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6.4.2 Poincaré–Eisenstein series with respect to an analytic boundary component 84

6.4.3 Analytic structure on Γ\XBB
. . . . . . . . . . . . . . . . . . . . . . . . . 84

6.4.4 Algebraic structure on Γ\XBB
. . . . . . . . . . . . . . . . . . . . . . . . 85

7 Toroidal compactification 87
7.1 Background knowledge on toric varieties . . . . . . . . . . . . . . . . . . . . . . . 87

7.1.1 Affine toric varieties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
7.1.2 General toric varieties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

7.2 Toroidal compactifications of Γ\X . . . . . . . . . . . . . . . . . . . . . . . . . . 89
7.2.1 The algebraic torus associated with a rational analytic boundary component 89
7.2.2 The fibration on each rational analytic boundary . . . . . . . . . . . . . . 90
7.2.3 Final conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91



6 CONTENTS



Chapter 1

Preparation on Hodge theory

1.1 Hodge structure and polarizations

Take R = Z,Q,R.
Let n ∈ Z.

1.1.1 Hodge decomposition and Hodge filtration

Definition 1.1.1. An R-Hodge structure of weight n is a torsion-free R-module of finite
type V endowed with a bigrading (called the Hodge decomposition)

VC =
⊕

p+q=n
V p,q, with V q,p = V p,q.

For a subset A ⊆ Z⊕ Z, we say that V has Hodge type A if V p,q = 0 for all (p, q) ̸∈ A.
An R-linear map φ : V → W between two Hodge structures of weight n is said to be a

morphism of Hodge structures if φ(V p,q) ⊆W p,q for all p, q.

We thus have the category of R-Hodge structures of weight n, denoted by HSnR. One can
define direct sums in HSnR, and hence makes it into an abelian category.

We can also consider the category of R-Hodge structures, denoted by HSR. The objects are
R-Hodge structures of any weight. Then we can define tensor products, duals, and internal
homs in HSR as follows. Let V ∈ HSnR and W ∈ HSmR ,

(i) the bigrading on V ⊗W ∈ HSn+m
R is given by (V ⊗W )p,q =

⊕
r+r′=p, s+s′=q V

r,s⊗W r′,s′ ;

(ii) the bigrading on V ∨ ∈ HS−n
R is given by (V ∨)p,q = (V −p,−q)∨;

(iii) Hom(V,W ) := V ∨ ⊗W .

Here are some examples.

Example 1.1.2 (Tate twist). For each m ∈ Z, set R(m) ∈ HS−2m
R to be

R(m) = (2πi)mR, R(m)C = R−m,−m.

Then R(0) = R, R(m) = R(1)⊗m with R(−1) = R(1)∨.

Example 1.1.3 (cohomology from geometry). Let X be a connected smooth projective variety
defined over C. For each n ≥ 0, the Betti cohomology Hn(X,Z)/tor admits a Z-Hodge structure
of weight n via the Betti–de Rham comparison Hn(X,C) ≃ Hn

dR(X) and the decomposition of
Hn

dR(X) into the direct sum of subspaces arising from (p, q)-forms.

7
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Example 1.1.4 (Complex tori). We explain in this example the following equivalence of cate-
gories:

{complex tori} ∼−→ {Z−Hodge structures of type (−1, 0) + (0,−1)} .
The direction → is by sending T 7→ H1(T,Z). Let T be a complex torus of dimension g ≥ 1. Set

VZ := H1(T,Z).

As a real manifold, we then have T ≃ VR/VZ. Moreover, as a real space VR is isomorphic to
Lie(TR), the Lie algebra with TR seen as a real Lie group. The complex structure on T gives an
action of J on VR, with

J :=

[
0 Ig
−Ig 0

]
,

and hence the desired Hodge decomposition

VC = V −1,0
⊕

V 0,−1

with V −1,0 the eigenspace of
√
−1 and V 0,−1 the eigenspace of −

√
−1.

The direction ← is given as follows. Let VZ be a Z-Hodge structure of type (−1, 0)+ (0,−1).
Then VC/V

0,−1 is a complex space of dimension 1
2rankVZ. Thus we obtain the desired complex

torus
VZ\VC/V 0,−1 ≃ VZ\V −1,0.

Notice that we have implicitly an isomorphism of real vector spaces VR ≃ VC/V
0,−1 = V −1,0

given as the composite VR ⊆ VC → VC/V
0,−1 = V −1,0.

An alternative way to see the Hodge decomposition is the following Hodge filtration. It is of
particular importance when we consider families of Hodge structures.

Definition 1.1.5. Let V be an R-Hodge structure of weight n. The Hodge filtration is the
decreasing chain · · · ⊇ F pVC ⊇ F p+1VC ⊇ · · · with

F pVC :=
⊕

r≥p
V r,s. (1.1.1)

Conversely, the Hodge decomposition can be recovered by the Hodge filtration via

V p,q = F pVC ∩ F qVC. (1.1.2)

1.1.2 Polarizations

Let V be an R-Hodge structure of weight n.
The Weil operator C ∈ End(VC) is defined as follows: It acts on V p,q by multiplication by√
−1q−p

. We have Cx = Cx for all x ∈ VR.[1] So C ∈ End(VR). A more elegant way to define
the Weil operator will be given above Proposition 1.2.5, in terms of Deligne torus.

Definition 1.1.6. A polarization on V is a morphism of Hodge structures

ψ : V ⊗ V → R(−n)

such that the bi-linear map

VR × VR → R, (x, y) 7→ ψC(x, y) := (2π
√
−1)nψ(x,Cy) (1.1.3)

is symmetric and positive definite.

[1]Indeed, for x =
∑

p,q xp,q ∈ VR, we have xp,q = xq,p because V p,q = V q,p. So Cx =
∑

p,q

√
−1

q−p
xp,q =∑

p,q

√
−1

p−q
xq,p =

∑
p,q

√
−1

p−q
xq,p = Cx, and hence Cx ∈ VR.
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The Hermitian pairing associated with the bi-linear map (1.1.3) is (x, y) 7→ ψC(x, y).

Lemma 1.1.7. Let V ∈ HSnR, and let ψ be a polarization. Then

(i) ψ is (−1)n-symmetric, i.e. is alternating if n is odd and is symmetric if n is even.

(ii) the decomposition VC =
⊕
V p,q is orthogonal with respect to the Hermitian pairing asso-

ciated with (1.1.3).

Proof. We start by proving (ii). Take x ∈ V p,q and y ∈ V r,s. Then

(2π
√
−1)−nψC(x, y) = ψ(x,Cy) = ψ(x,

√
−1r−s

y) =
√
−1r−s

ψ(x, y)

Now (x, y) ∈ V p,q × V s,r ⊆ (V × V )p+s,q+r. So ψ(x, y) ∈ R(−n)p+s,q+r since ψ is a morphism
of Hodge structures. Assume ψ(x, y) ̸= 0. Then p+ s = q + r = n. But p+ q = r + s = n. So
p = r and q = s. Thus ψC(V

p,q, V r,s) = 0 unless p = r and q = s. This establishes (ii).
Now we turn to (i). The proof will be much easier and more elegant if we apply Proposi-

tion 1.2.5. Here we give a direct computation without using this proposition.
For each x, y ∈ VR, write x =

∑
p,q xp,q and y =

∑
p,q yp,q under VC =

⊕
V p,q. Then (yp,q, xr,s) ⊆

(V × V )p+r,q+s, and hence ψ(yp,q, xr,s) ∈ R(−n)p+r,q+s is 0 unless p+ r = q + s = n. So

ψ(y, x) =
∑
p,q

ψ(yp,q, xp,q).

On the other hand, xp,q = xq,p and yp,q = yq,p since V p,q = V q,p. So

ψC(Cy, x) = ψC(
∑
p,q

√
−1q−p

yp,q,
∑
p,q

xp,q)

= ψC(
∑
p,q

√
−1q−p

yp,q,
∑
p,q

xp,q)

=
∑
p,q

ψC(
√
−1q−p

yp,q, xp,q)

=
∑
p,q

ψC(
√
−1q−p

yp,q, xq,p)

= (2π
√
−1)n

∑
p,q

ψ(
√
−1q−p

yp,q, Cxq,p)

= (2π
√
−1)n

∑
p,q

ψ(
√
−1q−p

yp,q,
√
−1p−q

xq,p)

= (2π
√
−1)n

∑
p,q

ψ(yp,q, xq,p).

Therefore
ψ(y, x) = (2π

√
−1)−nψC(Cy, x).

Since ψC is symmetric, we furthermore have

ψ(y, x) = (2π
√
−1)−nψC(x,Cy) = ψ(x,C2y).

Notice that C2 acts on V p,q by multiplication by (−1)q−p = (−1)q+p = (−1)n for all p, q. Thus C2 acts
on V as multiplication by (−1)n. So we have

ψ(y, x) = (−1)nψ(x, y).

This establishes (i).
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Example 1.1.8 (Complex abelian varieties). We continue with Example 1.1.4 and prove

{complex abelian varieties} ∼−→ {polarizable Z-Hodge structures of type (−1, 0) + (0,−1)} .

Let T be a complex torus which corresponds to VZ = H1(T,Z). Then T ≃ VR/VZ as real
manifolds. Thus

∧2 V ∨
Z ≃

∧2H1(T,Z) = H2(T,Z). Therefore the set of alternating pairings

ψ : VZ ⊗ VZ → Z(1)

is in bijection with H2(T,Z(1)).
The short exact sequence of sheaves 0→ Z(1)→ OT

exp−−→ O∗
T → 0 induces

Pic(T ) = H1(T,O∗
T )

c1−→ H2(T,Z(1))→ H2(T,OT ).

Assume T is an abelian variety. Then there exists an ample line bundle L on T . The Ampell–
Hubert data for L then gives an alternating pairing ψ ∈ H2(T,Z(1)) such that the Hermitian
pairing (x, y) 7→ ψ(x,

√
−1y) is the c1 of L for a suitable Hermitian metric on L. But VZ has

Hodge type (−1, 0) + (0,−1) and the complex structure on VR/VZ is by identifying VR ≃ V −1,0.
So c1(L) is precisely ψC . The ampleness of L implies that ψC is positive-definite. Thus ψ is a
polarization on VZ.

Conversely assume ψ is a polarization on VZ. Then ψ can be seen as an element in
H2(T,Z(1)), and ψC equals (x, y) 7→ ψ(x,

√
−1y) as above. So the Ampell–Hubert Theorem

gives a line bundle L on T such that c1(L) = ψC . The positivity of ψC thus implies the ample-
ness of L by Kodaira embedding. So T is an abelian variety.

Example 1.1.9 (Primitive cohomology and Lefschetz). We continue with Example 1.1.3. As-
sume d = dimX. Let ω be a Kähler form on Xan, which is a closed (1, 1)-form. It induces
a homomorphism L : Hn(X,Q) → Hn+2(X,Q), [α] 7→ [ω ∧ α]; here we are using Hn(X,Q) ⊆
Hn(X,C) ≃ Hn

dR(X). The Hard Lefschetz Theorem says that Lr : Hd−r(X,Q)
∼−→ Hd+r(X,Q)

for all r ≥ 0. Now let r = d − n. Set Hn
prim(X,Q) to be the kernel of Lr+1 : Hn(X,Q) →

H2d−n+2(X,Q). We have a morphism of Hodge structures

ψ : Hn(X,Q)⊗Hn(X,Q)
1⊗Lr

−−−→
∼

Hn(X,Q)⊗H2d−n(X,Q)(dimX−n) ∪−→ H2d(X,Q)(d−n) = Q(−n).

The restriction of ψ to Hn
prim(X,Q) is a polarization. Thus we obtain a polarization on Hn(X,Q)

by the Lefschetz decomposition Hn(X,Q) =
⊕

0≤s≤⌊n/2⌋ L
s(Hn−2s

prim (X,Q)).

1.2 Mumford–Tate group

1.2.1 Revision on algebraic tori

Let k be a field. A linear algebraic group defined over k is an affine group scheme G/k of finite
type; it can be embedded as a closed subgroup scheme of GLN for some N . If chark = 0, then
G is reduced and smooth. As an example, we have Gm,k := GL1,k which is defined by: for any
k-algebra R, we have Gm,k(R) = R×. When k is clear in the context, we simply write Gm.

Let ks be a separable closure of k. If chark = 0, then ks is an algebraic closure of k.

Definition 1.2.1. An algebraic torus defined over k is a linear algebraic group T defined over
k such that its base change to ks is isomorphic to Gr

m,ks for some r ≥ 1.
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The group of characters (resp. group of cocharacters) of T is

X∗(T ) := Hom(Tks ,Gm,ks), (resp. X∗(T ) := Hom(Gm,ks , Tks)).

Both X∗(T ) and X∗(T ) are isomorphic (as groups) to ZdimT and are naturally endowed with a
Gal(ks/k)-action. We also have a perfect pairing as Gal(ks/k)-modules

X∗(T )×X∗(T )→ Z = End(Gm,ks), (χ, µ) 7→ ⟨χ, µ⟩ := χ ◦ µ. (1.2.1)

By definition, Tk′ ≃ Gm,k′ for some finite separable extension k′/k. So the Galois action of
Gal(ks/k) on X∗(T ) factors through Gal(k′/k) which is a finite group. Therefore the Gal(ks/k)-
action on X∗(T ) is continuous. Same for the Gal(ks/k)-action on X∗(T ). Thus the functor
T 7→ X∗(T ) gives an equivalence from the category of algebraic tori defined over k to the
category of free abelian groups of finite rank endowed with a continuous Gal(ks/k)-action.

Next we turn to the representations of algebraic tori ρ : T → GL(V ). Passing to k′, ρ becomes
Tk′ ≃ Gr

m,k′ → GL(Vk′). Then Vk′ can be decomposed into

Vk′ =
⊕

χ∈X∗(T )
Vχ =

⊕
(n1,...,nr)∈Zr

V n1,...,nr (1.2.2)

where Vχ = {v ∈ Vk′ : ρ(t)v = χ(t)v} and V n1,...,nr = {v ∈ Vk′ : ρ(z1, . . . , zr)v = z−n1
1 · · · z−nr

r v}.
On the base field k, the decomposition is Galois compatible, i.e. σ(Vχ) = Vχσ for all σ ∈
Gal(k′/k).

1.2.2 Deligne torus

View C as an R-algebra using the inclusion R ⊆ C. Let S be the algebraic group ResC/RGm

defined over R, i.e. for any R-algebra R, we have

S(R) = (R⊗R C)×.

Then

S(C) = (C⊗R C)× =
(
(R⊕

√
−1R)⊗R C

)×
= (R⊗R C)× × (

√
−1R⊗R C)× = C× × C×.

Hence S is an algebraic torus defined over R, and Gal(C/R) = {1, σ} acts on S(C) by σ(z1, z2) =
(z2, z1). Thus S(R) = {z ∈ S(C) : z = σ(z)} = {(z1, z2) ∈ C× × C× : z2 = z1}. In other words,
the natural inclusion S(R) ⊆ S(C) is given by z 7→ (z, z).

Definition 1.2.2. The algebraic torus S is called the Deligne torus.

The character group of the Deligne torus is

X∗(S) = Hom(S(C),C×) = Hom(C× × C×,C×) = Hom(C×,C×)⊕Hom(C×,C×) ≃ Z⊕ Z, (1.2.3)

where the last isomorphism is obtained from the inverse of

Z ∼−→ Hom(C×,C×), p 7→ (z 7→ z−p). (1.2.4)

The Galois group Gal(C/R) = {1, σ} acts on X∗(S) by σ(p, q) = (q, p).

Among the cocharacters of S, two are particularly important:
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- the weight cocharacter w : Gm,C → SC, z 7→ (z, z), which descends to R (namely it is the
base change to C of a morphism Gm,R → S).

- the principal cocharacter µ : Gm,C → SC, z 7→ (z, 1).

An important character of S is the norm character Nm: S → Gm, z 7→ zσ(z). It fits into the
following short exact sequence:

0→ U(1)→ S Nm−−→ Gm → 0. (1.2.5)

Notice that Nm ◦ w sends each z ∈ Gm(R) = R× to z2.

1.2.3 Hodge structures as representations of the Deligne torus

Now let V be an R-Hodge structure of weight n. Recall the Hodge decomposition VC =
⊕
V p,q.

It gives rise to an action of SC on VC by setting V p,q to be the eigenspace of the character
(p, q) ∈ X∗(S). More precisely, for each (z1, z2) ∈ S(C) = C× × C× and each v = (vp,q)p,q ∈
VC =

⊕
V p,q, we have

(z1, z2) · v = (z−p
1 z−q

2 vp,q)p,q. (1.2.6)

This action of SC on VC induces a morphism

h : SC → GL(VC). (1.2.7)

Lemma 1.2.3. The morphism h descends to R, i.e. it is the base change to C of a morphism
S→ GL(VR).

Proof. For Gal(C/R) = {1, σ}, we can do the following computation. Let (z1, z2) ∈ S(C) and v =
(vp,q)p,q ∈ VC.

Recall that the Hodge decomposition satisfies V p,q = V q,p. So vp,q ∈ V p,q = V q,p. Hence the
decomposition of v = σ(v) under VC =

⊕
V p,q is v = (vq,p)p,q. In particular, vp,q = vq,p.

Now we have
h(σ(z1, z2))v = (z2, z1) · v = (z−p

2 z−q
1 vp,q)p,q

and

σ (h(z1, z2)) v = σ (h(z1, z2)v) = σ ((z1, z2) · v) = σ((z−p
1 z−q

2 vp,q)p,q) = σ((z−p
1 z−q

2 vq,p)p,q) = (z−q
1 z−p

2 vp,q)p,q.

Hence h is Gal(C/R)-equivariant, and therefore descends to R.

Thus from any R-Hodge structure V of weight n, we have constructed a morphism S →
GL(VR). Conversely given any h : S → GL(VR), we can define V p,q to be the eigenspace of the
character (p, q) ∈ X∗(S) of SC. Then V =

⊕
V p,q, and V q,p = V p,q because h is defined over R.

Hence we have the following proposition.

Proposition 1.2.4. Let R = Z,Q and let V be a torsion-free R-module of finite type.

Then there are bijections between the following sets of:

(i) Hodge structures of weight n on V ;

(ii) morphisms h : S→ GL(VR) such that the eigenspace of (p, q) ∈ X∗(S) is 0 unless p+q = n.

(iii) morphisms h : S → GL(VR) such that the composite h ◦ w : Gm,R → GL(VR) sends each
z ∈ R× to the multiplication by z−n.



1.2. MUMFORD–TATE GROUP 13

If a Hodge structure on V corresponds to h : S→ GL(VR), by abuse of notation we use (V, h)
to denote this Hodge structure. In this terminology, the Weil operator C of the Hodge structure
(V, h) in the definition of polarizations (1.1.3) is simply h(

√
−1).

Proposition 1.2.5. Let (V, h) and (W,h′) be two R-Hodge structures of weight n, and let
φ : V →W be an R-linear map.

Then φ is a morphism of Hodge structures if and only if φ(h(z)v) = h′(z)φ(v) for all z ∈ S(R)
and v ∈ VR.

The proof of Lemma 1.1.7.(i) can be much simplified by this proposition: ψ(y, x) = ψ(Cy,Cx) =
(2π
√
−1)−2nψC(Cy, x) = (2π

√
−1)−2nψC(x,Cy) = ψ(x,C2y) = (−1)nψ(x, y), and hence ψ is

(−1)n-symmetric.

Proof. Write v = (vp,q)p,q ∈ VC =
⊕
V p,q. Then h(z)v = (z−pz−qvp,q)p,q. So φ(h(z)v) =

(z−pz−qφ(vp,q))p,q by linearity of φ.
Assume φ is a morphism of Hodge structures. Then φ(V p,q) ⊆ W p,q for all p, q, and hence

φ(vp,q) = φ(v)p,q for all p, q. So φ(h(z)v) = (z−pz−qφ(v)p,q)p,q = h′(z)φ(v).
Conversely assume φ(h(z)v) = h′(z)φ(v) for all z ∈ S(R) and v ∈ VR. Let v ∈ V p,q.

By considering v + v and (v − v)/
√
−1, we have φ(h(z)v) = h′(z)φ(v) for all z ∈ S(R). So

h′(z)φ(v) = φ(h(z)v) = φ(z−pz−qv) = z−pz−qφ(v) for all z ∈ S(R). Therefore φ(v) ∈W p,q.

This proposition has the following immediate corollary.

Corollary 1.2.6. Let (V, h) be an R-Hodge structure of weight n, and let W be a torsion-free
R-submodule of V .

Then h|W is an R-Hodge structure if and only if WR is an h(S)-submodule of V .

In this case, we call the Hodge structure (W,h|W ) a sub-R-Hodge structure of (V, h).
Another corollary is:

Corollary 1.2.7. Let Q : V × V → R induce a polarization on (V, h). Then h(S) ⊆ Aut(V,Q).

Proof. By definition, Q induces a morphism of Hodge structures between V ⊗ V and R(−n).
Thus the conclusion follows immediately from Proposition 1.2.5.

1.2.4 Mumford–Tate group

In this subsection, assume R = Z or Q. Let (V, h) be an R-Hodge structure.

Definition 1.2.8. The Mumford–Tate group of (V, h) is the smallest Q-subgroup MT(h) of
GL(VQ) such that h(S) ⊆ MT(h)(R).

It is easy to check that MT(h) is connected since S is, and MT(h)(C) is the subgroup of
GL(V (C)) generated by σ(h(S(C))) for all σ ∈ Aut(C/Q). We also have the following charac-
terization of MT(h) using the principal cocharacter µ defined above (1.2.5).

Lemma 1.2.9. MT(h) is the smallest Q-subgroup of GL(VQ) such that µh := h ◦ µ : Gm,C →
GL(VC) factors through MT(h)C.

Proof. By definition µh(Gm,C) ⊆ MT(h)C. Conversely let M be a Q-subgroup of GL(VQ) which
contains µh(Gm,C) = h(µ(Gm,C)). Then M(C) contains h(z, 1) ∈ GL(V (C)) for all z ∈ C×.
Since M is defined over Q and h is defined over R, we have that M(C) contains σ(h(z, 1)) =
h(σ(z, 1)) = h(1, z) for all z ∈ C×, where Gal(C/R) = {1, σ}. Hence M(C), as a group, contains
h(z, 1)h(1, z′) = h(z, z′) for all z, z′ ∈ C×. Hence h(SC) ⊆MC, so MT(h) ⊆M .
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It is not hard to check that the Mumford–Tate of the dual Hodge structure of (V, h) is still
MT(h).

Now assume R = Q. For m,n ∈ Z≥0, we have a Hodge structure Tm,nV := V ⊗m ⊗
(V ∨)⊗n, and MT(h) acts on Tm,nV componentwise. The following proposition is an immediate
consequence of Corollary 1.2.6 (applied to Tm,nV ).

Proposition 1.2.10. Let W be a Q-subspace of Tm,nV . Then W is a sub-Q-Hodge structure
of Tm,nV if and only if W is a MT(h)-submodule of Tm,nV .

This proposition gives rise to another useful characterization of MT(h), which is important
in the study of (sub-)Shimura varieties. We make the following definition.

Definition 1.2.11. The elements of (Tm,nVC)
0,0 ∩Tm,nV , with m and n running over all non-

negative integers, are called the Hodge tensor for (V, h).

Denote by Hdgh the set of all Hodge tensors for (V, h).

Proposition 1.2.12. We have MT(h) = ZGL(V )(Hdgh).

In particular by dimension reasons, MT(h) = ZGL(V )(I) for some finite set I ⊆ Hdgh.

