorphism 7: V™ ~ V& guch that 7(W) = Wy & --- & W, for some G-submodules
Wi, ..., Wy, of V. Moreover q; o7 = q; with g;: V®™ — V the projection to the first factor.

For each i € {1,...,m}, W; = Ker a; for some a; € Endg(V'). But Endg(V) C Endg_ns(V),
so by the discussion above each «; extends to an element in Endyons((R!(75).Q)"), which by
abuse of notation is still denoted by «;. Similarly 7 extends to some p € Endyons((R! (Wgn} ):Q)Y).
We then have p ((Rl (rrlm! ]B)*Q)V) — Ker(a1) Xs ... xg Ker(am).

By [Del71, Rappel 4.4.3], p gives rise to an isogeny Al — A" and each a; gives rise to
an isogeny A — A. By abuse of notation we still use p, a; to denote them. Then p(B) =
Ker(a;) xg ... xg Ker(ay,). It suffices to take B; = Ker(«;).

The “Moreover” part of (10.3) follows from the same argument and the equality ¢; o 7 = ¢1
above.
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