Proof. Take t ∈ Hdgh. For any σ ∈ Aut(C/Q), we have σ(t) = t since t is a Q-element. By (1.2.6)
we have h(z1, z2)t = z01z2

0t = t for any (z1, z2) ∈ S(C). Applying the action of any σ ∈ Aut(C/Q) and
recalling that MT(h)(C) is generated by the σ(h(S(C)))’s, we have that t is fixed by MT(h)(Q). This
establishes “⊆”.

To get MT(h) = ZGL(V )(Hdgh), notice that MT(h) is a closed subgroup of GL(V ). By theory of
algebraic groups, MT(h) is thus the stabilizer of some 1-dimensional Q-subspace L in

⊕
(m,n)∈I T

m,nV

for some finite subset I ⊆ Z2
≥0. Now that L is a 1-dimensional MT(h)-submodule of

⊕
(m,n)∈I T

m,nV ,
Proposition 1.2.10 implies that L is a 1-dimensional Q-Hodge structure, and hence LC = Lp,q for some p
and q. But then p = q since Lp,q = Lq,p.[2] In other words, L ≃ Q(−p) has weight 2p.

If p = 0, take a Q-generator ℓ of L. Then MT(h)(Q) fixes ℓ by the same argument on proving “⊆”.
So MT(h), being the stabilizer of Qℓ, equals ZGL(V )(ℓ). If p ̸= 0, then the weight of (V, h) is not zero,

and hence the weight r of the Hodge structure detV :=
∧dimV

V is non-zero (since detV can be realized
as a MT(h)-submodule of V ⊗ dimV ). We may assume r > 0 up to replacing V by V ∨. The 1-dimensional
Q-space L⊗r ⊗ (detV )⊗−2p is a Hodge structure of weight 0 and hence equals its (0, 0)-piece. Let ℓ be
a generator of L⊗r ⊗ (detV )⊗−2p. Then ℓ is fixed by MT(h)(Q) by the same argument on proving “⊆”.
Hence MT(h) = ZGL(V )(ℓ) as in the case of p = 0.

To summarize, there exists a finite sum of Hodge tensors t1+ · · ·+tN such that MT(h) = ZGL(V )(t1+

· · ·+ tN ). So MT(h) ⊆
⋂N

i=1 ZGL(V )(ti) ⊆ ZGL(V )(t1 + · · ·+ tN ) becomes an equality. We are done.

Finally, we point out that the Mumford–Tate group of any polarized Q-Hodge structure of
weight n is a reductive group. A detailed discussion on this will be given in the next chapter
(Corollary 2.2.5).

1.3 Passing to families

In practice it is important for us to work with families. We discuss two aspects, and end up
with a question to relate them.

[2]To make the argument in this paragraph vigorous, we need to argue with mixed Hodge structures because⊕
(m,n)∈I T

m,nV may have more than one weight. However, since
⊕

(m,n)∈I T
m,nV is a direct sum of (pure)

Hodge structures and dimL = 1, we are essentially working with a pure Hodge structure.
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1.3.1 Variation of Hodge structures

Let S be a complex manifold.

Definition 1.3.1. A Z-variation of Hodge structures (Z-VHS) of weight n on S is (VZ,F•)
where

- VZ is a local system of free Z-modules on S of finite rank,

- F• is a finite decreasing filtration (called the Hodge filtration) of the holomorphic vector
bundle V := VZ ⊗ZS

OS by holomorphic subbundles,

such that

(i) (VZ,s,F•
s ) is a Z-Hodge structure of weight n for each s ∈ S,

(ii) the connection ∇ : V → V ⊗OS
Ω1
S whose sheaf of horizontal sections is VC := VZ ⊗Z C

satisfies the Griffiths’ transversality condition

∇(Fp) ⊆ Fp−1 ⊗ Ω1
S for all p. (1.3.1)

A polarization on (VZ,F•) is a morphism of local systems

VQ ⊗ VQ → QS

inducing on each fiber a polarization of the corresponding Q-Hodge structure.

Example 1.3.2. Let f : X → S be a smooth projective morphism. Then V := Rnf∗ZX is a
local system of Z-modules on S with fiber Vs = Hn(Xs,Z). Replace V by its quotient by torsion.
Under the isomorphism V ≃ Rnf∗Ω

•
X/S, the Hodge filtration is FpV = Rnf∗Ω

≥p
X/S. Notice that

the subbundle of (p, q)-forms is not holomorphic if q ̸= 0, but FpV is holomorphic. The fiberwise
polarization from Example 1.1.9 gives a polarization on V.

And this example is the geometric origin of the Griffiths’ transversality.

1.3.2 Parametrizing space

Next we turn to the following question. Let V be a finite-dimensional R-vector space, and let
n ∈ Z.

Fix a partition {hp,q}p,q∈Z of dimVC into non-negative integers with p + q = n such that
hp,q = hq,p. Consider the set of all Hodge structures on V such that in the Hodge decomposition,
we have dimV p,q = hp,q for all p, q. Equivalently by Proposition 1.2.4, we are considering the
subsetM0 of Hom(S,GLV ) such that the eigenspace of (p, q) ∈ X∗(S) has dimension hp,q. Notice
that GLV acts on Hom(S,GLV ), by sending h 7→ Int(g) ◦ h.

Lemma 1.3.3. M0 is a GLV -orbit.

Proof. Fix h ∈M0. Then V
p,q
h = {v ∈ VC : h(z)v = z−pz−qv for all z ∈ S(R)}.

For any g ∈ GLV , it is easy to check that {v ∈ VC : (g · h)(z)v = z−pz−qv for all z ∈ S(R)}
equals gV p,q

h , and hence has dimension hp,q. Hence the Hodge structure on V determined by
g · h is inM0. Namely GLV · h ⊆M0.

Conversely let h′ ∈ M0. By assumption dimV p,q
h′ = dimV p,q

h for all p, q. Assume hp,q = 0
unless r ≤ p ≤ s. Such r and s exist since dimVC < ∞. Now there exists a g1 ∈ GLV such
that V r,n−r

h′ = g1V
r,n−r
h by dimension reasons. Now we work with h′ and g1 · h, and there exists

g2 ∈ GLV such that g2V
r,n−r
h′ = V r,n−r

h′ and V r+1,n−r−1
h′ = g2V

r+1,n−r−1
g1·h . We continue to work

with h′ and g2g1 ·h and repeat this process which stops after finitely many steps. Hence we find
a g ∈ GLV such that V p,q

h′ = V p,q
g·h for all (p, q). So h′ = g · h. ThusM0 ⊆ GLV · h.
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Next we fix furthermore a non-degenerate (−1)n-symmetric pairing Q : V × V → R. We
furthermore consider the subsetM ofM0 consisting of Hodge structures on V for which Q is a
polarization. Then by Corollary 1.2.7, we have M ⊆ Hom(S,Aut(V,Q)). Moreover using (the
proof of) Lemma 1.3.3, we see thatM is an Aut(V,Q)-orbit.

Example 1.3.4. Assume dimV = 2g and let Q : V ×V → R be the standard symplectic pairing.
Then Aut(V,Q) = GSp2g. If g = 1, then Aut(V,Q) = GL2.

Finally fix a collection of tensors {sα} on Tm,n = V ⊗m ⊗ (V ∨)⊗n with m,n running over all
non-negative integers. Set

G := Aut(V,Q) ∩
⋂

α
StabGLV

(sα). (1.3.2)

Let G+ be the identity component of the real Lie group G(R). Then [G(R) : G+] <∞.
Fix h : S → Aut(V,Q) such that each sα is a Hodge tensor for the Hodge structure (V, h).

Then the same holds true for the Hodge structure (V, g · h) for all g ∈ G+. Let X+ := G+ · h ⊆
Hom(S, G).[3]

Now we have a family of Hodge structures on X+ as follows: X+×V → X+, with the Hodge
structure on V over each h ∈ X+ being precisely the one given by h. Now X+ × V can be seen
as a smooth vector bundle on X+, and for each p there is a subbundle F p whose fiber over each
h ∈ X+ is the Hodge filtration F p

h .
In view of the definition of VHS (Definition 1.3.1), we wish the investigate the following

questions:

(i) Is there a complex structure on X+ for which each subbundle F p is a holomorphic?

(ii) When does Griffiths’ transversality hold true, i.e. ∇(F p) ⊆ F p−1 ⊗ Ω1
X+ for all p?

1.3.3 Constraint on the Hodge type

Continue to use the notation above. Let h ∈ X+ ⊆ Hom(S, G). Composing with the adjoint
representation G → GL(LieG), we have a Hodge structure on LieG by Proposition 1.2.4. By
abuse of notation, we use (LieG, h) to denote this Hodge structure. Since X+ is a G+-orbit, the
Hodge type of (LieG, h) is independent of the choice of h ∈ X+.

Moreover h induces a Hodge structure on End(V ) = V ∨ ⊗ V , which must be of weight
0 and by abuse of notation we denote by (End(V ), h). The inclusion G ⊆ GL(V ) induces
LieG ⊆ End(V ) = V ∨ ⊗ V . Hence the weight of (LieG, h) is 0.

In what follows, we use g to denote LieG.

Proposition 1.3.5. There exists a unique complex structure on X+ such that F p is holomorphic
for each p. Griffiths’ transversality holds true if and only if the Hodge structure (LieG, h) has
type (−1, 1) + (0, 0) + (1,−1) for one (and hence all) h ∈ X+.

Proof. For each h ∈ X+, let F •
h be the Hodge filtration of the Hodge structure (V, h). For

each p, write dp := dimF p
h =

∑
r≥p h

r,n−r which does not depend on h. We have a flag variety
Fℓ parametrizing sequences (called flags) · · · ⊇ Vp ⊇ Vp+1 ⊇ · · · of subspaces of VC with
dimVp = dp for each p. By general theory, Fℓ is a complex algebraic variety which is a GL(VC)-
orbit. Moreover, the tangent space of Fℓ at the flag · · · ⊇ Vp ⊇ Vp+1 ⊇ · · · is a subspace
of ⊕

p

Hom(Vp, VC/Vp). (1.3.3)

[3]In fact, X+ is known to be a connected component of X ⊆ M which parametrizes all Hodge structures on V
for which each sα is a Hodge tensor.
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There is a natural map
φ : X+ → Fℓ, h 7→ F •

h ,

which is injective since a Hodge structure is uniquely determined by its Hodge filtration. The
group GL(VC) naturally acts on Fℓ, and it is not hard to check that the stabilizer of F •

h is
expF 0

hEnd(VC).
Let us show that φ makes X+ into a complex subvariety of Fℓ. Fix h0 ∈ X+ and let

K∞ := StabG+(h0). Then X+ = G+ · h0 ≃ G+/K∞, and LieK∞ = g ∩ F 0
h0
gC which is the

(0, 0)-constituent of the Hodge structure (g, h0). So φ factors through

X+ = G+/K∞ → X∨ := G(C)/ expF 0
h0
gC → Fℓ ≃ GL(VC)/ expF

0
h0
End(V ). (1.3.4)

The first map makes X+ into an open submanifold of X∨, and the second map is a closed
immersion as complex algebraic varieties. So X+ has a natural complex structure induced from
X∨.

Next we turn to the Griffiths’ transversality. The tangent map of φ at h0 is

dφ : Th0X
+ → Th0Fℓ ≃ End(VC)/F

0
h0
End(VC) ⊆

⊕
p

Hom(F p
h0
, VC/F

p
h0
).

Griffiths’ transversality holds true if and only if

im(dφ) ⊆
⊕
p

Hom(F p
h0
, F p−1

h0
/F p

h0
),

and hence if and only if
im(dφ) ⊆ F−1

h0
End(VC)/F

0
h0
End(VC).

But im(dφ) = LieGC/F
0
h0
gC. So Griffiths’ transversality holds true if and only if gC = F−1

h0
gC.

Therefore we can conclude.

We yet to understand the polarization attached to this family, for which we need to recall
some background knowledge on reductive groups. The full discussion will be carried out in §2.2.
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Chapter 2

From Hodge theory to Hermitian
symmetric domains

2.1 Basic background knowledge on reductive groups

Let k be a field. Let G be a connected linear group defined over k. Let k be an algebraic closure
of k.

Denote by Ga,k the group defined by: for any k-algebra R, we have Ga(R) = R. When k is
clear in the context, we simply write Ga.

Definition 2.1.1. G is called a reductive group if Gk does not contain a normal subgroup
isomorphic to Ga.

A notion closely related to reductive groups is the unipotent radical. Let us briefly recall the
definition. Recall that G can be embedded as a closed subgroup scheme of GLN for some N .
An element g ∈ G is said to be unipotent if (IN − g)N = 0 (as matrix). A subgroup of G is
said to be unipotent if all its elements are unipotent. As an example, UN (consisting of upper
triangular matrices whose diagonal entries are 1) is a unipotent subgroup of GLN . Moreover, it
is known that any unipotent subgroup of GLN is a subgroup of gUNg

−1 for some g ∈ GLN .

Definition 2.1.2. The unipotent radical of G, denoted by Ru(G), is the identity component
of its maximal normal unipotent subgroup.

As an example, Ru(GLN ) = 1. Moreover, any algebraic torus has trivial unipotent radical.

Since Ga is a unipotent subgroup of GLN via x 7→


1 0 · · · 0 x
0 1 0 · · · 0
...

...
...

...
...

0 0 · · · 1 0
0 · · · · · · 0 1

, we have:

Lemma 2.1.3. G is a reductive group if and only if Ru(Gk) = 1.

For any reductive groupG, its connected center Z(G)◦ is an algebraic torus. Among reductive
groups, those with trivial connected center are of particular importance.

Definition 2.1.4. A reductive group G is called semi-simple if its connected center Z(G)◦ is
trivial. It is called simple if its only connected normal subgroups are 1 and G.

19
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Clearly, simple groups are semi-simple because Z(G) is a normal subgroup of G. Given a
reductive group G, one can naturally construct two semi-simple subgroups:

(i) the derived subgroup Gder := [G,G] which is a normal subgroup of G,

(ii) the adjoint Gad := G/Z(G) which is a quotient of G.

The composite Gder → G → Gad is a central isogeny, i.e. it is surjective and has finite kernel
contained in Z(G). As an example, GLder

N = SLN and GLad
N = PGLN , and the kernel of

SLN → PGLN is {±IN}.
Next we recall the following structural theorem of reductive groups.

Theorem 2.1.5 (Structural theorem of reductive groups). Let G be a reductive group. Then
there are only finitely many non-trivial simple normal subgroups G1, . . . , Gn of G, and

G = Z(G)G1 · · ·Gn

with the intersections Gi ∩Gj < Z(G).

We end this revision by a characterization of a C-group to be reductive.

Proposition 2.1.6. Assume chark = 0. Then the followings are equivalent:

(i) G is a reductive group;

(ii) Any representation V of G can be decomposed into the direct sum of irreducible ones.

Corollary 2.1.7. Let G be a connected linear algebraic group defined over C. Then G is
reductive if and only if G has a real form GR (i.e. GR ⊗ C ≃ G) such that GR(R) is compact.

Proof. We only sketch for ⇐. By definition it is enough to prove that GR is reductive. For any repre-
sentation V of GR, define an inner product on V induced by ∥v∥ :=

∫
GR(R) gv with respect to a Haar

measure on GR(R). Then this inner product is GR-invariant. Thus V can be decomposed into the direct
sum of irreducible sub-representations of GR.

Example 2.1.8. Let G = GLN,C. Then GLN,R and (write Jp,q = diag{Ip,−Iq} and denote for
simplicity by J = Jp,q)

U(p, q) :=
{
g ∈ GLN,C : gtJg = J

}
are R-forms of G, with all p + q = N . The associated complex conjugation for U(p, q) is
σ : g 7→ J(gt)−1J . A compact R-form is U(N).

2.2 Polarization on families and reductive groups

Recall the setting of §1.3.2: V is a finite-dimensional R-vector space, n ∈ Z, G < GL(V ) and
X+ ⊆ Hom(S, G) is a G+-orbit. We know that X+ parametrizes certain Hodge structures on V
of weight n, and hence has carries a family of Hodge structures. By Proposition 1.3.5, X+ has
a unique complex structure such that this family of Hodge structures varies holomorphically.

Better, we have fixed a (−1)n-symmetric pairing Q : V ×V → R which induces a polarization
for the Hodge structure on V given by each h ∈ X+. In this section, we prove that this extra
information forces G to be a reductive group.



2.2. POLARIZATION ON FAMILIES AND REDUCTIVE GROUPS 21

2.2.1 Cartan involution

We need some background knowledge on Cartan involutions.
Let GR be a linear algebraic group defined over R. Let σ : GC → GC be the associated

conjugation.

Definition 2.2.1. A Cartan involution is a morphism θ : GR → GR such that θ2 = 1 and
that (GC)

τ := {g ∈ GC : τ(g) = g} is a compact real form of GC, where τ = θC ◦ σ = σ ◦ θC.
Example 2.2.2. Let us look at the following examples with GC = GLN,C.

(a) GR = U(N), with θ = 1.

(b) GR = U(p, q), with θ(g) = JgJ where J = Jp,q.

(c) GR = GLN,R, with θ(g) = (gt)−1.

Proposition 2.2.3. GR is reductive if and only if GR admits a Cartan involution. And any
two Cartan involutions of GR are conjugate.

In Example 2.2.2, the Cartan involutions in (a) and (b) are induced by an element of G(R),
while in (c) it is not. The first kind is called inner Cartan involution and is of particular
importance because of its relation with polarizations explained by the following lemma.

Lemma 2.2.4 (Deligne). Let C ∈ G(R) with C2 = 1. Then the followings are equivalent:

(i) Int(C) is a Cartan involution of GR,

(ii) any GR-representation V is C-polarizable, i.e. there exists a GR-invariant bi-linear map
ϕ : V × V → R such that (x, y) 7→ ϕC(x,Cy) is Hermitian and positive-definite (equiva-
lently, (x, y) 7→ ϕ(x,Cy) is symmetric and positive-definite),

(iii) GR admits one faithful representation which is C-polarizable.

Proof. Let ϕ be a bi-linear map. Observe that the followings are equivalent:

• ϕ is G-invariant;

• ϕC(gx, σ(g)y) = ϕC(x, y) for all g ∈ GC and x, y ∈ VC;

• ϕC(gx, σ(g)Cy) = ϕC(x,Cy) for all g ∈ GC and x, y ∈ VC;

• (x, y) 7→ ϕC(x,Cy) is U -invariant, where U = (GC)
τ with τ = Int(C) ◦ σ.

The last equivalence follows from ϕC(gx, σ(g)Cy) = ϕC(gx,Cτ(g)y).
Now let us go back to the proof of the lemma. (ii) implying (iii) is trivial. (iii) implies that

U is compact, and hence implies (i). It remains to show that (i) implies (ii).
Assume (i). Then GC has a compact real form U , which is the set of fixed points of τ =

Int(C) ◦ σ. There exists a U -invariant positive-definite symmetric bi-linear map ϕ : V × V → R
since U is compact. Hence ϕC is GC-invariant, and so ϕC(gx, τ(g)y) = ϕC(x, y) for all g ∈ GC.
But τ(g) = Cσ(g)C−1 = Cσ(g)C, hence ϕC(gx, σ(g)Cy) = ϕC(x,Cy) for all g ∈ GC. Thus ϕ is
also GR-invariant. This establishes (ii).

Here is a corollary on the Mumford–Tate group.

Corollary 2.2.5. Let (V, h) be a Q-Hodge structure of weight n with a polarization ψ. Then
MT(h) is a reductive group.

Proof. Let GR := MT(h)R and C := h(
√
−1). Then C2 = 1, and VR is a faithful representation

of GR which is C-polarization. Hence Int(C) is a Cartan involution of GR by Lemma 2.2.4. So
GR is reductive by Proposition 2.2.3. Hence MT(h) is a reductive group.
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2.2.2 Polarization on parametrizing space

Now let us go back to our setting at the beginning of this section.
Let h ∈ X+. Let G1 be the subgroup of G generated by h(S) for all h ∈ X+. In other words,

G1 is the smallest subgroup of G which contains h(S) for all h ∈ X+. It is easy to check that
G1 is a normal subgroup of G, and that X+ is a G+

1 -orbit, where G
+
1 is the identity component

of the real Lie group G1(R).
Recall the weight cocharacter w : Gm → S induced by R× ⊆ C×.

Proposition 2.2.6. Assume h ◦w factors through Z(G) for one (and hence all) h ∈ X+. Then
the followings are equivalent:

(1) There exists ψ : V ⊗V → R(−n) which is a polarization for the Hodge structure determined
by each h ∈ X+;

(2) G1 is a reductive group for one (and hence all) h ∈ X+, and Int(h(
√
−1)) is a Cartan

involution of Gad
1 .

In (2), Int(h(
√
−1)) is an automorphism of G1 which acts trivially on Z(G1), and so can be

seen as an automorphism of Gad
1 .

In our setting, ψ is induced by Q. But this proposition also gives an abstract way of showing
the existence of a polarization on a family of Hodge structures, which will be useful in §2.3.

Proof. By assumption, the subgroup (h ◦w)(Gm) of G1 is independent of the choice of h ∈ X+,
and we denote it by W . Then W < Z(G1).

Recall the short exact sequence of group over R

1→ U(1)→ S Nm−−→ Gm → 1.

Let G2 be the subgroup of G1 generated by h(U(1)) for all h ∈ X+. Then G1 = W · G2.
Moreover since W < Z(G1), the inclusion G2 < G1 induces Gad

2 ≃ Gad
1 . So (2) is equivalent to:

(*) G2 is a reductive group for h ∈ X+, and Int(h(
√
−1)) is a Cartan involution of Gad

2 .
Take a map ψ : V ⊗ V → R. Then

ψ : V ⊗ V → R(−n) is a morphism of Hodge structures for all h ∈ X+

⇔ψ is h(S)-equivariant for all h ∈ X+

⇔ψ is h(U(1))-invariant for all h ∈ X+ because S = w(Gm) · U(1)

⇔ψ is G2-invariant.

Thus ψ : V⊗V → R(−n) is a polarization for all h ∈ X+ if and only if the G2-equivariant map (x, y) 7→
ψ(x, h(

√
−1)y) is Hermitian and positive-definite. Hence by Lemma 2.2.4, (1) is equivalent to

Int(h(
√
−1)) being a Cartan involution ofG2. Hence by (*), it suffices to prove that Int(h(

√
−1))

is a Cartan involution of G2 if and only if it is a Cartan involution of Gad
2 . So it remains to

prove that Z(G2) is compact. This is true because G2 is generated by compact subgroups (since
U(1) is compact).

2.3 Hermitian symmetric domains

Motivated by Proposition 1.3.5 and 2.2.6, we shall study pairs (G,X+) where

• G is a reductive group defined over R,
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• X+ is a G+-orbit contained in Hom(S, G), with G acting on Hom(S, G) via conjugation
(with G+ the identity component of the real Lie group G(R))

satisfying the following properties:

(i) For any h ∈ X+, the Hodge structure (LieG, h) has type (−1, 1) + (0, 0) + (1,−1),

(ii) For any h ∈ X+, Int(h(
√
−1)) is a Cartan involution for Gad.

In fact, it is enough to require (i) and (ii) for one h ∈ X+. And condition (i) implies that
h ◦ w : Gm → G factors through Z(G). Indeed by (i), Ad ◦ h ◦ w : Gm → GL(LieG) sends z to
the multiplication by z0 = 1, and hence is trivial. So im(h ◦ w) ⊆ Ker(Ad) = Z(G).

Now take any representation V of G. Then X+×V → X+ is a family of R-Hodge structures,
with the Hodge structure on h ∈ X+ determined by S h−→ G → GL(V ). By Proposition 1.3.5
and 2.2.6, this family is an R-variation of Hodge structures endowed with a polarization.

Theorem 2.3.1. X+ is a Hermitian symmetric domain. More precisely, this means:

(1) X+ ≃ X+
1 × · · · ×X

+
k ;

(2) Each X+
i is a Riemannian symmetric space of non-compact type, i.e. X+

i ≃ G+
i /Ki,∞

where Gi is a simple group defined over R and Ki,∞ is a maximal compact subgroup of
G+

i ;

(3) For each i ∈ {1, . . . , k}, X+
i has a Gi-invariant complex structure.

Conversely, any Hermitian symmetric domain can be obtained as X+ for a pair (G,X+) as
above. But we will not prove this in this course.

2.3.1 The example of Siegel case

Let V = R2d. Let ψ : V × V → R be (x, y) 7→ xtJy with J =

[
0 Id
−Id 0

]
.

Define the R-group

GR = GSp(ψ) = GSp2d :=
{
g ∈ GL(V ) : ψ(gx, gy) = cψ(x, y) for some c ∈ R×}

=
{
g ∈ GL2d,R : gJgt = cJ for some c ∈ R×} .

The derived subgroupGder
R = Sp2d = {g ∈ GL(V ) : ψ(gx, gy) = ψ(x, y)} =

{
g ∈ GL2d,R : gJgt = J

}
.

Define
h0 : S→ GSp2d, a+ b

√
−1 7→ aI2d + bJ.

Indeed, this map is well-defined since (aI2d + bJ)J(aI2d + bJ)t = (a2 + b2)J . Notice that
h0 ◦ w : Gm → GSp2d sends r ∈ R× to multiplication on V by r. Hence the Hodge structure
(V, h0) has weight −1.

The eigenvalues for J are ±
√
−1. Let V −1,0 (resp. V 0,−1) be the eigenspace of

√
−1 (resp.

of −
√
−1). Then one can check that each z ∈ S(R) = C× acts on V −1,0 as multiplication by z

and on V 0,−1 as multiplication by z. Thus (V, h0) is a Hodge structure of type (−1, 0)+(0,−1),
and ψ is a polarization.

Now that LieGR ⊆ End(V ) = V ⊗V ∨, we know that the Hodge structure (LieG, h) has type
(−1, 1) + (0, 0) + (1,−1). So condition (i) holds true.

For condition (ii), apply Lemma 2.2.4 to the group (GSp2d)
ad = GSp2d/Z, where Z is the

subgroup of scalar matrices, and the element C ∈ (GSp2d)
ad(R) being the image of h0(

√
−1) =
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J ∈ GSp2d(R). Since ψ is a J-polarization of the Hodge structure (V, h0), by Lemma 2.2.4
Int(h0(

√
−1)) is a Cartan involution for (GSp2d)

ad.
Let X+ ⊆ Hom(S, GR) be the GSp+2d-orbit of h0. Then Sp2d acts transitively on X+, and

StabSp2d(h0) = U(d) = O(2d) ∩ Sp2d is a maximal compact subgroup of Sp2d. So

X+ ≃ Sp2d/(O(2d) ∩ Sp2d)

with Sp2d a simple group defined over R which is not compact. To see the complex structure in
a more concrete way, let us make the identification

X+ = Sp2n/(O(2d) ∩ Sp2d)
∼−→ Hd :=

{
τ ∈ Matd×d(C) : τ = τ t and Imτ > 0

}
(2.3.1)

which sends

g · h0 7→ g ·
√
−1Id := (

√
−1A+B)(

√
−1C +D)−1 with g =

[
A B
C D

]
.

The Sp2d-invariant complex structure onX+ is the same as the complex structure on Hd inherited
from the open inclusion Hd ⊆

{
τ ∈ Matd×d(C) : τ = τ t

}
≃ Cd(d+1)/2.

2.3.2 Cartan decomposition of semi-simple groups

In this subsection, we review background knowledge (without proof) on the Cartan decompo-
sition of semi-simple groups G defined over R. This is closely related to the Cartan involution
from §2.2.1.

Let θ be a Cartan involution of a semi-simple group G defined over R. Composing with the
adjoint representation Ad: G → GL(LieG), we get an involution on g := LieG which we still
call a Cartan involution and denote by θ. Then θ has eigenvalues ±1, and let k (resp. m) be the
eigenspace for 1 (resp. for −1). Then

g = k⊕m. (2.3.2)

Moreover, [k, k] ⊆ k, [k,m] ⊆ m, and [m,m] ⊆ k by looking at the eigenvalues. So k is a Lie
subalgebra of g, while any Lie subalgebra contained in m is commutative.

Lemma 2.3.2. K∞ := exp(k) is a maximal compact subgroup of G+.

We can also recover the compact real form of G as follows. The Cartan involution θ extends
to gC and we have a corresponding gC = kC ⊕mC. Let gc := k⊕

√
−1m. Then Gc := exp(gc) is

a compact real Lie group and which is a real form of G. Notice that K∞ = G ∩Gc.

2.3.3 Proof of Theorem 2.3.1

By definition of X+, the center Z(G) acts trivially on X+. Hence the action of G+ factors
through Gad(R)+. By Theorem 4.3.2, Gad can be decomposed into a direct product Gad =
G1 × · · · × Gk with each Gi a simple group. Fix h ∈ X+, and let X+

i := G+
i · h. Then the

decomposition of the group induces

X+ ≃ X+
1 × · · · ×X

+
k .

This establishes (1).
In the rest of proof, to ease notation, use G to denote Gi and X

+ to denote X+
i . Then G is

a simple group with trivial center.
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Denote by g := LieG. Consider the action of h(
√
−1) on g via the adjoint representation.

Then h(
√
−1) acts on g0,0 as identity and on g1,−1 ⊕ g−1,1 as multiplication by −1. Thus

X+ ≃ G+/K∞ for the subgroup K∞ := exp(g0,0) of G+. Condition (ii) says that the action of
h(
√
−1) on g is a Cartan involution, and hence we have a Cartan decomposition g = k⊕m as in

(2.3.2). Then condition (i) says that k = g0,0 (and mC = g1,−1 ⊕ g−1,1). Hence K∞ := exp(g0,0)
is maximal compact in G+ by Lemma 2.3.2. This establishes (2).

Remark 2.3.3. Assume G is simple with trivial center. If G is compact, we claim that X+ =
{trivial map}. Indeed, Int(h(

√
−1)) is identity because it is a Cartan involution for G. Thus

Ad ◦h : S→ GL(g) sends
√
−1 to identity, and hence (g, h) has Hodge type (0, 0) by assumption

(i) (since
√
−1 acts on the complement of g0,0 by multiplication by −1). But then Ad ◦ h is

trivial since z ∈ S(R) = C× acts on g as multiplication by z0z0 = 1. Thus h(S) ⊆ Ker(Ad) =
Z(G) = {1}.

For part (3), notice that [g1,−1, g1,−1] ⊆ g2,−2 = 0. Hence g1,−1 is an abelian Lie subalgebra
of gC. Same is true for g−1,1. Thus F 0gC = g0,0 ⊕ g1,−1 is a Lie subalgebra of gC. Therefore
PC := exp(F 0gC) is a subgroup of G(C), with PC ∩ G = K∞. Thus the inclusion G ⊆ G(C)
induces an injective morphism of real smooth manifolds

X+ = G+/K∞ → X∨ := G(C)/PC. (2.3.3)

The tangent of this map is an isomorphism as real vector spaces. Hence this map realizes X+

as an open subset of X∨. This establishes (3). We are done.

2.3.4 Borel embedding theorem and Harish–Chandra realization

Replacing G by Gder does not change X+. Hence we may assume that G is semi-simple. Fix h ∈ X+,
and take the inner Cartan involution θ obtained from h(

√
−1). Use the notation from §2.3.2. The real

tangent space of X+ at h, denoted by TR(X
+), can be identified as m.

The element J := h(eπ
√
−1/4) satisfies J2 = 1. Its action on X+ induces a decomposition

TR(X
+)⊗R C = T 1,0(X+)⊕ T 0,1(X+)

where J acts by multiplication by
√
−1 on T 1,0(X+) and by −

√
−1 on T 0,1(X+). Then T 1,0(X+) is

the holomorphic tangent space at h. On the other hand, we have mC = m+ ⊕ m− where J acts by
multiplication by

√
−1 on m+ and by −

√
−1 on m−; in fact m+ = g−1,1 and m− = g1,−1. Then as we

have seen above, both m+ and m− are abelian Lie subalgebras of gC.
Let M+ := exp(m+), M− := exp(m−); both are abelian subgroups of GC. Let KC := exp(kC) and

PC := exp(kC +m−) = KCM
−. Then PC is a subgroup of GC.

Here is a more precise version of (2.3.3), with Gc the real form of G from the end of §2.3.2.
Theorem 2.3.4 (Borel Embedding Theorem). The embedding Gc < G(C) induces an isomorphism of
real manifolds Gc/K∞ ≃ G(C)/PC = X∨. The embedding G < G(C) induces an open embedding

X+ = G+/K∞ → X∨ = G(C)/PC,

realizing X+ as an open subset (in the usual topology) of X∨.

We call X∨ the compact dual of X+.

Theorem 2.3.5 (Harish–Chandra). The map

F : M+ ×K∞,C ×M− → GC, (m+, k,m−) 7→ m+km−

is a biholomorphism of of the left hand side onto an open subset of G(C) containing G. As a consequence,
the map

η : m+ → X∨ = G(C)/PC, m+ 7→ exp(m+)PC

is a biholomorphism onto a dense open subset of X∨ containing X+. Futhermore, D := η−1(X+) is a
bounded symmetric domain in m+ ≃ CN and η−1(h) = 0.



26 CHAPTER 2. FROM HODGE THEORY TO HERMITIAN SYMMETRIC DOMAINS

Example 2.3.6. Let us continue with Example 2.3.1. The Harish–Chandra realization of Siegel
upper-half space Hd, based at

√
−1Id, is

Dd := {Z ∈ Matd×d(C) : Z = Zt and Id − ZZ > 0},

and we have the Cayley transformation in this case

Hd
∼−→ Dd, τ 7→ (τ −

√
−1Id)(τ +

√
−1Id)−1 (2.3.4)

with the inverse being Z 7→
√
−1(Z + Id)(−Z + Id)

−1.



Chapter 3

Shimura data and Shimura varieties

3.1 Basic definitions

3.1.1 Shimura data

Definition 3.1.1. A Shimura datum is a pair (G, X) where

- G is a reductive group defined over Q,

- X is a G(R)-orbit in Hom(S,GR)

such that for one (and hence all) h ∈ X, we have

(SV1) the Hodge structure Ad ◦ h on LieG has type (−1, 1) + (0, 0) + (1,−1),

(SV2) Int(h(
√
−1)) is a Cartan involution of Gad

R ,

(SV3) for every Q-simple factor H of Gad, the morphism S h−→ GR → HR is non-trivial.

A (Shimura) morphism between two Shimura data ρ : (G′, X ′)→ (G, X) is a morphism ρ on
the underlying groups such that ρ ◦ h ∈ X for all h ∈ X ′. In particular, we call the image of
such a Shimura morphism to be a sub-Shimura datum of (G, X).

The main difference of a Shimura datum and the pair (G,X+) from §2.3 is the definition
field of the group (over Q or over R). A similar assumption to (SV3) for (G,X+) has been
discussed in Remark 2.3.3. By Theorem 2.3.1, each connected componentX+ ofX is a Hermitian
symmetric domain (and the complex structure on X is G(R)-invariant). By Proposition 1.3.5,
each representation V of G gives rise to a Q-VHS on X+ by (SV1), which furthermore carries
R-polarization by Proposition 2.2.6 and (SV2).[1]

The following two further assumptions guarantee that this Q-VHS carries a Q-polarization.
Notice that they may not be satisfied by an arbitrary Shimura datum.

(SV4) the morphism wh : Gm,R → Z(G)R is defined over Q,

(SV2’) Int(h(
√
−1)) is a Cartan involution of GR/wh(Gm,R).

Example 3.1.2 (0-dimensional Shimura datum). The set X is a finite set if and only if G is
abelian (and hence an algebraic torus). This case shows up when we study CM abelian varieties.

[1](SV1) implies that wh : Gm
w−→ S h−→ GR factors through Z(G)R, so we can apply Proposition 2.2.6.

27
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Example 3.1.3 (Siegel Shimura datum). Let us take the example of the Siegel case from Ex-
ample 2.3.1, except that the vector space and the groups are defined over Q. More precisely,

V = Q2d and ψ : V × V → Q is (x, y) 7→ xtJy with J =

[
0 Id
−Id 0

]
. The Q-group is

GSp(ψ) = GSp2d :=
{
g ∈ GL(V ) : ψ(gx, gy) = cψ(x, y) for some c ∈ Q×}

=
{
g ∈ GL2d,Q : gJgt = cJ for some c ∈ Q×} ,

and h0 : S→ GSp2d,R maps a+ b
√
−1 7→ aI2d + bJ . The derived subgroup is Sp(ψ) = Sp2d by

requesting the c ∈ Q× in the definition to be 1.

The G(R)-orbit is GSp2d(R)h0 ⊆ Hom(S,GSp2d,R). Under the identification similar to
(2.3.1), we have

GSp2d(R)h0
∼−→ H±

d :=
{
τ ∈ Matd×d(C) : τ = τ t, either Imτ > 0 or Imτ < 0

}
. (3.1.1)

Then (GSp2d,H
±
d ) is a Shimura datum by Example 2.3.1 (see Remark 2.3.3 for (SV3)). It

is called the Siegel Shimura datum. Moreover, (SV4) and (SV2’) are easily seen to be also
satisfied. In fact, V is a representation of GSp2d, and ψ is the desired Q-polarization on the
induced Q-VHS.

Next we present an example where (SV4) and (SV2’) are not satisfied. We also see in this
example that two Shimura data may have the same underlying R-group and the same underlying
space, but the Q-groups are different.

Example 3.1.4 (Shimura curves). Let B be a simple quaternion algebra over a totally real
number field F . Assume that B is split at exactly one real place of F , i.e. there exists a real
embedding σ : K → R such that

Bσ ≃

{
M2(R) if σ = σ0

H otherwise

for all read embeddings σ : K → R, where H is the Hamilton quaternion algebra over R.
Define the Q-group G

G(R) := (B ⊗Q R)
× for all Q-algebra R,

and let

h0 : S→ GR ≃ GL2,R ×H× × · · · ×H×, a+ b
√
−1 7→

([
a b
−b a

]
, 1, . . . , 1

)
.

Thus all but the first components of G(R)h0 are the identity map, and so G(R)h0 ⊆ Hom(S,GR)
is isomorphic to H±

1 , via an isomorphism similar to (3.1.1) (with d = 1). Both (SV1) and (SV2)
hold true for the pair (G,H±

1 ) similarly to the Siegel case. To see (SV3), it suffices to observe
that Gad is a simple group because B is a simple quaternion algebra over F .

So (G,H±
1 ) is a Shimura datum. However, if [F : Q] > 1, then (SV4) and (SV2’) do not

hold true, by looking at the action of Aut(R/Q).

And even in the case F = Q, the group G is not necessarily GL2. So (G,H±
1 ) needs not be

the Siegel Shimura datum in this case.
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3.1.2 Shimura varieties

Denote by Af ⊆
∏

p∈MQ,f
Qp the ring of finite adèles over Q, and by Ẑ :=

∏
Zp. Then Ẑ is a

(maximal) compact open subgroup of Af , and Q is dense in Af .
Let (G, X) be a Shimura datum. Then G(Q) acts on X by definition of Shimura data, and

consider the action of G(Q) on G(Af) by multiplication on the left.

Definition 3.1.5. Let (G, X) be a Shimura datum. A Shimura variety is a double coset

ShK(G, X) := G(Q)\X ×G(Af)/K

where K ⊆ G(Af) is a compact open subset. Here G(Q) acts on both X and G(Af) on the left
as above, and K acts on G(Af) by the multiplication on the right; i.e. q(x, g)k = (q · x, qgk) for
all q ∈ G(Q), (x, g) ∈ X ×G(Af) and k ∈ K.

We will prove in this course that the double coset ShK(G, X) is the set of C-points of an
algebraic variety. This justifies the name of Shimura variety.

Example 3.1.6. In the Siegel example above, the group GSp2d is defined over Z; indeed we
can take V to be Z2d and ψ maps V × V to Z. Then GSp2d(Ẑ) is a compact open subgroup
of GSp2d(Af). Other compact open subgroups include gKg−1 for any g ∈ GSp2d(Af) and any
finite-indexed subgroup K of GSp2d(Ẑ). We will come back to this example in §3.3 and prove
that the Siegel Shimura varieties are moduli spaces of abelian varieties.

Definition 3.1.7. A (Shimura) morphism [ρ] : ShK′(G′, X ′) → ShK(G, X) between two
Shimura varieties is a morphism of Shimura data ρ : (G′, X ′)→ (G, X) such that ρ(K ′) ⊆ K.

Example 3.1.8. Let ShK(G, X) be a Shimura variety.
Let K ′ ⊆ K be another compact open subgroup of G(Af). Then the identity map on (G, X)

induces a Shimura morphism ShK′(G, X) → ShK(G, X), with finite fibers since K ′ must have
finite index in K. In fact, this is finite morphism in the category of algebraic varieties.

Let g ∈ G(Af). Then gKg−1 is a compact open subgroup of G(Af), and we have a Shimura
morphism [g·] : ShgKg−1(G, X) → ShK(G, X), sending [x, g′] 7→ [x, gg′]. More generally, if K ′

is a compact open subgroup of G(Af) such that K ′ ⊆ gKg−1, then we have a Shimura morphism
[g·] : ShK′(G, X)→ ShK(G, X) which is a finite morphism.

Example 3.1.9 (Hecke operator). Let ShK(G, X) be a Shimura variety.
Any g ∈ G(Af) induces a correspondence on ShK(G, X) as follows. Write K ′ := K∩gKg−1

for simplicity; it is a compact open subgroup of G(Af) and K ′ ⊆ gKg−1. We have Shimura
morphisms

ShK′(G, X)
[g·]

ww

[1]

''
ShK(G, X) ShK(G, X)

where the right one is induces by identity on (G, X). Both are finite morphisms, so we have
a correspondence on ShK(G, X), which is called the Hecke correspondence/operator and
denoted by Tg.

Definition 3.1.10. Let ShK(G, X) be a Shimura variety. We call any irreducible component
of (Tg ◦ [ρ])(ShK′(G′, X ′)), where [ρ] is a Shimura morphism and g ∈ G(Af), to be a special
subvariety of ShK(G, X). A special subvariety of dimension 0 is called a special point.

Of course in the definition of special subvarieties, it suffices to consider the Shimura mor-
phisms arising from sub-Shimura data of (G, X). Thus special points arise from sub-Shimura
data (T, XT) of (G, X) where T is an algebraic torus.
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3.2 Decomposition of Shimura varieties into Hermitian locally
symmetric domains

Let (G, X) be a Shimura datum. Then any connected component X is a Hermitian symmetric
domain. Fix one such X+.

Let K be a compact open subgroup of G(Af). Then we have a Shimura variety ShK(G, X)
defined as the double coset G(Q)\X×G(Af)/K. We wish to prove that this double coset is the
C-points of an algebraic variety.

In this section, we start with the first step, by endowing ShK(G, X) with a structure of
complex varieties.

Theorem 3.2.1. There exists a finite-indexed subgroup K ′ of K such that

ShK′(G, X) ≃
⊔
g∈C

Γg\X+, (3.2.1)

for a finite set C ⊆ G(Af), with each Γg a torsion-free discrete group acting on X+.

The actual decomposition will be given later on (3.2.3), where the definitions of C and
Γg are given. At this stage, let us make the following observation: since Γg is torsion-free
discrete, the quotient Γg\X+ has a natural structure of complex manifolds and even more is
a Hermitian locally symmetric domain. So ShK′(G, X) is a finite disjoint union of Hermitian
locally symmetric domains. As for ShK(G, X), the finite-to-1 map ShK′(G, X) → ShK(G, X)
then makes ShK(G, X) into a finite union of complex orbifolds.

3.2.1 Two approximation theorems for algebraic groups

Let H be an algebraic group defined over Q. We will use the following approximation theorems.

- (Real Approximation) H(Q) is dense in H(R).

- (Strong Approximation) If H is semi-simple and simply-connected, then H(Q) is dense in
H(Af).

The definition of “simply-connected” will be recalled later in §3.2.5.

3.2.2 Preparation and adjoint Shimura data

Now let us introduce the adjoint Shimura datum (Gad, X) of (G, X). Take h ∈ X+. Then h
induces a morphism

h : S h−→ GR → Gad
R .

Hence we obtain a Gad(R)-orbit X := Gad(R)h in Hom(S,Gad
R ), with a natural map X → X.

The image of X+ in X is connected, and the following lemma (applied to G = G(R))[2] easily
implies that this image is again a connected component of X. So by abuse of notation, we will
also use X+ to denote a connected component of X.

Lemma 3.2.2. For any algebraic group G over R, the adjoint quotient G+ → (Gad)+ is surjec-
tive when restricted to the identity component.

[2]Here is a background for this lemma. Let φ : H → H ′ be a morphism of algebraic groups defined over k.
Assume char(k) = 0. Then φ is called surjective if φ(H(k)) = H ′(k). If φ is surjective, it may happen that
φ(H(k)) ̸= H ′(k)!
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We omit the proof of this lemma. Define

G(R)+ := inverse image of Gad(R)+ in G(R)
G(Q)+ := G(Q) ∩G(R)+. (3.2.2)

Lemma 3.2.3. G(R)+ is the stabilizer of X+, i.e. G(R)+ = {g ∈ G(R) : gX+ = X+}.

With Lemma 3.2.3, we can complete our more precise version of (3.2.1):

ShK(G, X) ≃
⊔

[g]∈G(Q)+\G(Af)/K

Γg\X+, (3.2.3)

with Γg := gKg−1 ∩G(Q)+; replacing K by a suitable finite-indexed subgroup K ′ guarantees
that Γg is torsion-free, see §3.2.4. The finiteness of the double coset G(Q)+\G(Af)/K will be
proved in §3.2.5; the proof uses the Strong Approximation Theorem.

Proof of Lemma 3.2.3. Consider the action ofGad(R) onX, and recall thatX+ is a connected component
of X. It suffices to prove that Gad(R)+ = {g ∈ Gad(R) : gX+ = X+}. This follows from general theory
of Hermitian symmetric domains (and some knowledge on R-algebraic groups v.s. real Lie groups) which
we will not cover in this course.

3.2.3 Proof of (3.2.3)

We start by showing that there is a bijection

G(Q)+\X+ ×G(Af)
∼−→ G(Q)\X ×G(Af), [x, g] 7→ [x, g]. (3.2.4)

Injectivity: Assume (x, g), (x′, g′) ∈ X+ × G(Af) are mapped to the same point on the right
hand side. Then there exists q ∈ G(Q) such that (x′, g′) = q(x, g) = (qx, qg). Hence qX+ ∩X+

is non-empty as it contains qx = x′. So qX+ = X+. So q ∈ G(R)+ ∩G(Q) = G(Q)+. This
proves the injectivity of the map above.

Surjectivity: Assume (x, g) ∈ X × G(Af). By the Real Approximation in §3.2.1, G(Q)x
is dense in G(R)x = X. So G(Q)x ∩ X+ ̸= ∅, and hence there exists q ∈ G(Q) such that
qx ∈ X+. Then (qx, qg) ∈ X+ ×G(Af), and its image under (3.2.4) is [x, g]. We are done for
the surjectivity of (3.2.3).

Now let us prove the bijectivity of the map⊔
[g]∈G(Q)+\G(Af)/K

Γg\X+ → G(Q)+\X+ ×G(Af)/K, Γgx 7→ [x, g]. (3.2.5)

Injectivity: If [x′, g′] = [x, g], then (qx, qgk) = (x′, g′) for some q ∈ G(Q)+ and k ∈ K. So [g] =
[g′] in G(Q)+\G(Af)/K. Hence it suffices to prove the injectivity of Γg\X+ → G(Q)+\X+ ×
G(Af)/K. Now if [x′, g] = [x, g], then (qx, qgk) = (x′, g) for some q ∈ G(Q)+ and k ∈ K. So
q = gk−1g−1 ∈ gKg−1. So q ∈ Γg = gKg−1 ∩G(Q)+. Thus we have proved the injectivity of
(3.2.5).

Surjectivitity: Let [x, g] be an element of the right hand side. Then it is the image of Γgx.

We have thus proved (3.2.3).
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3.2.4 Torsion-free subgroup

Here is a choice of K ′ so that gK ′g−1 ∩G(Q)+ is torsion-free for all g ∈ G(Af). Take a faithful
representation V of G. Then there exists a lattice L in V such that L̂ := L ⊗Z Ẑ is fixed by
K. Equivalently, we are embedding G as a closed subgroup of GLN over Q such that K is a
subgroup of GLN (Ẑ). Let ℓ ≥ 3 be an integer. Take K ′ to be the subgroup of K which acts
trivially on L̂/ℓL̂, or equivalently

K ′ := {g ∈ K < GLN (Ẑ) : g ≡ IN mod ℓ}.

Then any element γ ∈ Γg := gK ′g−1 ∩ G(Q)+ < GL(V ) acts trivially on ĝL/ℓĝL, so all the
eigenvalues of γ are 1 (as they are 1 modulo ℓ ≥ 3). So γ = 1 if γ is torsion. So Γg is torsion-free.

3.2.5 The group of connected components of a Shimura variety

In this subsection, we prove the finiteness of the double coset G(Q)+\G(Af)/K. This finishes
the proof of Theorem 3.2.1, and shows that π0(ShK(G, X)) ≃ G(Q)+\G(Af)/K.

Case: simply-connected derived subgroup

The result in this case is better, with a clear understanding of the group π0(ShK(G, X)). Con-
sider the short exact sequence of Q-groups

1→ Gder → G→ T := G/Gder → 1

with T an algebraic torus defined over Q.

Definition 3.2.4. An algebraic group H defined over a field k of characteristic 0 is said to be
simply-connected if any central isogeny H ′ → H (i.e. a surjective morphism whose kernel is
finite and contained in the center of H ′) is an isomorphism.

Theorem 3.2.5. Assume Gder is simply-connected. Then ν(G(Q)+) has finite index in G(Q),
ν(K) is a compact open subgroup of T(Af), and ν(G(Q)+)\T(Af)/ν(K) is a finite abelian group.
Moreover, ν induces a natural isomorphism of groups

π0(ShK(G, X)) ≃ ν(G(Q)+)\T(Af)/ν(K).

Before proving this theorem, we point out without proof that

ν(G(Q)+) = T(Q) ∩ ν(Z(G)(R)) =: T(Q)†. (3.2.6)

Proof. General theory of semi-simple simply-connected Q-groups asserts that Gder(R) is con-
nected. Therefore Gder(R) stabilizes X+ and hence is contained in G(R)+ by Lemma 3.2.3.
So Gder(Q) ⊆ G(Q)+. By the Strong Approximation Theorem from §3.2.1, Gder(Q) is dense in
Gder(Af). Hence

Gder(Af) = Gder(Q) · (K ∩Gder(Af)) ⊆ G(Q)+ · (K ∩Gder(Af)). (3.2.7)

Because Gder is simply-connected, the short exact sequence of groups above Theorem 3.2.5
induces a short exact sequence

1→ Gder(Af)→ G(Af)
ν−→ T(Af)→ 1.
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Here we use the knowledge on semi-simple simply-connected Q-groups that H1(Qp,G
der) = 0

for any prime p.
Now ν induces a map

G(Q)+\G(Af)/K → ν(G(Q)+)\T(Af)/ν(K), (3.2.8)

which, by (3.2.7), is a bijection. The right hand side is an abelian group because T is an algebraic
torus (hence abelian).

Now to prove the theorem, it remains to prove:

(i) ν(G(Q)) has finite index in T(Q).

(ii) ν(K) is a compact open subgroup of T(Af).

(iii) The right hand side of (3.2.8) is finite.

Let us prove (i). The Hasse Principle for simply-connected Q-groups says that the natural map
H1(Q,Gder) →

∏
p≤∞H1(Qp,G

der) = H1(R,Gder) is injective; here we used again the fact

that H1(Qp,G
der) = 0 for any prime number p (as Gder is furthermore semi-simple). So by the

diagram

1 // Gder(Q) //

��

G(Q) //

��

T(Q) //

��

H1(Q,Gder)� _

��
1 // Gder(R) // G(R) // T(R) // H1(R,Gder)

we get that T(Q)/ν(G(Q)) → T(R)/ν(G(R)) is injective. But ν(G(R)+) = T(R)+. So
T(R)/ν(G(R)) is finite, and hence T(Q)/ν(G(Q)) is finite. This establishes the claim.

For (ii), we extend G → T to a morphism of group schemes over Z[1/N ] for some integer
N , and prove that G(Zp)→ T(Zp) is surjective for almost all prime p. We first work on Fp and
then list using an argument similar to Newton’s Lemma. We omit this proof.

Now we prove (iii). It suffices to prove that T(Q)\T(Af)/ν(K) is finite, and up to replacing
ν(K) by a smaller compact open subgroup we may assume ν(K) ⊆ T(Ẑ). As [T(Ẑ) : ν(K)] is
finite (since T(Ẑ) is compact and ν(K) is open), it suffices to prove that

T(Q)\T(Af)/T(Ẑ)

is finite. This is exactly the class group of the algebraic torus T which is known to be finite
by classical theory (and this number is called the class number of T). In the case where T =
ResK/QGm for a number field K, this is exactly the class group of K.

General case

Let G̃ be the universal cover ofGder, i.e. G̃ is simply-connected with a central isogeny (surjective
with finite kernel contained in the center) u : G̃ → Gder. Then we have a surjective morphism
of Q-groups

φ : G′ := Z(G)× G̃→ G, (z, g) 7→ zu(g)

which is a central isogeny. Thus to prove the finiteness of G(Q)\G(Af)/K, it suffices to prove
the finiteness of

G′(Q)\G′(Af)/K
′

for K ′ a compact open subgroup of G′(Af). But the derived subgroup of G′ is G̃ which is
simply-connected. So we are back to the previous case, and hence G′(Q)\G′(Af)/K

′ is finite.
So G(Q)\G(Af)/K is finite.
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3.2.6 An upshot of Theorem 3.2.1 on special subvarieties

Special subvarieties of ShK(G, X) can be better understood via Theorem 3.2.1 as follows. Let
S be a special subvariety of ShK(G, X), arising from the sub-Shimura datum (G′, X ′) ⊆ (G, X)
and the Hecke operator given by g ∈ G(Af ). Then under the decomposition (3.2.1), S is
the image of u((X ′)+) under the uniformization u : X+ → Γg\X+ for the suitable connected
component (X ′)+ of X ′. Moreover, the sub-Shimura data can be constructed as follows. Take
h ∈ X, and let MT(h) be the smallest Q-subgroup of G such that h : S → GR factors through
MT(h)R. Then take G′ := MT(h) and X ′ := G′(R)h.

3.3 Siegel modular variety

Take the example of Siegel case in Example 3.1.3 and Example 3.1.6. In particular V = Q2d,

ψ : V × V → Q is (x, y) 7→ xtJy with J =

[
0 Id
−Id 0

]
. Thus there is a lattice L in V such that

ψ restricts to L× L→ Z. To simplify notation, denote by L = V (Z).
The Siegel Shimura datum is (GSp2d,H

±
d ). For each N , set

K(N) :=
{
g ∈ GSp2d(Af) : gV (Ẑ) ⊆ V (Ẑ) and acts trivially on V (Ẑ)/NV (Ẑ)

}
=

{
g ∈ GSp2d(Ẑ) : g ≡ I2d (mod N)

}
.

Then we have the Shimura variety ShK(N)(GSp2d,H
±
d ).

Theorem 3.3.1. Assume N ≥ 3. Then ShK(N)(GSp2d,H
±
d ) is the fine moduli space of princi-

pally polarized abelian varieties of dimension d with a level-N -structure, i.e. there is a canonical
bijection between

- the C-points of ShK(N)(GSp2d,H
±
d ),

- and the isomorphism classes of the triples (A, λ, ηN ) where A is a complex abelian variety
of dimension d, λ is a principal polarization on A, and ηN is a level-N -structure on A.

When N = 1, 2, the Shimura variety is a coarse moduli space.

Let us explain the meaning of this theorem. Let A be an abelian variety defined over C.

(i) A principal polarization on A is a polarization on the Hodge structure H1(A,Z) with
determinant 1, i.e. an alternating pairing λ : H1(A,Z) × H1(A,Z) → Z, which under

suitable Z-basis of H1(A,Z) is
[

0 Id
−Id 0

]
. In more geometric terms, it is an isomorphism

λ : A
∼−→ A∨.

(ii) A (symplectic) level-N -structure on A is a basis of H1(A,Z/NZ) which is symplectic with
respect to λ. In more geometric terms, it is a basis of the Z/NZ-module A[N ] which is

symplectic under eN : A[N ]×A[N ]
(1,λ)−−−→ A[N ]×A∨[N ]→ µN where last map is the Weil

pairing. Or more concretely, it is an isomorphism

ηN : A[N ]
∼−→ H1(A,Z/NZ)
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such that the two composites

A[N ]×A[N ]
(ηN ,ηN )−−−−−→ H1(A,Z/NZ)×H1(A,Z/NZ) λ−→ Z/NZ

and A[N ]×A[N ]
eN−−→ µN

e2π
√
−1a/N 7→[a]−−−−−−−−−−→ Z/NZ

differ from the multiplication by an element in [ℓ] ∈ (Z/NZ)×, and we say that this
level-N -structure has twist [ℓ].

Proof. Recall that each point in H±
d parametrizes a Q-Hodge structure on V of type (−1, 0) +

(0,−1); see §2.3.1.
We shall use Theorem 3.2.1 and the more precise version (3.2.3), and better, Theorem 3.2.5

because Sp2d is simply-connected. One can compute that GSp2d(R)+ = GSp2d(R)+ = {g ∈
GSp2d(R) : det(g) > 0}. So GSp2d(Q)+ = {g ∈ GSp2d(Q) : det(g) > 0}. Thus for the quotient

1→ Sp2d → GSp2d
ν−→ Gm → 1,

we have ν(GSp2d(Q)+) = Q>0.
[3] It is not hard to compute that ν(K(N)) = {z ∈ Ẑ : z ≡ 1

(mod N)} = 1 +N Ẑ. Thus

π0
(
ShK(N)(GSp2d,H

±
d )

)
≃ Q>0\A×

f /(1 +N Ẑ) ≃ (Z/NZ)×.

Write Γ[ℓ]\H+
d for the connected component of ShK(N)(GSp2d,H

±
d ) indexed by [ℓ] ∈ (Z/NZ)×.

Below we only give the constructions of the two directions, without proving that they are inverse
to each other.

Given a triple (A, λ, ηN ). Assume that the level-N -structure has twist [ℓ] ∈ (Z/NZ)×. First
H1(A,Z) is a Z-Hodge structure of type (−1, 0)+(0,−1), and hence under suitable isomorphism
(H1(A,Z), λ) ≃ (V (Z), ψ) we obtain a point τ ∈ H+

d . Then we get a point in Γ[ℓ]\H+
d as the

image of τ under H+
d → Γ[ℓ]\H+

d .

Conversely let x ∈ Γ[ℓ]\H+
d . Let τ be a pre-image of x under the quotient H+

d → Γ[ℓ]\H+
d .

Recall that τ parametrizes a Q-Hodge structure on V of type (−1, 0) + (0,−1), and thus we
can endow V (R) with a complex structure by the bijection V (R) ⊆ V (C)→ V (C)/V 0,−1

τ . This
makes Aτ := V (R)/V (Z) into a compact complex torus of dimension d, with H1(Aτ ,Z) = V (Z).
Thus ψ induces a principle polarization via H1(Aτ ,Z). Hence Aτ is an abelian variety with a
principal polarization which by abuse of notation we still use ψ to denote. The level-N -structure
on Aτ is given as follows. We have Aτ [N ] = 1

N V (Z)/V (Z) = V (Z)/NV (Z) = V (Z/NZ). Take

g ∈ GSp2d(Ẑ) such that ν(g) ∈ Ẑ× is congruent to ℓ modulo 1 + N Ẑ. Then g induces an
isomorphism g : V (Ẑ/N Ẑ) ∼−→ V (Ẑ/N Ẑ). But V (Ẑ/N Ẑ) = V (Z/NZ) = H1(Aτ ,Z/NZ). Thus

we have Aτ [N ] = V (Z/NZ) = V (Ẑ/N Ẑ) g−→ V (Ẑ/N Ẑ) = H1(Aτ ,Z/NZ). This is the desired
level-N -structure because ψ(gx, gy) = ν(g)ψ(x, y) by definition of GSp2d.

More generally, we can take any symplectic pairing ψ on V , i.e. ψ : V × V → Q is
non-degenerate bilinear anti-symmetric. Then we have the symplectic group GSp(ψ) which
is the subgroup of GL(V ) preserving ψ (up to a number in Q×) and a GSp(ψ)(R)-orbit
in Hom(S,GSp(ψ)R) which can still be identified with H±

d . This gives a Shimura datum
(GSp(ψ),H±

d ). The associated Shimura varieties are then moduli spaces of abelian varieties
polarized by ψ of dimension d with suitable level structures.

[3]In fact ν(g) = (det g)1/d.
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Definition 3.3.2. A Shimura variety is called a Siegel modular space if the associated
Shimura datum is isomorphic to (GSp(ψ),H±

d ) for some ψ and d as above.
A Shimura variety ShK(G, X) is called of Hodge type if there exists an injective Shimura

morphism (G, X) ↪→ (GSp(ψ),H±
d ).

A Shimura variety is called of abelian type if it admits a finite covering (as an algebraic
variety) by a Shimura variety variety of Hodge type.

By the construction in §3.2.6 and Proposition 1.2.12, Shimura varieties of Hodge type are
moduli spaces of abelian varieties A with some prescribed Hodge tensors of H1(A,Q).

Shimura varieties of abelian type can be detected purely on the underlying group G, and
they may not parametrize abelian varieties. As an example, all Shimura varieties associated
with the Shimura data from Example 3.1.4 are of abelian type, but they do not parametrize
abelian varieties unless F = Q.

3.4 CM abelian varieties and special points

Let ShK(G, X) be a Shimura variety. In Definition 3.1.10 we defined special points on ShK(G, X).
They are of particular importance. For example, there exists a natural number field E(G, X),
called the reflex field of (G, X), on which ShK(G, X) is “naturally” defined (or in more vigorous
terms, has a canonical model), characterized by the action of the Galois group of E(G, X). This
action is explicitly defined for special points on ShK(G, X) via the class field theory, and is
uniquely determined in this way by the following theorem whose proof we omit:

Theorem 3.4.1. The set of special points is dense in ShK(G, X).

Here “dense” is true even for the usual topology. The hard part of this theorem is to prove
the existence of one special point. Indeed, assume ShK(G, X) ≃

⊔
Γg\X+ has a special point

[x]. Then its inverse image x in X+ gives rise to a morphism x : S→ GR which factors through
TR for an algebraic torus T < G. But then the morphism given by g · x for any g ∈ G(Q)
factors through (gTg−1)R, with gTg

−1 clearly an algebraic torus in G (since it is abelian), and
hence defines a Shimura datum (gTg−1, g ·T(R)x). But T(R)x is a finite set of points since T
is abelian. So the image of G(Q)x under the quotient X+ → Γg\X+ consists of special points
of ShK(G, X). Notice that X+ = G(R)+x. Now it suffice to use the Real Approximation that
G(Q) is dense in G(R) to conclude.

For the existence of special points, we shall focus on the Siegel modular variety, for which
we have:

Theorem 3.4.2. Take [x] ∈ ShK(GSp2d,H
±
d )(C). Then [x] is a special point if and only if

the abelian variety Ax parametrized by [x] is CM, i.e. End(Ax) ⊗Z Q contains a commutative
Q-subalgebra of dimension 2d. Equivalently, an abelian variety A defined over C is CM if and
only if the Mumford–Tate group of the Q-Hodge structure H1(A,Q) is an algebraic torus.

We will not give a full proof of this theorem, but only recall the definition of CM abelian
varieties and give a brief explanation why the associated Mumford–Tate group (which we call
the Mumford–Tate group of A) is an algebraic torus.

Assume A is a simple abelian variety. Then A is CM if and only if E := End(A) ⊗Z Q is a
CM field, i.e. there exists a totally real field F such that E/F is a totally imaginary quadratic
extension. Write (·) for the complex conjugation with respect to E/F . Then there exists an
element ι ∈ E such that ι = −ι (totally imaginary element). Then E can be endowed with the
Q-symplectic form

⟨x, y⟩ := TrE/Q(xιy).
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This makes (E, ⟨, ⟩) ≃ (Q2d,

[
0 Id
−Id 0

]
) into a symplectic space. Set GUE to be the subgroup

of GSp2d generated by Gm = Z(GSp2d) and

UE := {x ∈ ResE/QGm : xx = 1}.

Then one can check that GUE is an algebraic torus which contains the Mumford–Tate group
of A. Thus the Mumford–Tate group of A is abelian, and hence must be an algebraic torus. In
fact, one can check that GUE is a maximal torus of GSp2d.
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Chapter 4

Boundary components

Starting from this chapter, we will discuss compactifications of Shimura varieties ShK(G, X),
or locally Hermitian symmetric spaces Γ\X+. This chapter introduces boundary components
of X+.

4.1 Example: modular curves

Consider the modular curves ShK(GL2,H
±), i.e. the Siegel modular variety from §3.3 with

d = 1. In the particular case where K = GL2(Ẑ), we are working with

Y (1) = SL2(Z)\H.

It is a well-known result that Y (1) ≃ C via the j-function j : H→ C. Hence a compactification
of Y (1) is P1(C). This is the Baily–Borel compactification or the toroidal compactification of
Y (1) (but not the Borel–Serre compactification). In this section, we explain how to view this
compactification as the Baily–Borel compactification of Y (1). A large part is to study the
boundary components, which is important for other compactifications we will discuss (toroidal
compactification and Borel–Serre compactification).

4.1.1 Boundary components of H

The boundary of H in C ∪ {∞} is the union of the real axis and {∞}; in other words, the
boundary of H in P1(C) is P1(R). This is better seen via the Cayley transformation (2.3.4)

H
∼−→ D := {z ∈ C : |z| < 1}, τ 7→ (τ −

√
−1)(τ +

√
−1)−1,

and the boundary of D is the unit circle. Denote by D the closure of D in C, i.e. D = {z ∈ C :
|z| ≤ 1}, and ∂D := D \ D. Then ∞ corresponds to 1 ∈ D.

Call each point in ∂D a boundary component of D. It is justified by the following fact: Any
holomorphic map D → D either has image in D or is constant.[1]

4.1.2 Extension of the group action to D

The group GL2(R)+ acts on D, via its action on H and the Cayley transformation above, by the
formula [

a b
c d

]
z =

(a−
√
−1c)(z + 1) + (b−

√
−1d)

√
−1(z − 1)

(a+
√
−1c)(z + 1) + (b+

√
−1d)

√
−1(z − 1)

, ∀z ∈ D.
[1]This is a consequence of the Open Mapping Theorem in complex analysis, which asserts that any holomorphic

function on a connected set in the complex plane is open.
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Lemma 4.1.1. The action of GL2(R)+ on D extends to D. Moreover, the action of GL2(R)+
on ∂D is transitive.

Proof. Take z ∈ D, and set

u± := (a±
√
−1c)(z + 1) + (b±

√
−1d)

√
−1(z − 1).

For the first part of the lemma, we need to show that u+ ̸= 0 and u−u
−1
+ ∈ D.

Then [
u−
u+

]
=

[
1 −

√
−1√

−1 1

] [
a b
c d

] [
1 1√
−1 −

√
−1

] [
z
1

]
,

and one can compute that
u+u+ − u−u− = 4(1− zz).

So u+u+ ≥ u−u− because z ∈ D. If u+ = 0, then u+ = u− = 0, contradiction to rank

[
u−
u+

]
=

rank

[
z
1

]
= 1. So u+ ̸= 0, and (u−u

−1
+ )u−u

−1
+ = u−u−

u+u+
≤ 1. Hence u−u

−1
+ ∈ D. We are done.

Let us prove the “Moreover” part. We have[
a b
c d

]
· 1 =

a2 − c2

a2 + c2
+
−2ac
a2 + c2

√
−1.

The right hand side is easily checked to be in ∂D = {z ∈ C : |z| = 1}. Conversely any z ∈ ∂D
can be written as the right hand side for some 2×2-matrix in GL2(R)+. Hence we are done.

4.1.3 Compactifying at each boundary component

To see how to compactify D ≃ H at each boundary component, we need to study the stabilizer
of each z ∈ D. Since Z(GL2)(R) acts trivially on D, it suffices to consider the stabilizer in
SL2(R). By Lemma 4.1.1, it suffices to study this for 1 ∈ D. For this purpose, it is easier to use
the upper half plan. Define

P :=

{[
a b
0 a−1

]
: b ∈ R, a ̸= 0

}
(4.1.1)

Then it is easy to check that StabSL2(R)(g · ∞) = gP (R)+g−1 for any g ∈ SL2(R). Indeed, it
suffices to check this with g = I2, and then it suffices to notice that elements on the right hand
side of (4.1.1) correspond to translations along the real axis.

Lemma 4.1.2. The followings hold true:

(i) SL2(C)/P (C) is a projective space.

(ii) For any g ∈ SL2(R), the group gPg−1 is defined over Q if and only if g ∈ SL2(Q).

(iii) Let τ ∈ P1(R) (the boundary of H in P1(C)). Then τ ∈ P1(Q) ⇔ τ = g · ∞ for some
g ∈ SL2(Q)⇔ τ = g · ∞ for some g ∈ SL2(Z).

Proof. (ii) and (iii) are simple computations. For (i), it suffices to notice that the homogeneous

space SL2(C)/P (C) ≃ GL2(C)/
{[
a b
0 d

]
: a, b, d ∈ C, ad ̸= 0

}
is the Grassmannian parametriz-

ing 1-dimensional C-subspaces in C2.
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Let us go further. We have:

Lemma 4.1.3. For each g ∈ SL2(R), the group gP (R)+g−1 acts transitively on H.

The proof itself is important. As a preparation, the group P has the following subgroups:

- The unipotent radical NP :=

{[
1 b
0 1

]
: b ∈ R

}
, where elements act on H as τ 7→ τ + b.

- the split torus AP :=

{[
a−1 0
0 a

]
: a > 0

}
,[2] where elements act on H as τ 7→ a−2τ .

- MP := {±I2}, which acts trivially on H.

such that
P = NPAPMP (4.1.2)

and the map NP ×AP ×MP → P , (n, a,m) 7→ nam, is a diffeomorphism.

Proof. We only need to prove this lemma for P . For any τ = x+
√
−1y ∈ H, we have

τ =

[
1 x
0 1

] [√
y 0

0
√
y−1

]√
−1.

Hence we are done.

Now we are ready to explain how the point∞ is added to H via the group P (in other words,
how compactify H at ∞). The decomposition 4.1.2 induces, by Lemma 4.1.3,

H ≃ P/(P ∩ SO(2)) = P/MP ≃ NP ×AP ≃ R×R>0, τ = x+
√
−1y 7→ (x,

√
y−1). (4.1.3)

The AP -factor is isomorphic to R>0, and a natural way to add a boundary to R>0 is to add 0
and make it into R≥0. In doing this, we are adding the point x+

√
−10−2 =∞ to H.

This process can be carried out for g ·∞ ∈ P1(R) for any g ∈ SL2(R), by replacing NP and AP

by gNP g
−1 and gAP g

−1. In this way, the point g ·∞ ∈ P1(R) is added to H by “compactifying”
gAP g

−1 ≃ R>0 into R≥0.

4.1.4 Rational vs real boundaries, and Siegel sets

We wish to compactify the quotient SL2(Z)\H ≃ SL2(Z)\D. The idea is to do the quotient
SL2(Z)\D, for the extended action of SL2(R) on D defined in Lemma 4.1.1. However, ∂D =
D \ D ≃ P1(R) contains infinitely many SL2(Z)-orbits.

A solution to this is to consider the rational boundary components, which are precisely the
points in P1(Q) ⊆ P1(R). Equivalently by (ii) and (iii) of Lemma 4.1.2, a boundary component
z ∈ ∂D is called a rational boundary component if its stabilizer in SL2(R) is defined over Q.
Now part (iii) of Lemma 4.1.2 asserts that there is only one SL2(Z)-class of rational boundary
components.

Another important notion is the Siegel sets associated with P = StabSL2(R)(∞) defined as fol-
lows; one needs this for example to pass from (partial) compactification of H to compactification
of SL2(Z)\H. For each t > 0 and any compact bounded set U ⊆ NP ≃ R, define

ΣP,U,t := U × {a ∈ R>0 : a ≤ t} ≃ {τ = x+
√
−1y : x ∈ U, y ≥ t−2} ⊆ H.

[2]Notice that AP is not an algebraic subgroup of P , but only a Lie subgroup. This is a minor issue: Indeed, if
we replace GL2 by PGL2 = SL2/{±I2}, then the quotient of AP becomes an algebraic subgroup.
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Then we have the following classical result on the j-function:[3] for a suitable U and suitable
t≫ 1, ΣP,U,t is a fundamental set for the uniformization j : H→ SL2(Z)\H ≃ C (i.e. j|ΣP,U,t

is
surjective and has finite fibers). Then one can define the Siegel sets associated with gPg−1 =
StabSL2(R)(g · ∞) (for any g ∈ SL2(R)) to be g · ΣP,U,t.

We can also compactify Γ\H to be, as a set, Γ\(H ∪ P1(Q)) for any finite-indexed subgroup
Γ < SL2(Z), by the following lemma which is a direct consequence of the discussion above.

Lemma 4.1.4. (i) There are finitely many rational boundary components α1, . . . , αn of H
such that P1(Q) =

⋃
j Γ · αj.

(ii) Let Pj := StabSL2(R)(αj). Then there are suitable Siegel sets Σj associated with Pj for
j ∈ {1, . . . , n} such that

⋃
j Σj is a fundamental set for the uniformization u : H→ Γ\H.

4.1.5 Satake topology on D
This subsection is for the Baily–Borel compactification of Γ\H. We will revisit the materials later in more
generality.

Our desired compactification is Γ\(H ∪ P1(Q)). We yet to explain the topology on this set, so that
it is Hausdorff and compact. Notice that we cannot take the one induced by the usual topology on C
because x ∈ P1(Q) there are infinitely many γ ∈ Γ which fixed x, and hence the quotient Γ\(H ∪ P1(Q))
is not Hausdorff under this topology.

The topology which we consider is the Satake topology, induced from the Satake topology on H∪P1(Q)
defined as follows. On H, the Satake topology is the usual topology, induced from C. Next, an open
neighborhood basis of ∞ consists of the open sets Ut := {z ∈ H : Im(z) > t} for all t ≥ 2; equivalently
a sequence τj = xj +

√
−1yj ∈ H converges to ∞ if and only if yj →∞. Finally, an open neighborhood

basis of g · ∞ ∈ P1(Q) (with g ∈ SL2(Q)) consists of g · Ut for all t ≥ 2. We state without proof the
following assertions (whose proof needs to use Siegel sets):

(i) For any x ∈ H ∪ P1(Q), there exists a fundamental system of neighborhoods {U} of x such that

γU = U, ∀γ ∈ Γx; γU ∩ U = ∅, ∀γ ̸∈ Γx

where Γx = {γ ∈ Γ : γx = x}.

(ii) If x, x′ ∈ H∪P1(Q) are not in one Γ-orbit, then there exist neighborhoods U of x and U ′ of x′ such
that

ΓU ∩ U ′ = ∅.

These properties guarantee that Γ\(H∪P1(Q)) is Hausdorff under the Satake topology. The compactness
follows easily from part (ii) of Lemma 4.1.4.

4.2 Parabolic subgroups and Levi subgroups: definitions and
statements

For the simplest Siegel Shimura datum (GL2,H
±), Lemma 4.1.2.(i) suggests that parabolic

subgroups of SL2 (i.e. subgroups of SL2 such that the homogeneous space SL2(C)/P (C) is a
projective variety) are closely related to the boundary components of H. This is true for an
arbitrary Shimura datum (G, X).

In this section, we review background knowledge on parabolic subgroups of reductive groups
over algebraically closed fields. In the next section, we do it over an arbitrary field.

Let k be a field, and let G be a reductive group defined over k. Let k be an algebraic closed
field containing k. For our purpose, we will take k = Q,R,C and k = C.

[3]A well-known fundamental domain of the j-function is {z ∈ C : |z| ≥ 1, −1 ≤ Re(z) < 1}.
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Definition 4.2.1. A subgroup P of G is called a parabolic subgroup if the homogeneous
space G(k)/P (k) is a projective variety.

It is a theorem of Chevalley that parabolic subgroups are always connected. We are more
interested in the proper parabolic subgroups.

Example 4.2.2. For G = GLN . Let P be the subgroup of upper triangular matrices in blocks
(with the length of the ℓ-th diagonal block being nℓ). Then if we write G = GL(V ) with V ≃ kN ,
then P is the stabilizer of a flag F • = (0 = V0 ⊊ V1 ⊊ · · · ⊊ Vm−1 ⊊ Vm = V ) of subspaces of
V , with dimVℓ− dimVℓ−1 = nℓ for each ℓ. Hence G/P is a flag variety and hence is projective.
So P is a parabolic subgroup of GLN .

Let P be a parabolic subgroup of G. The unipotent radical Ru(P ) is a closed normal
subgroup of P , and hence P acts on Ru(P ) via conjugation. This induces an action of any
subgroup of H on Ru(H).

Definition 4.2.3. A Levi subgroup of P is a closed subgroup L of P such that H = Ru(P )⋊L.

A Levi subgroup, if exists, is then isomorphic to P/Ru(P ) and hence is a reductive group
(in particular is connected).

Theorem 4.2.4. P has Levi subgroups, and any two Levi subgroups of P are conjugate by a
unique element in Ru(P ).

We are more interested in more concrete constructions of Levi subgroups of P . This will be
given in combinatorial data in the next two sections.

The following construction of parabolic subgroups of G is useful. Let λ be a cocharacter of G, i.e. a
morphism of algebraic groups Gm → G.

Theorem 4.2.5. (i) The set

P (λ) := {x ∈ G : lim
t→0

λ(t)xλ(t)−1 exists}

is a parabolic subgroup of G, and the centralizer of λ(Gm) is a Levi subgroup of P (λ). Moreover
Ru(P (λ)) = {x ∈ G : limt→0 λ(t)xλ(t)

−1 = 1}.

(ii) Any parabolic subgroup of G is P (λ) for some λ.

If λ(Gm) < Z(G), then P (λ) = G. In fact, this theorem will serve as a bridge from the theory over

algebraically closed fields to the theory over an arbitrary field. Indeed, if k = k then Theorem 4.2.5

follows easily from Theorem 4.3.14. Then we can descend to arbitrary k.

4.3 Parabolic subgroups via root systems: over algebraically
closed fields

In this section, we take k = k to be an algebraically closed field, and G a reductive group
defined over k. For our purpose, it is harmless to take k = C. We will explain the combinatorial
construction of parabolic subgroups of G, and Example 4.2.2 will be revisited in this language
as Example 4.3.15.

Let g := LieG. Then we have the adjoint representation Ad: G → GL(g) whose kernel is
Z(G). Notice that Z(G)◦ is an algebraic torus since G is reductive.
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4.3.1 Root system for G

Let T be a maximal torus of G, i.e. an algebraic torus contained in G and maximal under
the inclusion. For example if G = GLN , we can take T = DN to be the subgroup of diagonal
matrices with non-zero diagonal entries. We have the standard properties:

Lemma 4.3.1. (i) Any maximal torus of G equals gTg−1 for some g ∈ G(k).

(ii) T = ZG(T ) = {g ∈ G(k) : gtg−1 = t for all t ∈ T (k)}.

(iii) W (T,G) := NG(T )/T is finite and is called the Weyl group.

Thus T ⊇ Z(G)◦.
Now consider the action of T on g via T < G and the adjoint action. Let X∗(T ) =

Hom(T,Gm) be the group of characters of T . For each α ∈ X∗(T ), define gα := {x ∈ g :
t · x = α(t)x for all t ∈ T} to be the eigenspace for α. Then we have a decomposition as in
(1.2.2)

g = gT ⊕
⊕

α∈Φ(T,G)

gα (4.3.1)

where gT := {x ∈ g : T · x = x} is the eigenspace for the trivial character, and Φ(T,G) ⊆
X∗(T ) \ {trivial character} is the subset of non-trivial characters α of T such that gα ̸= 0. By
Lemma 4.3.1.(ii), we have gT = t := LieT .

Denote for simplicity by Φ = Φ(T,G). Elements in Φ are called roots of T . The following
theorem, which gives combinatorial data associated with G and T , is extremely important in
the theory of reductive groups.

Theorem 4.3.2. (1) Φ generates a subgroup of finite index in X∗(T/Z(G)◦) ⊆ X∗(T ).

(2) Let α ∈ Φ and β ∈ X∗(T ) which is a multiple of α. Then β ∈ Φ⇔ β = ±α.

(3) Let α ∈ Φ, and set Gα := ZG((Kerα)◦). Then

(a) dim gα = 1, and there is a unique connected T -stable (unipotent) subgroup Uα of G
such that LieUα = gα,

[4]

(b) Gα is a reductive group and LieGα = t⊕ gα ⊕ g−α,
[5] and Gad

α ≃ PGL2,
[6]

(c) the subgroup W (T,Gα) is W (T,G) is generated by a reflection rα such that rα(α) =
−α.

(4) Let α ∈ Φ and rα ∈W (T,G) be as in (3.c). Then for any β ∈ Φ, we have

rα(β) = β − nβ,αα

with nβ,α ∈ Z. Moreover, nα,α = 2.
Thus Φ is a reduced root system in the vector space E := X∗(T/Z(G)◦)R with Weyl group

W (T,G) in the sense below.

Definition 4.3.3. Let E be a finite-dimensional real vector space with a Euclidean inner product
⟨, ⟩. A root system Φ in E is a finite set of non-zero vectors (called roots) such that:

[4]Thus Uα is isomorphic to Ga since it is a unipotent group of dimension 1.
[5]In other words, Gα is generated by T , Uα and U−α.
[6]Indeed, we can choose a generator Xα of gα for each α ∈ Φ such that Xα, X−α, [Xα, X−α] is an sl2-triple for

all α ∈ Φ.
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(1) Φ spans E,

(2) If α, cα ∈ Φ for some c ̸= 0, then c ∈ {1,−1, 1/2,−1/2},

(3) For any α ∈ Φ, the set Φ is closed under the reflection through the hyperplane perpendicular
to α (which we denote by rα),

(4) For any α, β ∈ Φ, we have rα(β) = β − nβ,αα with nβ,α ∈ Z.

A root system is called reduced if furthermore it satisfies:

(2’) The only scalar multiples of a root α ∈ Φ that belong to Φ are ±α.

We call dimE the rank of Φ.

The Weyl group of Φ, denoted by W (Φ), is the group of Aut(Φ) generated by rα for all
α ∈ Φ.

Conversely, given a root datum (root system and “coroot system”) one can associate a unique
reductive group. We shall not go into details for this, but restrict our discussion to root systems.
In practice, we often take G to be semi-simple, so that Φ(T,G) is a reduced root system in
X∗(T )R.

Example 4.3.4. Let G = GLN and T = DN . The Weyl group is isomorphic to the permutation
group SN . For each j ∈ {1, . . . , N}, define ej ∈ X∗(DN ) to be diag(t1, . . . , tN ) 7→ tj. Then we

have an isomorphism X∗(DN ) ≃
⊕N

j=1 Zej. One can check that Φ(DN ,GLN ) = {ei−ej : i ̸= j}.
Highly related to this example is G = SLN and T = DN∩SLN . Then X∗(T ) ≃

⊕N
j=1 Zej/Z(e1+

. . . + eN ). And Φ(T,G) in this case is precisely the image of Φ(DN ,GLN ) under the natural
projection X∗(DN )→ X∗(T ).

Example 4.3.5. Let G = Sp2d and T = Sp2d ∩D2d = {diag(t1, . . . , td, t−1
1 , . . . , t−1

d ) : t1 · · · td ̸=
0}. The Weyl group is isomorphic to {±1}d ⋊ Sd. For each j ∈ {1, . . . , d}, define ej ∈
X∗(T ) to be diag(t1, . . . , td, t

−1
1 , . . . , t−1

d ) 7→ tj. Then X∗(T ) ≃
⊕d

j=1 Zej. One can check that
Φ(T, Sp2d) = {±2ei,±ei ± ej : 1 ≤ i, j ≤ d, i ̸= j}.

Root systems in Example 4.3.4 are called of type AN−1, and root systems in Example 4.3.5 are called
of type Cd. We also have root systems of type Bn (dual to Cn; coming from SO2n+1) and Dn (coming
from SO2n), and exceptional types E6, E7, E8, F4, G2). We will not go into details for this, but only point
out that the last 3 types do not show up in the theory of Shimura varieties and that a Shimura variety
is of abelian type unless the underlying group has Q-factors of mixed type D or of exceptional types.

4.3.2 Positive roots and Borel subgroups

We start with the abstract theory of root systems Φ ⊆ E.

Definition 4.3.6. A basis of Φ is a subset ∆ of Φ which is a basis of E such that each root
β ∈ Φ is a linear combination β =

∑
α∈∆mαα with mα ∈ Z of the same sign.

Given a basis ∆ of Φ, a root β ∈ Φ is said to be positive (with respect to ∆) if mα ≥ 0
for the decomposition above. Denote by Φ+ the set of positive roots, and Φ− := −Φ+. Then
Φ = Φ+ ⊔ Φ−.

A root α ∈ Φ+ is said to be simple if it is not the sum of two other positive roots.

Lemma 4.3.7. ∆ is precisely the set of simple roots in Φ+.
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In practice, one can start from a subset Φ+ of Φ such that Φ = Φ+ ⊔ (−Φ+) and that
α ∈ Φ+ ⇒ −2α ̸∈ Φ+, and call these roots positive. Then we get a basis ∆ consisting of simple
roots in Φ+, with respect to which Φ+ is the set of positive roots. See Lemma 4.3.7.

Back to the theory of reductive groups, choosing Φ+ is equivalently to taking a Borel group.

Definition 4.3.8. A Borel group B is G is a closed connected solvable subgroup G, which is
maximal for these properties.

Example 4.3.9. If G = GLN , then the subgroup TN of upper triangular matrices is a Borel
subgroup. Notice that TN is a parabolic subgroup; see Example 4.2.2.

Here are some basic properties of Borel subgroups. Part (iv) asserts that Borel subgroups
are precisely the minimal parabolic subgroups (as we are working over k).

Theorem 4.3.10. (i) Any two Borel subgroups of G are conjugate.

(ii) Every element of G lies in a Borel subgroup. And the intersection of all Borel subgroups
of G is Z(G).

(iii) (Lie–Kolchin) Assume G < GLN . Then there exists x ∈ GLN (k) such that xGx−1 is
contained in the subgroup of upper triangular matrices.

(iv) A closed subgroup of G is parabolic if and only if it contains a Borel subgroup.

Back to our root system Φ(T,G) constructed from a maximal torus T of G. Let B be a
Borel subgroup containing T . For each α ∈ Φ(T,G), Theorem 4.3.2.(3) constructs a reductive
group Gα with LieGα = t⊕ gα ⊕ g−α.

Theorem 4.3.11. For each α ∈ Φ(T,G), the intersection B ∩ Gα is a Borel subgroup of Gα,
and Lie(B ∩Gα) is either t⊕ gα or t⊕ g−α.

Now define

Φ+(B) := {α ∈ Φ(T,G) : Lie(B ∩Gα) = t⊕ gα}. (4.3.2)

Then Φ(T,G) = Φ+(B) ⊔ (−Φ+(B)) by Theorem 4.3.11. Thus we obtain the subset of positive
roots determined by B, and the basis ∆(B) of Φ(T,G) consisting of simple (positive) roots in
Φ+(B) as below Lemma 4.3.7.

Conversely given any subset of positive roots Φ+ of Φ, we can construct a subgroup B of G
such that LieB = t ⊕

⊕
α∈Φ+ gα (so that B is generated by T and Uα for all α ∈ Φ+, with Uα

from Theorem 4.3.2.(3a)).

Example 4.3.12. In Example 4.3.4 with (G,T ) = (GLN , DN ), a set of positive roots is Φ+ =
{ei − ej : 1 ≤ i < j ≤ N}, and the corresponding basis is ∆ = {ei − ei+1 : 1 ≤ i ≤ N − 1}. The
corresponding Borel subgroup is the subgroup of upper triangular matrices TN .

Example 4.3.13. In Example 4.3.5 with G = Sp2d, a set of positive roots is Φ+ = {2ei, ei±ej :
1 ≤ i < j ≤ d}, and the corresponding basis is {ei − ei+1 : 1 ≤ i ≤ d − 1} ∪ {2ed}. The
corresponding Borel subgroup consists of upper triangular matrices.
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4.3.3 Standard parabolic subgroups

Consider the root system Φ = Φ(T,G) ⊆ X∗(T ) constructed from a maximal torus T in G.
Let B be a Borel subgroup of G which contains T . Then B defines the set of positive roots
Φ+ = Φ+(B) as in (4.3.2) and hence the basis ∆ = ∆(B) of Φ. Recall that LieB = t⊕

⊕
α∈Φ+ gα.

A parabolic subgroup of G is said to be standard (with respect to B) if it contains B. By
parts (i) and (iv) of Theorem 4.3.10, every parabolic subgroup of G is conjugate to a standard
one.

For any subset I ⊆ ∆, denote by ΦI ⊆ Φ the set of roots which are linear combinations of
roots in I. Let Φ+

I := Φ+ ∩ I. Then ΦI is a root system in which Φ+
I is the set of positive roots

and I is the corresponding basis. The Weyl group of ΦI is the subgroup WI of W =W (T,G) =
NG(T )/T generated by the reflections rα for all α ∈ I.

We will use w to denote either an element in W or its representative in NG(T ), whenever it
is clear from the context. Then C(w) := BwB is a subset of G, which by Bruhat decomposition
satisfies: (a) C(w) is a locally closed subvariety of G, (b) G =

⊔
w∈W C(w), (c) the closure C(w)

is a union of certain C(w′).

Theorem 4.3.14. (i) PI :=
⋃

w∈WI
BwB is a parabolic subgroup of G which contains B,

with LiePI = t ⊕
⊕

α∈Φ+∪ΦI
gα. In other words, PI is generated by T and Uα for all

α ∈ Φ+ ∪ ΦI , with Uα from Theorem 4.3.2.(3a).

(ii) If P is a parabolic subgroup of G which contains B, then P = PI for a unique subset
I ⊆ ∆.

(iii) LieRu(PI) =
⊕

α∈Φ+\ΦI
gα.

(iv) Let LI be the subgroup of G such that LieLI = t⊕
⊕

α∈ΦI
gα. Then LI is a Levi subgroup

of PI , i.e. is a reductive group contained in PI such that PI = Ru(PI)⋊ LI .

This theorem gives a combinatorial construction of all the standard parabolic subgroups
of G: we add to Φ+ the roots in ΦI , and there is an inclusion-preserving bijection I 7→ PI

between subsets of ∆ and standard parabolic subgroups. We have P∅ = B, P∆ = G, and the
maximal proper standard parabolic subgroups P∆\{α} for all α ∈ ∆. Moreover, if we define

TI =:
(⋂

α∈I Kerα
)◦
, then LI = ZG(TI). This is a more precise version of Theorem 4.2.4 for

parabolic subgroups of reductive groups, when k = k.
We can say more about the pieces C(w) := BwB in Theorem 4.3.14. To ease notation, for any root

α ∈ Φ we shall write α > 0 if α ∈ Φ+ and α < 0 if α ̸∈ Φ+.
For any w ∈W , we can define a subset of Φ

Φ(w)′ := {α > 0 : wα < 0} = {α ∈ Φ+ : −wα ∈ Φ+}.

and define U ′
w to be the subgroup of U := Ru(B) such that LieU ′

w =
⊕

α∈Φ(w)′ gα. Then the map

U ′
w ×B → G, (u, b) 7→ uwb is an isomorphism of varieties.

Example 4.3.15. In the Example 4.3.12 with (G,T ) = (GLN , DN ) and the Borel group being
the subgroup of upper triangular matrices, the basis is ∆ = {ei − ei+1 : 1 ≤ i ≤ N − 1} which
identify with {1, . . . , N −1} (with ei− ei+1 ↔ i). Take a subset I ⊆ ∆ and write its complement

∆ \ I = {a1, a1 + a2, . . . , a1 + · · ·+ as−1}

with aj > 0. Then PI consists of upper triangular block matrices, with diagonal blocks of lengths
a1, . . . , as−1, as := N−

∑s−1
j=1 aj. And LI ≃ GLa1×· · ·×GLas consists of diagonal block matrices,

and Ru(PI) consists of those matrices in PI where the diagonal blocks are identity.
This is the combinatorial construction of Example 4.2.2.
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The result for the Siegel case G = Sp2d (corresponding to Example 4.3.13) will be given in
later sections.

Remark 4.3.16. Now, Theorem 4.2.5 in the case k = k follows easily from Theorem 4.3.14.

4.4 Parabolic subgroups via root systems: over arbitrary fields

In this section, we take k to be a field, and G a reductive group defined over k. Then Z(G)◦ is
an algebraic torus defined over k. Let g := LieG.

Let k be an algebraically closed field which contains k. For our purpose, it is harmless to
take k = Q,R and k = C.

By a subgroup of G, we mean a closed algebraic subgroup of G defined over k. In this section,
we will discuss the combinatorial construction of parabolic subgroups of G, similar to the case
k = k.

4.4.1 Relative root systems

The first thing to do is to take a maximal torus T of Gk which is defined over k. It is known
that such maximal tori always exist. But this is not enough, since characters of T may not be
defined over k. We need:

Definition 4.4.1. Let k′/k be an extension of fields. An algebraic torus A defined over k is
said to be k′-split if Ak′ ≃ Gr

m,k′. Equivalently, A is k′-split if all characters of A are defined
over k.

Theorem 4.4.2. (i) G contains a proper parabolic subgroup if and only if G contains a k-split
torus which is not contained in Z(G).

(ii) Two maximal k-split tori contained in G are conjugate by an element of G(k).

Here is a brief explanation to (i). Indeed, all parabolic subgroups ofGk are described by Theorem 4.2.5

using cocharacters, and having a parabolic subgroup of G (which by our convention means a parabolic

subgroup defined over k) amounts to having a cocharacter of G which is defined over k.

Now take A to be a maximal k-split torus contained in G. Then Ak is contained in some
maximal torus T of Gk defined over k. For each α′ ∈ X∗(A), define gα′ := {x ∈ g : a · x =
α′(a)x for all s ∈ A} to be the eigenspace for α′. Then the adjoint action of A < G on g induces
a decomposition of g similar to (4.3.1)

g = gA ⊕
∑

α′∈Φ(A,G)

gα′ (4.4.1)

where Φ(A,G) ⊆ X∗(A) \ {trivial character} is the subset of non-trivial characters α′ of A such
that gα′ ̸= 0. The decomposition (4.4.1) is defined over k since all characters of A are defined
over k.

Denote by kΦ := Φ(A,G).

Theorem 4.4.3. kΦ is a root system, whose Weyl group is isomorphic to

kW =W (A,G) := NG(A)/ZG(A).
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Unlike the case k = k, this root system may not be reduced. We call kΦ the relative root
system and kW the relative Weyl group.

Let us explain the analogue of Gα from Theorem 4.3.2.(3) in this relative setting. For any
α′ ∈ Φ(A,G), the torus Sα′ := (Kerα′)◦ is defined over k, and denote by (α′) ⊆ Φ(A,G) the
subset consisting of rational multiples of α′. Then

Proposition 4.4.4. There exists a unique closed connected unipotent k-subgroup U(α′) normal-
ized by ZG(A) such that LieU(α′) = g(α′) :=

∑
β∈(α′) gβ.

The subgroup Gα′ := ZG(Aα′) is a reductive group defined over k, has S as a maximal k-split
torus, and is generated by ZG(A) and U(α′).

4.4.2 Standard parabolic subgroups

Over k, we have seen in §4.3.2 that choosing a basis of a root system (equivalently assigning the
positive roots) amounts to fixing a Borel subgroup, and that Borel subgroups are precisely the
minimal parabolic subgroups (Theorem 4.3.10.(iv)). Now over arbitrary k, we shall work with
minimal parabolic subgroups.

Assign a subset kΦ
+ = Φ+(A,G) of positive roots in kΦ = Φ(A,G), as below Lemma 4.3.7.

Define
n :=

∑
α′∈kΦ+

g(α′). (4.4.2)

It is a Lie subalgebra of g, and the corresponding subgroup N is unipotent and normalized
by ZG(A). It is known that P0 := NZG(A) is a minimal parabolic subgroup of G, and every
minimal parabolic subgroup of G which contains A is obtained in this way.

Now fix a minimal parabolic subgroup P0 which contains A. A parabolic subgroup of G is
said to be standard (with respect to P0) if it contains P0. As in the case k = k, we have:

Theorem 4.4.5. Every parabolic subgroup of G is conjugate, by an element in G(k), to a unique
standard parabolic subgroup.

Let us construct the standard parabolic subgroups in combinatorial terms. Let kΦ
+ be the

set of positive roots determined by P0. Then we obtain a basis k∆ of kΦ as below Lemma 4.3.7.
For any subset I ⊆ k∆, denote by kΦI ⊆ kΦ the set of roots which are linear combinations

of roots in I.
Let AI :=

(⋂
α′∈I Kerα′)◦ < A. Then the group LI := ZG(AI) satisfies

LieLI = gA +
∑

α′∈kΦI

g(α′).

The Lie subalgebra of g

nI :=
∑

α′∈kΦ+\kΦI

g(α′)

defines a unipotent subgroup NI of G which is normalized by LI , and we have:

Theorem 4.4.6. The product PI := NI ·LI is a standard parabolic subgroup, with NI = Ru(PI)
and LI a Levi subgroup of PI .

Any standard parabolic subgroup of G equals PI for some I ⊆ k∆.

Moreover, observe that AI a k-split torus, which is not contained in Z(PI). But AI is the
maximal k-split torus in Z(LI).

We close this subsection by the following immediate consequence of the construction above.

Lemma 4.4.7. Assume I ⊆ I ′ ⊆ k∆. Then AI > AI′ and PI < PI′.
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4.5 Horospherical decompositions and Siegel sets

Let (G, X) be a Shimura datum, andX+ a connected component of X. We will use the following
notation:

G = Gder
R , g := LieGder, gR = LieG. (4.5.1)

To ease notation, we will also use X to denote X+.

We need to use maximal Q-split (resp. R-split) torus contained in Gder, for which we make
the following definition.

Definition 4.5.1. The Q-rank (resp. R-rank) of an algebraic group H defined over Q is the
dimension of the maximal Q-split torus in H (resp. of the maximal R-split torus in H), and is
denoted by rkQH (resp. by rkRH).

Theorem 4.5.2. The followings are equivalent:

(i) Γ\X is compact for any arithmetic subgroup Γ of Gder;

(ii) rkQG
der = 0;

(iii) Gder does not contain proper parabolic subgroups.

The equivalence of (ii) and (iii) follows immediately from Theorem 4.2.5, and can be read off from

the relative root system construction of parabolic subgroups.

Thus to discuss on compactifications of Γ\X, we may assume rkQG
der ≥ 1 and that Gder

contains proper parabolic subgroups. In this section, we discuss about the horospherical decom-
position and Siegel sets associated with each proper parabolic subgroup P.

4.5.1 Horospherical decompositions over R

Let P be a parabolic subgroup of G. We start with the discussion for standard parabolic
subgroups, for which we need to fix a maximal R-split torus and a minimal parabolic subgroup
of G. The general case will be reduced to the standard case by Theorem 4.4.5.

Fix x0 ∈ X. Then (SV3) gives a Cartan involution θ of G which induces the Cartan
decomposition (4.6.1)

gR = k⊕m.

Let K∞ := exp(k) which is a maximal compact subgroup of G(R)+; see Lemma 2.3.2. Let a to
be a maximal Lie subalgebra contained in m.

Theorem 4.5.3. There exists a maximal R-split torus A in G such that LieA = a.

Proof. First a is abelian since [a, a] ⊆ a ∩ [m,m] ⊆ m ∩ k = 0. Hence exp: a→ exp(a) is an isomorphism
as Lie groups, and thus exp(a) ≃ (R>0)

r × Rs (as Lie groups) for some r, s ≥ 0. This gives rise to an
R-algebraic subgroup A0 of G with A0(R)+ = exp(a); indeed, A0(R) ≃ (R×)r × Rs.

We claim that s = 0. Indeed, for gR,c := k⊕
√
−1m, we know that exp(gR,c) is a compact Lie group,

and hence exp(
√
−1a) ≃ Tr × Rs (with T = R/Z) is compact, and hence s = 0.

Thus A0 is an R-split torus in G. It is contained in a maximal torus T of G defined over R, and
hence T = A · A′ for some algebraic torus A′ defined over R. Then LieA′ ∩ m = 0 by the maximality of
a in m. One can choose A′ such that LieA′ ⊆ k, and then A′(R) < K∞ which is compact. Hence A′ has
no R-split factor; otherwise R× is a closed subset in A′(R), contradiction to A′(R) being compact. This
finishes the proof.
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Thus we have the relative root system RΦ := Φ(A,G) as below (4.4.1). Assign a subset

RΦ
+ of positive roots in RΦ as below Lemma 4.3.7. It defines a basis R∆ of RΦ (as below

Lemma 4.3.7) and a minimal parabolic subgroup P0 of G (as below (4.4.2)).

Remark 4.5.4. An alternative approach to study the theory over R is to use Cartan’s theory
of symmetric spaces and the restricted root system (to R). We shall not take this point of view
in our course to have a uniform treatment over R and over Q, but only point out that these two
points of view are equivalent for our study by the the following easy observation: gA ∩m = a.

Standard parabolic subgroups. Any parabolic subgroup P of G which contains P0 is of the
form PI for some subset I ⊆ R∆, where PI is defined in Theorem 4.4.6. Now PI has unipotent
radical NI and a Levi subgroup LI = ZG(AI). Moreover, A < Z(LI) since AI < A. It is not
hard to construct a θ-stable subgroupMI of LI such that LI = A×MI (inner direct product).[7]

Then we have the following real Langlands decomposition based at x0 ∈ X+

PI(R)+ = NI(R)AI(R)+MI(R) ≃ NI(R)×AI(R)+ ×MI(R) (4.5.2)

where the first equality is as groups, and the second isomorphism is in the category of real
algebraic manifolds (the inverse map is (n, a,m) 7→ nam).

We have more. The reductive subgroup MI is θ-stable, and thus KI,∞ := MI ∩ K∞ is
maximal compact in MI(R)+. So

XI :=MI(R)+/KI,∞ = PI(R)+/KI,∞AI(R)+NI(R) (4.5.3)

is a symmetric space, called the boundary symmetric space associated with PI . Notice however
XI may not admit an MI(R)+-invariant complex structure.

Lemma 4.5.5. PI(R)+ acts transitively on X.

Proof. It is not hard to check that gR = n ⊕ a ⊕ k with n from (4.4.2). Thus G = NAK∞, which is
called the Iwasawa decomposition of G. On the other hand, n⊕ a ⊆ LiePI by construction of PI . Hence
NA ⊆ PI and we are done.

Thus X = PI(R)+x0, and by (4.5.2) and (4.5.3) (and nI ∩ k = 0) we then have the following
real horospherical decomposition based at x0 ∈ X

X ≃ NI(R)×AI(R)+ ×XI (4.5.4)

where the isomorphism is in the category of real algebraic manifolds.

General parabolic subgroups. Now let P be an arbitrary parabolic subgroup of G. By
Theorem 4.4.5, P is conjugate to a unique standard parabolic subgroup PI for some I ⊆ R∆.
But G = NAK∞ and NA ⊆ PI . So there exists k ∈ K∞ such that P = kPIk

−1. Define

NP := kNIk
−1 = Ru(P ), AP := kAIk

−1, MP := kMIk
−1.

Then both AP and MP are θ-stable, and LP := APMP is a Levi subgroup of P , and AP is an
R-split torus in P . We have the real Langlands decomposition (based at x0 ∈ X)

P (R)+ = NP (R)AP (R)+MP (R) ≃ NP (R)×AP (R)+ ×MP (R) (4.5.5)

which induces real horospherical decomposition (based at x0 ∈ X)

X ≃ NP (R)×AP (R)+ ×XP (4.5.6)

with XP :=MP (R)/(MP ∩K∞) called the boundary symmetric space associated with P .

[7]One can construct using Lie algebras: LieMI is the direct sum of LieZG(A) ∩ k,
∑

α′∈kΦI
g(α′) and the

(orthogonal) complement of LieAI in a.
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4.5.2 Horospherical decompositions over Q

Before the discussion over Q, let us state the following result.

Let A be a maximal Q-split torus in Gder. Then we obtain a relative root system QΦ :=
Φ(A,Gder) as below (4.4.1). Assign a subset QΦ

+ of positive roots and thus get a basis Q∆
of QΦ as below Lemma 4.3.7. Then we get a minimal parabolic subgroup P0 of Gder as below
(4.4.2). All standard parabolic subgroups (i.e. those containing P0) are of the form PI for some
I ⊆ Q∆, and every parabolic subgroup P of Gder is conjugate to a unique PI by some element
in Gder(Q); see Theorem 4.4.6. We have the unipotent radical NI of PI and a Levi subgroup

LI = ZGder(AI) with AI :=
(⋂

α′∈QΦI
Kerα′

)◦
< A. Moreover, AI is the maximal Q-split torus

in Z(LI). Notice that for PI = PI,R, our AI,R is a subgroup of the AI constructed in the real
case (which is the maximal R-split torus in Z(LI,R)) and is proper if rkQPI < rkRPI . So we need
to further decompose AI into the product of AI,R and an R-algebraic torus A⊥

I whose Q-rank is
0.[8] For this purpose, define MI :=

⋂
χKerχ2 where χ runs over all non-trivial LI → Gm. Then

MI is a reductive group with rkQZ(MI) = 0. Then we have LI = AIMI and AI = AI,RA
⊥
I .

Denote by ∆(AI ,PI) := Q∆ \ I.
For an arbitrary parabolic subgroup P of Gder, we can conjugate P to be a unique standard

parabolic subgroup PI . Then we obtain the unipotent radical NP of P, the Levi subgroup LP of
P, the maximal Q-split torus AP in Z(LP), and the subgroup MP =

⋂
χKerχ2 of LP. Denote

by P := PR, NP := NP,R, LP := LP,R,

AP := AP,R, MP := MP,R. (4.5.7)

Then we are in conformity with the notation in the real case, while AP is a subgroup of AP

which is proper if rkQP < rkRP. Denote by

∆(AP, P ) ⊆ X∗(AP) (4.5.8)

to be the conjugate of Q∆ \ I.
Now we have the rational Langlands decomposition of P

P (R)+ = NP (R)AP(R)+MP(R) ≃ NP (R)×AP(R)+ ×MP(R) (4.5.9)

where the second isomorphism is in the category of real algebraic manifolds.

To get the rational horospherical decomposition, we need to fix a point x0 ∈ X and the
associated Cartan involution θ on G, and require AP and MP to be θ-stable. To achieve this,
we can work with the Levi quotient P/NP instead of working with the Levi subgroup LP of P,
and then lift the resulting AP and MP to the R-Levi subgroup LP of P (the one constructed
in the real case) which is θ-stable. The resulting groups may not be Q-subgroups of P, but this
is enough for our purpose.

Remark 4.5.6. In fact, it is known that for any P, there exists a base point x1 ∈ X such that
they are still defined over Q.

Let K∞ := StabG(R)+(x0). ThenMP∩K∞ is maximal compact inMP(R)+ by the θ-stability
of MP. Now (4.5.5) induces the rational horospherical decomposition of X = P (R)+x0

X ≃ NP (R)×AP(R)+ ×XP (4.5.10)

[8]That is, there is no non-trivial subgroup of A⊥
I < G = Gder

R which is defined over Q.
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with XP = MP(R)+/(MP ∩ K∞) called the boundary symmetric space associated with P.
Moreover, let A⊥

P be the orthogonal complement of AP,R in AP , i.e. A⊥
P is θ-stable with

AP (R)+ = AP(R)+ ×A⊥
P(R)+. Then

XP ≃ XP ×A⊥
P(R)+, AP (R)+ = AP(R)+ ×A⊥

P(R)+. (4.5.11)

While A⊥
P has Q-rank 0, taking the quotient by Γ will roll up the fact A⊥

P(R)+ into circles and
hence does not interfere with the compactification of Γ\X.

4.5.3 Siegel sets

Let P be a parabolic subgroup of Gder. Continue to use the notation in the previous subsections.
For t > 0, define

AP,t := {a ∈ AP(R)+ : α′(a) ≥ t−1 for all α′ ∈ ∆(AP, P )} (4.5.12)

with ∆(AP, P ) defined by (4.5.8).

Definition 4.5.7. For any bounded sets U ⊆ NP (R) and V ⊆ XP, the subset

SP,U,V,t := U ×AP,t × V ⊆ NP (R)×AP(R)+ ×XP ≃ X

is called a Siegel set in X associated with P.

4.6 Analytic boundary components

In this section focus on our discussion over R instead of Q. The discussion over Q will be
executed in Chapter 6.

Let (G,X+) be a pair as in §2.3, i.e. G is a reductive group defined over R and X+ is a
G(R)+-orbit contained in Hom(S, G) satisfying conditions (i) and (ii) at the beginning of §2.3.[9]

To ease notation, we will replace G by Gder, so that G is from now on a semi-simple algebraic
group defined over R. We will also use X to denote X+. We have shown that X is a Hermitian
symmetric domain; see Theorem 2.3.1.

Denote by g = LieG.

It is known that under holomorphic isometry, X is isomorphic to an open bounded subset
D in the affine space CN where N = dimCX; we shall review this Harish–Chandra realization
later on at the end of §4.6.1. Let D be the closure of D in CN under the usual topology (we

sometimes denote it by X
BB

).

Definition 4.6.1. An analytic boundary component of X is an equivalence class in D
under the equivalence relation generated by x ∼ y if there exists a holomorphic map ρ : {z ∈ C :
|z| < 1} → CN such that x, y ∈ Im(ρ) ⊆ D.

Notice that D is a boundary component of X by definition. This definition generalizes the
case where X is the upper half plane, in view of the last sentence of §4.1.1.

It is clear that D is the disjoint union of its analytic boundary components. We shall prove:

[9]For our purpose, (G,X+) are obtained as follows. Let (G, X) be a Shimura datum. Decompose GR =
Z(G)RG1 · · ·Gk for simple R-groups G1, . . . , Gk, which induces a decomposition X+ ≃ X+

1 × · · · ×X+
k . Then we

can take our G to be Z(G)R
∏

j∈J Gj and our new X+ to be
∏

j∈J X+
j , for any subset J ⊆ {1, . . . , k}.
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Theorem 4.6.2. The action of G(R)+ on X ≃ D extends to D. For any analytic boundary
component F ̸= X of X, its normalizer

N(F ) := {g ∈ G(R)+ : gF = F}

is a proper parabolic subgroup of the Lie group G(R)+, which means that it equals PF (R)∩G(R)+
for a parabolic subgroup PF of G.

Morever if X is irreducible as a Hermitian symmetric domain, then PF is maximal proper
parabolic in G. And the association F 7→ PF defines a bijection between the set of analytic
boundary components of X and the set of proper maximal parabolic subgroups of G.

In the statement, X is irreducible as a Hermitian symmetric domain if and only if X cannot
be written as the product of two non-trivial Hermitian symmetric domains, or equivalently G is
a simple group. [10]

In fact, we will prove a more precise version of Theorem 4.6.2, describing how PF is con-
structed in terms of the root systems. Moreover, we will prove that the analytic boundary
component F can be identified with the boundary symmetric space (defined below the real
horospherical decomposition (4.5.6)) associated with some parabolic subgroup P ′

F , and explain
the relation of PF and P ′

F .
Before moving on, let us make the following very brief discussion over Q; more details will

be given in Chapter 6. Let us temporarily go back to our pair (G,X+) at the beginning of this
section (i.e. the pair from §2.3).

Definition 4.6.3. Assume there exists a Shimura datum (G, X) such that G = GR and that
X+ is a connected component of X. Then an analytic boundary component F of X+ is called
rational if the parabolic subgroup PF is defined over Q.

As hinted by Theorem 4.5.2, only the rational analytic boundary components should account
for the compactification of Γ\X. We will focus on the discussion of any analytic boundary
component in this section, while in the end give a characterization of which ones are rational.

4.6.1 Complex structure on X and the Harish–Chandra realization

Take x0 ∈ X which corresponds to h0 : S → G, and let θ = h0(
√
−1) be the Cartan involution

on G given by condition (ii) at the beginning of §2.3. We thus have the Cartan decomposition
(2.3.2)

g = k⊕m (4.6.1)

with k (resp. m) be the eigenspace for 1 (resp. for −1). Notice that [k, k] ⊆ k, [k,m] ⊆ m, and
[m,m] ⊆ k by looking at the eigenvalues.

Then K∞ := exp(k) is a maximal compact subgroup of G(R)+ by Lemma 2.3.2, and the real
tangent space of X at x0, denoted by TRX, can be identified as m.

The element J := h0(e
π
√
−1/4) satisfies J2 = 1. The action of J onX induces a decomposition

of mC = TRX ⊗R C
mC = m+ ⊕m− (4.6.2)

where J acts by multiplication by
√
−1 on m+ and by −

√
−1 on m−. Thus the holomorphic

tangent space of X at x0 can be identified with m+. Moreover, as J acts on TRX = m, we have
J ∈ exp(k) = K∞, and thus J ∈ Z(K∞).

[10]In general, X ≃ X1 × · · · × Xn decomposes into the product of irreducible Hermitian symmetric domains,
and analytic boundary components of X are precisely the products of the analytic boundary components of the
Xj ’s. Then one can also obtain a description of the bijective association F 7→ PF .
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Let us recall the Harish–Chandra realization/embedding D of X in Theorem 2.3.5. We only
need a brief version: We can identifyX with an open bounded subset D of m+. The identification
X ≃ D is called the Harish–Chandra realization and the inclusion D ⊆ m+ is called the Harish–
Chandra embedding. Moreover, it is known that there exists an open holomorphic map m+ → X∨

which embeds m+ as an open subset (in the usual topology) of the complex algebraic variety
X∨. So we can summarize into:

X ≃ D ⊆ m+ ⊆ X∨. (4.6.3)

Example 4.6.4. In the Siegel case (GSp2d,H
±
d ) and the base point x0 =

√
−1I2d, we have

K∞ = U(d) = O(2d) ∩ Sp2d (and G = Sp2d). In this case, m+ ≃ {τ ∈ Matd×d(C) : τ = τ t},
and the Harish–Chandra realization is Dd := {Z ∈ Matd×d(C) : Z = Zt and Id−ZZ > 0} as in
Example 2.3.6.

4.6.2 Complex roots and the Polydisc Theorem

Let T be a maximal torus of G contained in K∞. Consider the root system Φ := Φ(T,GC). We
have the root decomposition

gC = tC ⊕
⊕
α∈Φ

gα

with each gα having dimension 1.

We say that a root α is compact (resp. non-compact) if gα ⊆ kC (resp. if gα ⊆ mC). Let
ΦK be the set of compact roots and ΦM be the set of non-compact roots. One can check that
Φ = ΦK ∪ ΦM .

Lemma 4.6.5. There exists a choice of positive roots Φ+ such that

m+ =
⊕

α∈Φ+∩ΦM

gα.

The proof uses the complex structure on X, or more precisely the action of J on mC. One
can show that Jgα = gα for any non-compact root α.

Definition 4.6.6. Two roots α, β ∈ Φ are called strongly orthogonal if α± β are not roots.

From now on, we fix a maximal subset of strongly orthogonal roots in Φ+ ∩ ΦM , maximal
under inclusions

Ψ = {α1, . . . , αr}. (4.6.4)

This can be done be choosing successively the lowest positive root.

For each α ∈ Ψ, choose a non-zero eα ∈ gα and set e−α to be the complex conjugation on
gC = g⊗R C of eα. Then e−α ∈ g−α, and hα :=

√
−1[eα, e−α] ∈ t ⊆ k and is non-zero. Set

gC[α] := Chα + gα + g−α = Chα + Ceα + Ce−α. (4.6.5)

Then gC[α] ≃ sl2,C, since [hα, eα] = α(exp(hα))eα and [hα, e−α] = −α(exp(hα))e−α are both
non-zero. Hence

g[α] := gC[α] ∩ g = Rhα + Rxα + Ryα ≃ sl2,R

where xα := eα + e−α and yα :=
√
−1(eα − e−α). Notice that Jxα = yα and Jyα = −xα by

Lemma 4.6.5, and {xα, yα : α ∈ Φ+ ∩ ΦM} is an R-basis of m.

For each α ∈ Ψ, let G[α] be the subgroup of G such that LieG[α] = g[α]. Let G[Ψ] be the
subgroup of G with LieG[Ψ] =

∑
α∈Ψ g[α].
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Theorem 4.6.7 (Polydisc Theorem). The orbit G[Ψ](R)+x0 ⊆ X is a totally geodesic subman-
ifold which is isomorphic to a Poincaré polydisc Dr, and X =

⋃
k∈K∞

k ·Dr.[11]

Recall that g[α] ≃ sl2,R for all α ∈ Ψ. Hence the inclusion G[Ψ](R)+x0 ⊆ X is induced by a
morphism

φ : SL2(R)r → G(R). (4.6.6)

By general theory on holomorphic maps between bounded symmetric domains, φ is the second

factor of a morphism φ̃ : U(1)×SL2(R)r → G(R) satisfying:
(
e
√
−1θ,

[
cos θ sin θ
− sin θ cos θ

]
, · · · ,

[
cos θ sin θ
− sin θ cos θ

])
7→

h0(e
√
−1θ).

The Polydisc Theorem is a key step in the proof of the Harish–Chandra embedding. To
study boundary components, we need to have a finer statement. Let S ⊆ {1, . . . , r} be a subset,
and let G[S] be the subgroup of G with LieG[S] =

∑
j∈S g[αj ]; in particular G[S] = G[Ψ] for

S = {1, . . . , r}. Then the orbit G[S](R)+x0 ⊆ X is still totally geodesic in X and is isomorphic
to D|S|. We have the following compatibility:

Theorem 4.6.8. For each j ∈ {1, . . . , r}, the image of G[j](R)+x0 ⊆ X under the Harish–
Chandra embedding is the open unit disc Dj in Ceαj ⊆ m+ (with 1 ∈ Dj corresponding to eαj ).
The image of G[S](R)+x0 ⊆ X under the Harish–Chandra embedding is the open unit polydisc∏

j∈S Dj in
∏

j∈S Ceαj ⊆ m+.

We finish this subsection by the example of the Siegel case.

Example 4.6.9. In the Siegel case (GSp2d,H
±
d ) and the base point x0 =

√
−1I2d, we have

K∞ = U(d) = O(2d) ∩ Sp2d (and G = Sp2d). Our maximal torus is not the usual one, but is

T =


bdiag(t1, . . . , td) :=



cos t1 sin t1
. . .

. . .

cos td sin td
− sin t1 cos t1

. . .
. . .

− sin td cos td


: t1, . . . , td ∈ R


.

Let λj ∈ X∗(T ) be bdiag(t1, . . . , td) 7→ e
√
−1tj . Then Φ = {±

√
−1(λi + λj) : 1 ≤ i ≤ j ≤

d} ∪ {±
√
−1(λi − λj) : 1 ≤ i < j ≤ d} and ΦM ∩ Φ+ = {

√
−1(λi + λj) : 1 ≤ i ≤ j ≤ d}. The

basis for this choice of Φ+ is {
√
−1(λi − λi+1) : 1 ≤ i ≤ d− 1} ∪ {2

√
−1λd}.

The set Ψ is {αj := 2
√
−1λj : 1 ≤ j ≤ d} (so r = d). Then the corresponding normalized

eαj , hαj , xαj , yαj are:

1

2

[
1j,j

√
−1d+j,j√

−1j,d+j −1g+j,g+j

]
,

[
0 −

√
−1d+j,j√

−1j,d+j 0

]
,

[
1j,j 0
0 −1g+j,g+j

]
,

[
0 −1d+j,j

−1j,d+j 0

]
.

Here for a number s, we use si,j to denote the matrix with the (i, j)-entry being s and all the
rest being 0.

[11]The Poincaré unit disc D is {z ∈ C : |z| < 1} endowed with the hyperbolic metric, and Dr is the r-copy of D.
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The extension U(1)× SL2(R)d → G(R) of the morphism φ from (4.6.6) is:

(
u,

[
a1 b1
c1 s1

]
, · · · ,

[
ad bd
cd sd

])
7→



a1 b1
. . .

. . .

ad bd
c1 s1

. . .
. . .

cd sd


.

4.6.3 Real roots and Cayley transformation

Next we need to study a relative root system over R, for which we need to take a maximal
R-split torus A in G. Our construction is as follows. Recall Ψ = {α1, . . . , αr} from (4.6.4) is the
maximal subset of strongly orthogonal roots in Φ+ ∩ΦM . By definition of strong orthogonality,
the sum

a :=
∑
α∈Ψ

Rxα, (4.6.7)

with xα as below (4.6.5), is commutative, and hence is a Lie subalgebra. In fact we have more:

Proposition 4.6.10. a is a maximal abelian subalgebra of g contained in m.

Thus by Theorem 4.5.3, there exists a maximal R-split tours A in G with LieA = a, and
hence we have the relative root system RΦ := Φ(A,G).

Example 4.6.11. In the Siegel case, A is the standard torus {diag(t1, . . . , td, t−1
1 , . . . , t−1

d ) :
t1, . . . , td ∈ R×}.

We wish to use the root system Φ constructed in §4.6.2 to study RΦ. For this purpose, we
need to conjugate the maximal torus T in §4.6.2, which is contained in K∞, to a maximal torus
which contains A. For this purpose, it suffices to find an abelian Lie subalgebra a′ in t ⊆ k which
is a conjugate of a. This is the Cayley transformation which we introduce now.

Let hα ∈ t ⊆ k be as above (4.6.5). Define

a′ :=
∑
α∈Ψ

Rhα ⊆ t. (4.6.8)

For each α ∈ Ψ, set Cα := exp(π
√
−1yα/4) ∈ G(C).[12] Then Ad(Cα)hα = [π

√
−1yα/4, hα] ∈

Rxα ⊆ a. The Cayley transformation is defined to be:

Ad(CΨ) : a
′ ∼−→ a, with CΨ =

∏
α∈Ψ

Cα. (4.6.9)

In terms of the morphism φ : SL2(R)r → G(R) from (4.6.6) based changed to C,

CΨ = φ

(
· · · , 1√

2

[
1

√
−1√

−1 1

]
, · · ·

)
. (4.6.10)

Now, a′ gives rise to an R-split torus A′ with LieA′ = a′, and the relative root system Φ(A′, G)
is exactly Int(CΨ)

∗
RΦ. Since A

′ < T for the maximal torus T in §4.6.2, we can directly compare

[12]Notice that our yα is well-defined up to scalar. We usually take a normalization in the definition of eα and
hα, and hence xα and yα. Then the resulting CΨ will be as in (4.6.10).
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Φ = Φ(T,G) and Int(CΨ)
∗
RΦ = Φ′(A,G). More precisely, we can regroup the eigenspace

decomposition gC = tC ⊕
⊕

α∈Φ gα to be:

gC = gA
′

C ⊕
∑

α′∈Φ′(A,G)

gα′ (4.6.11)

with gA
′

C = a′C⊕
∑

β∼0 gβ and gα′ =
∑

β∈Φ, β∼α′ gβ. Here, the equivalence ∼ on Φ is defined by:
β1 ∼ β2 if and only if β1|A′ = β2|A′ . This decomposition is defined over R because A′ is R-split.
Applying the Cayley transformation to (4.6.11), we get the eigenspace decomposition

g = gA ⊕
∑
φ∈RΦ

gφ (4.6.12)

with each gφ being a suitable Ad-conjugate of a suitable gα′ above.
Finally each αj ∈ Ψ defines a character αj |A′ ∈ X∗(A′), and hence a character γj ∈ X∗(A)

via the Cayley transformation. We thus have the following set

RΨ := {γ1, . . . , γr}. (4.6.13)

Since Ψ ⊆ Φ, we have RΨ ⊆ RΦ. In general, we have the following proposition, which is a
consequence of the classification of (real) representations of U(1) × SL2(R)r by analyzing the
action of Weyl groups.

Proposition 4.6.12. Assume X is irreducible as a Hermitian symmetric domain, i.e. X cannot
be written as the product of two non-trivial Hermitian symmetric domains (equivalently, G is a
simple group). Then one of the following possibilities occurs:

- (Type Cr) RΦ = {±1
2(γi + γj) for i ≥ j, ±1

2(γi − γj) for i > j}.

- (Type BCr) RΦ = {±1
2(γi + γj) for i ≥ j, ±1

2(γi − γj) for i > j, ±1
2γi}.

If we order the roots such that γ1 > . . . > γr, then the set of simple roots is:

- (Type Cr) R∆ = {µ1 := 1
2(γ1 − γ2), . . . , µr−1 :=

1
2(γr−1 − γr), µr := γr}.

- (Type BCr) R∆ = {µ1 := 1
2(γ1 − γ2), . . . , µr−1 :=

1
2(γr−1 − γr), µr := 1

2γr}.

In each case, the simple root µr is called the distinguished root, and is the longest (resp.
shortest) simple root in Type Cr (resp. Type BCr).

Example 4.6.13. In the Siegel case, γj : A→ R× is diag(t1, . . . , td, t
−1
1 , . . . , t−1

d ) 7→ t2j , and we
are of Type Cd.

4.6.4 Standard form of analytic boundary components

Recall the maximal subset of strongly orthogonal roots Ψ = {α1, . . . , αr} of Φ, and the induced
subset RΨ = {γ1, . . . , γr} of RΦ.

For any S ⊆ {1, . . . , r}, define the Lie subalgebra

lS :=
∑
φ∈RΦ

φ is a linear combination of γj with j ̸∈S

(gφ + [gφ, g−φ]) (4.6.14)

of g, with each gφ the eigenspace of φ for the adjoint action of A on g; see (4.6.12).
Let LS be the subgroup of G with LieLS = lS . Denote by m+

S := m+ ∩ lS .
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Proposition 4.6.14. LS is a semi-simple subgroup of G without compact factors, and

XS := LS(R)+x0 ≃ LS(R)+/(LS(R) ∩K∞)

is a sub-Hermitian symmetric domain in X.
Moreover, for the Harish–Chandra realizations D of X and DS of XS (see (4.6.3)), we have

the following equivariant diagram of symmetric holomorphic maps

D|S| ×DS
f1 //

⊆
��

D

⊆
��

C|S| ×m+
S

f2 //

⊆
��

m+

⊆
��

(P1)|S| ×X∨
S

f3 // X∨

(4.6.15)

where D = {z ∈ C : |z| < 1} is the Poincaré unit disc.

Here the map f1 arises from the Polydisc Theorem as follows. We have a geodesic embedding
Dr → D, which can be written as D|S| × D|{1,...,r}\S| → D. Now D = K∞ · Dr and DS =
(LS(R) ∩K∞) ·D|{1,...,r}\S|, and thus we obtain f1.

Proof. We have the following decomposition of lS,C in terms of the complex roots in Φ by (4.6.11)
and (4.6.12):

lS,C :=
∑

α∈Φ, α ̸∼0
α∼

∑
j ̸∈S ajαj

(gα + [gα, g−α]);

see below (4.6.11) for the definition of ∼. Hence lS,C is stable under Adh0(e
√
−1θ), and so

(a) lS = (k ∩ lS)⊕ (m ∩ lS),

(b) mC ∩ lS,C = m+
S ⊕m−

S with m−
S := m− ∩ lS,C.

Hence LS is a reductive group and XS is a sub-Hermitian symmetric domain of X. Better,
LS is semi-simple without compact factors because it is generated by unipotent elements; see
Theorem 4.3.2.(3.a).

For the “Moreover” part, notice that LS commutes with (modulo center) the subgroup
φ(

∏
j∈S SL2(R)) for the morphism φ from (4.6.6); this is an immediate consequence of the

construction of lS . Hence we are done.

We state the following theorem without proof. The proof needs the Hermann convexity
theorem.

Theorem 4.6.15. The analytic boundary components of X defined in Definition 4.6.1 are pre-
cisely the sets the form k · FS, where k ∈ K∞, S ⊆ {1, . . . , r}, and

FS := f2 ((1, . . . , 1)×DS) ⊆ m+

with f2 from (4.6.15).

Two other ways to write FS are given by (4.6.16) and, in terms of partial Cayley transfor-
mations, by (4.6.17) respectively.
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Example 4.6.16. In the Siegel case, r = d. Take the subset S = {d′ + 1, . . . , d} ⊆ {1, . . . , d};
then |S| = d− d′. In this case we have

LS =



A′ 0 B′ 0
0 Id−d′ 0 0
C ′ 0 D′ 0
0 0 0 Id−d′

 :

[
A′ B′

C ′ D′

]
∈ Sp2d′,R

 ≃ Sp2d′,R,

and XS ≃ Hd′ with Harish–Chandra realization being Dd′. Under the natural identifications
m+ ≃ {Z ∈ Matd×d(C) : Z = Zt} and m+

S ≃ {Z ′ ∈ Matd′×d′(C) : Z ′ = (Z ′)t}, the holomorphic
map f2 is (

(ad′+1, . . . , ad), Z
′) 7→ diag(Z ′, ad′+1, . . . , ad).

Hence in this case, we have

FS =

{[
Z ′ 0
0 Id−d′

]
: Z ′ ∈ Dd′

}
.

Before moving on, let us see a corollary of Theorem 4.6.15. The proof presents an application of the
construction of FS in Theorem 4.6.15, and given another way (4.6.16) to write FS .

Corollary 4.6.17. An analytic component of an analytic component of X is an analytic component of
X.

Proof. Let D1 be an analytic component of X. Theorem 4.6.15 implies that D1 = k ·FS for some k ∈ K∞
and S ⊆ {1, . . . , r}. By Theorem 4.6.8, we have

FS =
∑
j∈S

eαj
+DS . (4.6.16)

Let D2 be an analytic component of D1. Then D2 = k ·
(∑

j∈S eαj
+D′

2

)
for some analytic component

D′
2 of DS . Theorem 4.6.15 implies that D′

2 = k′ ·
(∑

i∈S′ eαj +DS∪S′
)
for some k′ ∈ LS ∩ K∞ and

S′ ⊆ {1, . . . , r} \ S. So

D2 = kk′

 ∑
j∈S∪S′

eαj
+DS∪S′

 = kk′ · f2 ((1, . . . , 1)×DS∪S′) = kk′ · FS∪S′

which by Theorem 4.6.15 is an analytic component of X.

4.6.5 Analytic boundary components and maximal parabolic subgroups

From now on, assume that X is irreducible as a Hermitian symmetric domain, i.e. X cannot
be written as the product of two non-trivial Hermitian symmetric domains. Equivalently, G is
a simple group.

Now let S ⊆ {1, . . . , r} be a subset. Recall the set of simple roots R∆ = {µ1, . . . , µr} from
Proposition 4.6.12, with µr being the distinguished root. Then R∆ gives rise to a minimal
parabolic subgroup P0 of G as below (4.4.2). Denote by IS := {µj : j ̸∈ S}. Then we have
a standard parabolic subgroup PIS of G (i.e. a parabolic subgroup containing P0) defined in

Theorem 4.4.6. It has unipotent radical NIS , maximal R-split torus AIS :=
(⋂

j ̸∈S Kerµj

)◦
, and

Levi subgroup LIS = ZG(AIS ).

Proposition 4.6.18. The analytic boundary component FS can be identified with the boundary
symmetric space XPIS

associated with the parabolic subgroup PIS .
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See (4.5.3) and below (4.5.6) for the definition of XPIS
.

Proof. We shall use the Polydisc Theorem (Theorem 4.6.7) and its refinement Theorem 4.6.8,
for which we need to go back to the complex roots.

Recall the maximal subset of strongly orthogonal roots Ψ = {α1, . . . , αr} from (4.6.4). Then
the polydisc is G[Ψ](R)+x0 ⊆ X, with LieG[Ψ] =

∑r
j=1 g[αj ] ≃ sl⊕r

2,R. For the maximal abelian
Lie subalgebra a =

∑r
j=1Rxαj ⊆ m from (4.6.7) and the corresponding maximal R-split torus

A, we have A < G[Ψ] since a ⊆ LieG[Ψ]. Hence A(R)+x0 ⊆ G[Ψ](R)+x0. A refinement of the
Cartan decomposition says that G = K∞AK∞ (more precisely, m =

⋃
k∈K∞

Ad(k)(a)). Hence
X =

⋃
k∈K∞

k ·A(R)+x0, which in fact improves the last sentence of Theorem 4.6.7. In view of
G[Ψ](R)+x0 ≃ Dr, the subset A(R)+x0 can be identified with (−1, 1)r and the multiplication
by elements in Z(K∞) correspond to rotations.

Denote by Sc := {1, . . . , r} \ S. The discussion generalizes to Sc ⊆ {1, . . . , r}. We have
the partial polydisc G[Sc](R)+x0 ⊆ X, with LieG[Sc] =

∑
j ̸∈S g[αj ]. For the sub-Hermitian

symmetric domain XS defined in Proposition 4.6.14, it is not hard to see that G[Sc](R)+x0
is a maximal polydisc in XS by Theorem 4.6.8. We also have an abelian Lie subalgebra
aSc :=

∑
j ̸∈S Rxαj ⊆ m, which defines an R-split torus ASc in G[S]. Moreover similar to

Proposition 4.6.10, ASc is a maximal R-split torus in LS . So XS =
⋃

k∈LS∩K∞
k ·ASc(R)+x0 as

in the last paragraph.

Next we turn to the Langlands decomposition PIS (R)+ ≃ NIS (R)×AIS (R)+×MIS (R) (4.5.2).
Both ASc and AIS are subgroups of A, so ASc < ZG(AIS ) = LIS = AISMIS . But ASc∩AIS = {1}
by definition, so ASc < MIS . Thus ASc(R)+x0 is a subset of XIS = MIS (R)+/KIS ,∞ with
KIS ,∞ := MIS ∩K∞. Moreover, ASc is a maximal R-split torus in MIS by reason of rank, and
ASc(R) ∩ KIS ,∞ = {1}. So the refined Cartan decomposition for MIS (recall that MIS < LIS

is chosen to be invariant under the Cartan involution) implies that MIS = KIS ,∞AScKIS ,∞ as
before. Hence XIS =

⋃
k∈KIS,∞

k ·ASc(R)+x0.
Now we are done by the conclusions of the previous two paragraphs, since FS is a suitable

translate of XS .

In fact we can be more precise on this translate. More precisely we can write the ana-
lytic boundary component FS in terms of XS and the partial Cayley transformation defined
as follows. Let CSc :=

∏
j ̸∈S Cαj with Cαj defined above (4.6.9). Recall that Cαj is the im-

age of 1√
2

[
1

√
−1√

−1 1

]
under SL2(C)

ιj−→ SL2(C)r
φ−→ G(C), where ιj is the embedding as the

j-th component; see (4.6.10) for the notation and explanation. Moreover on the closed unit

disc D = {z ∈ C : |z| ≤ 1}, the matrix 1√
2

[
1

√
−1√

−1 1

]
sends 0 to 1 by the formula above

Lemma 4.1.1. So

FS = CSc ·XS . (4.6.17)

Theorem 4.6.19. Assume S = {1, . . . , ℓ}. Then N(FS) = PR∆\{µℓ}(R) ∩G(R)
+.

Say S = {1, . . . , ℓ}. Let IS = {µℓ+1, . . . , µr} and I ′S = {µ1, . . . , µℓ−1}. Then the boundary
symmetric space XPR∆\{µℓ}

can be decomposed as XPIS
×XPI′

S

, and XPIS
is isomorphic to FS

(hence is complex) by Proposition 4.6.18. This decomposition is also related to (4.6.19).

Proof of Theorem 4.6.2 from Theorem 4.6.19. It is easy to reduce Theorem 4.6.2 to the case
where X is irreducible. Next by Theorem 4.6.15, we may assume that the analytic boundary
component is FS for some subset S ⊆ {1, . . . , r}.
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Now S defines a subset JS := {γj : j ∈ S} of RΨ = {γ1, . . . , γr} defined in (4.6.13). By
Proposition 4.6.12, the Weyl group W (RΦ) contains all the signed permutations of the roots
in RΨ. So there exists an element w ∈ W (RΦ) such that w(JS) = {γ1, . . . , γℓ} for some ℓ.
Thus we may and do assume S = {1, . . . , ℓ}. Now the conclusion follows immediately from
Theorem 4.6.19, because PR∆\{µℓ} is a maximal proper parabolic subgroup of G.

Proof of Theorem 4.6.19. We start by showing that

PR∆\{µℓ}(R) ∩G(R)
+ ⊆ N(FS). (4.6.18)

Let g ∈ PR∆\{µℓ}(R) ∩ G(R)+. Then g sends FS to an analytic boundary component, which must be
either FS or disjoint from FS . By (4.6.17), it suffices to show that g · (CSc · x0) ∈ CSc(X∨

S ), which itself
is equivalent to (C−1

Sc gCSc) · x0 ∈ X∨
S . Thus it suffices to show

C−1
Sc gCSc ∈ LS,CK∞,C exp(m−).

Now consider P ′ := C−1
Sc (PR∆\{µℓ})CCSc = Int(CSc)−1(PR∆\{µℓ})C, which is a subgroup of GC. Our goal

is to prove that
P ′ < LS,CK∞,C exp(m−).

For this purpose, let us compute LieP ′. We start with writing LiePR∆\{µℓ} as above and in Theorem 4.4.6.
Then using the Cayley transformation Ad(CSc) and by (4.6.11) and (4.6.12), we have the following
decomposition of LieP ′ into weight spaces of roots in Φ = Φ(T,GC) (together with tC)

LieP ′ = tC ⊕
∑

α∼
±αi±αj

2 or
±αi
2

i,j ̸∈S

gα ⊕
∑

α∼
−αi−αj

2 or
−αi
2

i∈S

gα ⊕
∑

α∼
−αi+αj

2
i∈S

gα ⊕
∑
α∼0

gα.

Again, the equivalence relation ∼ on Φ is defined by: β1 ∼ β2 if and only if β1|A′ = β2|A′ .
Now t ⊆ k by choice of T , the second term generates lS,C, the third term is in m−, and the fourth

and fifth terms are in kC. Now the first, third, and fourth terms together generate a normal subgroup
which is contained in K∞,C exp(m−). Hence the first four terms generate a normal subgroup contained
in LS,CK∞,C exp(m−). Hence P ′ < LS,CK∞,C exp(m−)K∞,C = LS,CK∞,C exp(m−). This establishes
(4.6.18).

Now that
PR∆\{µℓ}(R) ∩G(R)

+ ⊆ N(FS) ⊊ G(R)+

and PR∆\{µℓ} is a maximal proper parabolic subgroup of G by Theorem 4.4.6, we have PR∆\{µℓ}(R)+ =
N(FS)

+. Hence N(FS) normalizes LieN(FS) = LiePR∆\{µℓ}. Chevalley’s Theorem (parabolic subgroups
are always connected) says that the normalizer of Lie(PR∆\{µℓ})C in GC is precisely (PR∆\{µℓ})C. So
N(FS) ⊆ G(R)+ ∩ (PR∆\{µℓ})C = PR∆\{µℓ}(R) ∩G(R)+. Now we are done.

Now let us return to any X (not necessarily irreducible). Let F = k · FS be an analytic
boundary component of X, and let N(F ) = {g ∈ G(R)+ : gF = F} be its normalizer, which by
Theorem 4.6.2 equals PF (R)∩G(R)+ for a parabolic subgroup PF of G. We have the following
subgroups of PF = kPFS

k−1:

• W (F ) := Ru(PF ).

• L(F ) which is the Levi subgroup of PF obtained as follows: Theorem 4.6.19 gives the
construction of PFS

in terms of the relative root system, and hence a Levi subgroup L(FS)
of PFS

as in Theorem 4.4.6; now L(F ) = kL(FS)k
−1.

• Gh(F ) := kLSk
−1 which is a subgroup of a suitable Levi subgroup of PF .

• Gl(F ) which is a reductive subgroup of L(F ) with no compact factors,
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• M(F ) which is a compact reductive subgroup of L(F ),

such that L(F ) = Gh(F ) ·Gl(F ) ·M(F ) and L(F )ad = Gh(F )
ad ×Gl(F )

ad ×M(F )ad. One can
easily check that

{g ∈ G(R)+ : gx = x for all x ∈ F} =W (F )⋊ (Gl(F ) ·M(F )). (4.6.19)

Example 4.6.20. In the Siegel case, r = d. Take S = {1, . . . , d′} ⊆ {1, . . . , d}. Then

PF =



A′ 0 B′ ∗
∗ u ∗ ∗
C ′ 0 D′ ∗
0 0 0 (ut)−1

 ∈ G :

[
A′ B′

C ′ D′

]
∈ Sp2d′,R, u ∈ GLd−d′,R

 ,

W (F ) =



Id′ 0 0 n
mt Id−d′ nt b
0 0 Id′ −m
0 0 0 Id−d′

 : ntm+ b = mtn+ bt

 ,

Gh(F ) =



A′ 0 B′ 0
0 Id−d′ 0 0
C ′ 0 D′ 0
0 0 0 Id−d′

 :

[
A′ B′

C ′ D′

]
∈ Sp2d′,R

 ≃ Sp2d′,R,

Gl(F ) =



Id′ 0 0 0
0 u 0 0
0 0 Id′ 0
0 0 0 (ut)−1

 : u ∈ GLd−d′,R

 ≃ GLd−d′,R,

M(F ) = {±I2d}.

4.6.6 Some other remarks

The analytic boundary components are closely related to the Polydisc Theorem, since in (4.6.15) (1, . . . , 1) ∈
C|S| ⊆ (P1)|S| is a point on the boundary of the polydisc D|S| ⊆ (P1)|S|. Thus one can also recover infor-
mation of analytic boundary components in terms of the polydisc Hr ≃ Dr ⊆ X and the corresponding
homomorphism φ : SL2(R)r → G in (4.6.6).

More precisely , for every analytic boundary component F = kFS , there are holomorphic symmetric
maps

H
fF //

⊆
��

D
⊆
��

P1 fF // X∨

such that fF (
√
−1) = x0 and fF (∞) ∈ F , and equivariant with respect to a homomorphism

φF : SL2(R)→ G (stronger, φ̃F : U(1)× SL2(R)→ G).

This homomorphism φF (resp. φ̃F ) is defined using the Polydisc Theorem, or more precisely the map
φ (resp. and its extension φ̃) from (4.6.6) and below. Indeed, when F = FS , then φFS

(resp. φ̃FS
) is

precisely

φFS
: g 7→ φ(· · · , 1, · · ·︸ ︷︷ ︸

j ̸∈S

, · · · , g, · · ·︸ ︷︷ ︸
j∈S

), (resp. φ̃FS
: (e

√
−1θ, g) 7→ φ̃(· · · , e

√
−1θ, · · ·︸ ︷︷ ︸

j ̸∈S

, · · · , g, · · ·︸ ︷︷ ︸
j∈S

)).

And in terms of Theorem 4.2.5, PF is defined by the cocharacter λF : Gm,R → G, t 7→ φF

([
t 0
0 t−1

])
.

This is easy to check with the computation in the proof of Theorem 4.6.19. Then F is a rational analytic
boundary component if and only if λF is defined over Q.
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Chapter 5

(Reductive) Borel–Serre
compactification

Let (G, X) be a Shimura datum. By abuse of notation use X to denote a connected component.
Let Γ < G(Q) be an arithmetic subgroup.

Throughout the whole chapter, P will denote a proper parabolic subgroup of Gder.

5.1 General discussion on compactifications of Γ\X

5.1.1 General philosophy of compactifying Γ\X

In general, here is what we get a compactification of Γ\X in the following steps:

(i) Consider a certain set of proper rational parabolic subgroups of Gder. To each such P, we
associate a boundary component e(P). Set X∗ := X ⊔

⊔
e(P).

(ii) Extend the action of Γ on X to X∗.

(iii) Endow a nice topology on X∗ (often called the Satake topology), such that the action of Γ
on X∗ is continuous and proper[1] and that Γ\X∗ is Hausdorff and compact.

In practice, Siegel sets play a crucial role in defining the topology on X∗ and in showing the
compactness of Γ\X∗. Let us review its definition in the next subsection.

5.1.2 Revision on the rational symmetric spaces and Siegel sets

Recall the rational Langlands decomposition of P from (4.5.9)

P (R)+ ≃ NP (R)×AP(R)+ ×MP(R)

and the induced rational horospherical decomposition (4.5.10)

h : X ≃ NP (R)×AP(R)+ ×XP

with the rational boundary symmetric space

XP =MP(R)+/(MP ∩K∞).

[1]Namely, any x ∈ X∗ has an open neighborhood W such that {γ ∈ Γ : γW ∩W ̸= ∅} is a finite set.

65
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Let ∆(AP, P ) = {α1, . . . , αr} be the subset of simple roots defined as in (4.5.8); they are
characters of a maximal Q-split torus AP contained in P. Then we have an isomorphism

AP(R)+
∼−→ Rr

>0, a 7→ (α1(a)
−1, . . . , αr(a)

−1). (5.1.1)

A Siegel set in X associated with P is of the form

ΣP,U,t,V := h−1(U ×AP,t × V ) ⊆ X (5.1.2)

with U ⊆ NP (R) and V ⊆ XP bounded and

AP,t := {a ∈ AP(R)+ : α(a)−1 ≤ t, ∀α ∈ ∆(AP, P )}.

IfP < Q are parabolic subgroups ofGder, then AP > AQ. Moreover, it can be shown that the
followings are equivalent: (i)XP is compact, (ii)MP has Q-rank 0, (iii) P is minimal parabolic in
Gder. Furthermore, reduction theory asserts the following: If P is a minimal parabolic subgroup
of Gder, then there exist a finite subset J ⊆ Gder(Q) and a Siegel set S := U × AP,t × V of P
such that

Σ := J ·S (5.1.3)

is a fundamental set for the Γ-action on X.

5.2 Borel–Serre compactification

5.2.1 Borel–Serre partial compactification: definition

For any P, define the Borel–Serre boundary component

e(P) := NP (R)×XP. (5.2.1)

Since NP is a normal subgroup of P , the boundary component e(P) ≃ P (R)+/AP(R)+(MP ∩
K∞) is then an NP (R)-principle bundle over the rational boundary symmetric space XP ≃
P (R)+/NP (R)AP(R)+(MP ∩K∞). Another visualization of e(P) is given in (5.2.8), where we
see that e(P) is in some way the quotient of X by AP(R)+.

The Borel–Serre partial compactification X
BS

is defined, as a set, to be

X
BS

:= X ∪
⊔
P

e(P). (5.2.2)

The extension of the Γ-action, or more generally the Gder(Q)-action, to X
BS

will be given in
(5.2.11).

Let us define the topology on X
BS

, for which we only need to define the neighborhoods of
the boundary points. For this purpose, we need to analyze boundary components e(Q) and e(P)
for two parabolic subgroups P < Q of Gder.

For the reductive subgroup MQ of Q, set P′ := P ∩MQ. Then P′ is a parabolic subgroup
of MQ such that, by looking at the root system construction,

MP′ = MP, AP = AQ ×AP′ , NP = NQ ⋊NP ′ . (5.2.3)

Thus the horospherical decomposition of XQ associated with P′ is

XQ ≃ NP ′(R)×AP′(R)+ ×XP′ = NP ′(R)×AP′(R)+ ×XP. (5.2.4)
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Next, we find another Q-split torus AP,Q of AP which is isomorphic to AP′ . We start with
the case where P is a standard parabolic subgroup. Namely, we fix a basis Q∆ of the relative
root system QΦ := Φ(A,Gder) for some maximal Q-split torus A in Gder, and then we obtain
a minimal parabolic subgroup P0 of Gder as below (4.4.2), and assume P = PI for some subset
I ⊆ Q∆ as in Theorem 4.4.6. SinceQ > P, we haveQ > P0 and henceQ = PJ for some J ⊆ Q∆
by Theorem 4.4.6, and it is clear that I ⊆ J . By Lemma 4.4.7, we have then AI > AJ . Better,

using definitions of AI and AJ we get that AI = AI,J ×AJ , with AI,J :=
(⋂

α′∈J\I Kerα′
)◦

.

Notice that in this case, ∆(AP, P ) = Q∆ \ I, and hence J \ I ⊆ ∆(AP, P ). In general, P is
conjugate to a unique PI , and then the conjugation of Q by the same element in Gder(Q) is
standard (i.e. contains P0), and hence Q = PJ for some J ⊆ Q∆. Let AP,Q < P be the suitable
conjugation of AI,J , and let IP,Q ⊆ ∆(AP, P ) be the suitable conjugation of J \I. Then we have
AP = AQ ×AP,Q. Thus AP′ ≃ AP,Q by the second equality in (5.2.3). So (5.2.4) becomes

XQ ≃ NP ′(R)×AP,Q(R)+ ×XP. (5.2.5)

Therefore by (5.2.3) and (5.2.5), we have

e(Q) = NQ ×XQ ≃ NP (R)×AP,Q(R)+ ×XP. (5.2.6)

Definition 5.2.1. The topology on X
BS

is defined as follows: (i) on X it is the natural one, (ii)
for each parabolic subgroup P of Gder, the neighborhoods of a point (n, z) ∈ e(P) = NP (R)×XP

is
⊔

Q>P U × AP,Q,t × V for all neighborhoods U of n in NP (R), all neighborhoods V of z in
XP, and all t > 0, with

AP,Q,t := {a ∈ AP,Q(R)+ : α(a)−1 < t, ∀α ∈ IP,Q}.

A better description is given in Corollary 5.2.4.

5.2.2 Borel–Serre partial compactification: corners and Hausdorff property

Recall the isomorphism AP(R)+ ≃ Rr
>0 from (5.1.1). Use AP to denote the closure of AP(R)+

in Rr under the natural inclusion Rr
>0 ⊆ Rr. The discussion on the topology of X

BS
in the

previous subsection yields easily the following results.

Lemma 5.2.2. We have a disjoint decomposition

AP = AP(R)+ ∪
⊔

Q>P

(AP,Q(R)+ × 0Q)

where 0Q is the origin of the real vector space Rr′ arising from AQ(R)+ ≃ Rr′
>0 ⊆ Rr′.

Proposition 5.2.3. The embedding NP (R) × AP(R)+ × XP ≃ X ⊆ X
BS

can be naturally

extended to an open embedding NP (R) × AP ×XP ↪→ X
BS

. Moreover, the image of NP (R) ×
AP ×XP in X

BS
is equal to the subset

X ∪
⊔

Q>P
e(Q) (5.2.7)

in X
BS

.
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We will call (5.2.7) the corner associated with P and denote it by X(P). Then we have

X(P) ≃ X×AP(R)+AP, e(P) = NP (R)×{(0, · · · , 0)}×XP, X(P) ≃ e(P)×[0,∞)r. (5.2.8)

Another corollary of Lemma 5.2.2 is the following description of neighborhood bases of points
in the boundaries.

Corollary 5.2.4. For any point (n, z) ∈ e(P) = NP (R) × XP, a neighborhood basis in X
BS

is given by U × AP,t × V ⊆ X(P), where n ∈ U, z ∈ V are bases of neighborhoods of n and z
respectively, and t > 0 with

AP,t := {a ∈ AP : α(a)−1 < t, ∀α ∈ ∆(AP, P )}.

This neighborhood basis is highly related to the Siegel sets (5.1.2). This relation is the key
to the proof of the following proposition.

Proposition 5.2.5. X
BS

is a Hausdorff space.

Proof. Take two distinct points y1, y2 ∈ X
BS \X, with yj ∈ e(Pj).

If P1 = P2, then e(P1) = e(P2) and clearly there are open neighborhoods of y1 and y2 which
are disjoint.

From now on assume P1 ̸= P2. Assume that y1 and y2 have open neighborhoods which are
non-disjoint. By Corollary 5.2.4, we may assume that the neighborhoods are U1 × AP1 ,t × V1
and U2 × AP2 ,t × V2 with t > 0. We may furthermore assume that U1, V1, U2, V2 are bounded.

Call the intersection W . Then W is open in Uj ×APj ,t
× Vj .

Because Uj×APj ,t×Vj is open and dense in Uj×APj ,t
×Vj , we have thatW∩(Uj×APj ,t×Vj)

is open and dense in W . So W ∩ (U1 ×AP1,t × V1) ∩ (U2 ×AP2,t × V2) is non-empty.
But P1 ̸= P2, so general theory of Siegel sets says that (U1×AP1,t×V1)∩(U2×AP2,t×V2) = ∅

for t≫ 1 (say t ≥ t0 for some fixed t0 ∈ R). Therefore by the previous paragraph, t < t0. Hence
we find open neighborhoods U1×AP1 ,t0

×V1 of y1 and U2×AP2 ,t0
×V2 of y2 which are disjoint.

We are done.

5.2.3 Extension of Gder(Q)-action

For any element γ ∈ Gder(C), write γ(·) for the conjugate γ(·)γ−1.
We start by explaining the action of P (R)+ on the boundary component e(P). Recall

P = NP ⋊ (APMP). Let p ∈ P (R)+, which decomposes into p = n0a0m0 with n0 ∈ NP (R),
a0 ∈ AP(R)+ and m0 ∈MP(R). Then for (n, z) ∈ e(P) = NP (R)×XP, set

p · (n, z) := (n0 · a0m0n,m0z) ∈ NP (R)×XP = e(P). (5.2.9)

We can rewrite this action in the following way. Instead of decomposing p = n0a0m0, we can
also decompose it into p = m′a′n′ with m′ ∈ MP(R), a′ ∈ AP(R)+ and n′ ∈ NP (R). Indeed
(since AP and MP commute), we can take m′ = m0, a

′ = a0, and n
′ = (a0m0)−1

n0. Then

p · (n, z) = (m
′a′(n′n),m′z). (5.2.10)

Next we extend this action to the action of Gder(Q) on X
BS

as follows. Let g ∈ Gder(Q) and
(n, z) ∈ e(P) = NP (R) ×XP. Then we can decompose g = kp for k ∈ K∞ and p ∈ P (R), and
moreover p = m′a′n′ with m′ ∈MP(R), a′ ∈ AP(R)+ and n′ ∈ NP (R). Notice that both k and
m′ are not uniquely determined by g, but determined up to an element inK∞∩P = K∞∩MP. In
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particular, the product km′ is uniquely determined by g. Notice that kP = gP is a Q-parabolic
subgroup of Gder. Set

g · (n, z) := (km
′a′(n′n), k ·m′z) ∈ NkP (R)×XkP = e(kP) = e(gP). (5.2.11)

We need to explain the notation k ·m′z. Denoting by KP := K∞ ∩MP, the point m′z ∈ XP ≃
MP(R)+/KP can be written as mKP for some m ∈ MP(R)+. Then k ·m′z ∈ XkP = XgP is
kmKkP = kmKgP.

Proposition 5.2.6. The action of Gder(Q) on X
BS

defined above is continuous.

Proof. It suffices to prove the following: Let {yj} be a sequence of points in X
BS

which converges
to y∞, then {g · yj} converges to g · y∞ for any g ∈ Gder(Q). This is clearly true if y∞ ∈ X.
Thus we may assume y∞ ∈ e(P) for some P.

Now there are two cases to consider: either {yj} ⊆ X, or {yj} ⊆ e(Q) for some Q > P.
Indeed, by passing to a subsequence we can always reduce to one of these two cases. In the
first case, write each yj under the horospherical decomposition associated with P. In the second
case, write the XQ-component of each yj under the relative horospherical decomposition (5.2.5).
We omit the details of the computation.

Finally, let Γ < Gder(Q) be an arithmetic subgroup. We have:

Corollary 5.2.7. Γ acts properly on X
BS

, i.e. any point x ∈ XBS
has an open neighborhood

W such that

{γ ∈ Γ : γW ∩W ̸= ∅}

is a finite set.

Proof. It is known that Γ acts properly on X. So it suffices to prove the result for x ∈ e(P) for
any P. By Corollary 5.2.4, we may take W = U × APt × V , with U × AP,t × V a Siegel set in

X. Since W is open in X
BS

and that Γ acts continuously on X
BS

(Proposition 5.2.6), we have:

γ(U ×AP,t × V ) ∩ (U ×AP,t × V ) ̸= ∅ ⇒ γW ∩W ̸= ∅

with an argument similar to Proposition 5.2.5. Hence the desired finiteness follows from general
theory of Siegel sets.

5.2.4 Quotient by Γ and conclusion

Theorem 5.2.8. The quotient Γ\XBS
is a compact Hausdorff space. If Γ is torsion-free, then

Γ\XBS
has a canonical structure of a real analytic manifold with corners.

Moreover, there are finitely many Γ-conjugacy classes of proper rational parabolic subgroups
of Gder. Taking a set of representatives {P1, . . . ,Pm}, we have

Γ\XBS
= Γ\X ∪

m⊔
j=1

ΓPj\e(Pj) (5.2.12)

with ΓPj := Γ ∩Pj(Q).

We also use Γ\XBS
to denote Γ\XBS

.
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Proof. Γ\XBS
by Proposition 5.2.5 and Corollary 5.2.7.

For the proper rational parabolic subgroups P1, . . . ,Pm of Gder, reduction theory says that
the images of some associated Siegel sets

U1 ×AP1,t1 × V1, . . . , Um ×APm,tm × Vm

under X → Γ\X cover the whole space. Clearly we can take all the Uj , Vj ’s to be compact. By

Proposition 5.2.3, the closure of Uj ×APj ,tj ×Vj in X
BS

is Uj ×APj ,tj
×Vj , which is a compact

set. The Γ-translates of these compact sets cover X
BS

because X is dense in X
BS

. So we prove

the compactness of Γ\XBS
.

Next we show that X
BS

has a canonical structure of real semi-algebraic manifolds with
corners. Indeed, this is clearly true for X(P) ≃ NP (R)×AP×XP for each P, and it is not hard
to check that the real semi-algebraic structures of different X(P)’s are compatible (it suffices to
check for Q > P, for which we can use (5.2.5)). The Gder(Q)-action is easily seen to be given
by real semi-algebraic diffeomorphisms.

Now if Γ is torsion-free, then the action of Γ on X
BS

has no fixed points. So Γ\XBS
has a

canonical structure of a real analytic manifold with corners.

Finally to get (5.2.12), it suffices to show that ΓP is the stabilizer of e(P) in Γ for each P.
This is true because: for any g ∈ Gder(Q), either g ∈ P (R)+ and ge(P) = e(P), or g ̸∈ P (R)+
and ge(P) ∩ e(P) = ∅; see (5.2.11). We are done.

Example 5.2.9. For the Poincaré upper half plan H and the group SL2, consider the parabolic
subgroup

P =

{[
a b
0 a−1

]
: a ∈ Q×, b ∈ Q

}
.

We have NP =

{[
1 b
0 1

]
: b ∈ R

}
≃ Ga,R. So e(P) ≃ R, by adding a “real axis” at the point ∞.

Then ΓP\e(P) ≃ Z\R is a loop, with Γ = SL2(Z).

5.3 Reductive Borel–Serre compactification

It often occurs that the Borel–Serre compactification is too large. In this section we define the
reductive Borel–Serre compactification. For each P, define the reductive Borel–Serre boundary
component to be

e(P) := XP. (5.3.1)

Then clearly it is obtained from the Borel–Serre boundary component (5.2.1) by collapsing
NP (R). Define the reductive Borel–Serre partial compactification to be

X
RBS

:= X ∪
⊔
P

e(P), (5.3.2)

with the topology as follows. Recall, for each Q > P, (5.2.5)

XQ ≃ NP ′(R)×AP,Q(R)+ ×XP.

So e(P) is attached to e(Q) at infinity (here, we use the isomorphism AP(R)+ ≃ Rr
>0 which is

componentwise the inverse of (5.1.1)). In particular for Q = Gder, we retain the horospherical
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decompositionX ≃ NP (R)×AP(R)+×XP. Now for any z ∈ e(P) = XP, a basis of neighborhood

system of of z in X
RBS

is given by

(NP (R)×AP,t ×W ) ∪
⊔

Q>P
(NP ′(R)×AP,Q,t ×W )

withW a neighborhood of z in e(P) and t > 0. Observe that ifW is open, then the union above

is the interior of the closure of NP (R)×AP,t ×W in X
RBS

.
Similarly to the discussion on Borel–Serre compactifications, we have:

Theorem 5.3.1. X
RBS

is Hausdorff, and the Gder(Q)-action on X extends continuously to

X
RBS

.
The quotient Γ\XRBS

is a compact Hausdorff space containing Γ\X as an open dense subset.
If we let {P1, . . . ,Pm} be a set of representatives of the Γ-conjugacy classes of proper parabolic
subgroups of Gder, then we have

Γ\XRBS
= Γ\X ∪

m⊔
j=1

ΓMPj
\XPj (5.3.3)

with ΓMPj
:= Γ ∩MPj (Q).

We also use Γ\XRBS
to denote Γ\XRBS

.

Theorem 5.3.2. The identity map on X extends to a continuous surjective Gder(Q)-equivariant

map X
BS → X

RBS
.

The identity map on Γ\X extends to a continuous map Γ\XBS → Γ\XRBS
.
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Chapter 6

Baily–Borel compactification

Let (G, X) be a Shimura datum. By abuse of notation use X to denote a connected component.
Let Γ < G(Q) be an arithmetic subgroup.

Throughout the whole chapter, we will assume G to be quasi-simple, i.e. Gder is a simple
group. For the purpose of compactifying Γ\X we can easily reduce to this case. Notice that
Gder

R may not be simple as an R-group, so that X is not necessarily irreducible.

We also fix a maximal Q-split torus S of Gder, and a minimal parabolic subgroup P0 of Gder

which contains S.

6.1 Baily–Borel compactification as a topological space

Consider the Harish–Chandra embedding

X ≃ D ⊆ m+ ≃ CN

with D the closure of D in m+. Let F ̸= X be an analytic boundary component of X, with
normalizer N(F ) = {g ∈ Gder(R)+ : gF = F}.

Recall (5.1.3) the fundamental set Σ constructed from Siegel sets associated with the minimal
rational parabolic subgroup P0 of Gder.

Let Σ be the closure of Σ ⊆ X ≃ D ⊆ m+. Then Σ ⊆ D, with an induced topology.

Theorem 6.1.1. The followings are equivalent:

(1) ΓF ∩ Σ ̸= ∅,

(2) F is a rational analytic boundary component (i.e. N(F ) equals PF (R) for a parabolic
subgroup PF of Gder), and PF is a maximal proper parabolic subgroup of Gder.

Theorem 6.1.1 indicates that we can do the following compactification of Γ\X:

(i) Define X
BB

:= D∪
⊔

P FP ⊆ D, where P runs over all maximal proper parabolic subgroup
of Gder and FP is the rational analytic boundary component FP.

(ii) Endow X
BB

with the Satake topology.

(iii) The space Γ\XBB
is then a compact Hausdorff space containing Γ\X as an open dense

subset.

73
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Then (Γ\X)BB := Γ\XBB
is called the Baily–Borel compactification of Γ\X, and

(Γ\X)BB = Γ\X ∪
m⊔
j=1

ΓFj\Fj , (6.1.1)

where F1, . . . , Fm are rational analytic boundary components such that {PF1 , . . . ,PFm} is a set
of representatives of Γ-conjugacy classes of maximal proper parabolic subgroups of Gder, with
ΓFj := Γ ∩PFj (Q).

6.1.1 Satake topology on X
BB

The Satake topology on X
BB

is defined as follows. For each x ∈ XBB ⊆ D, the neighborhoods of
any point x ∈ X∗ is the saturations of the neighborhoods of the corresponding points in Σ under
the action of Γx := {γ ∈ Γ : γ · x = x}. More precisely, a fundamental system of neighborhoods
of x is given by all subsets U ⊆ D such that

Γx · U = U,

and such that γU ∩ Σ is a neighborhood of γ · x in Σ whenever γ · x ∈ Σ.

Proposition 6.1.2. The Satake topology is the unique topology on X
BB

such that the followings
hold:

(i) it induces the original topologies on Σ and on X,

(ii) the Gder(Q)-action on X
BB

is continuous,

(iii) for any x ∈ XBB
, there exists a fundamental system of neighborhoods {U} of x such that

γU = U for all γ ∈ Γx and γU ∩ U = ∅ for all γ ̸∈ Γx,

(iv) if x, x′ ∈ XBB
are not in one Γ-orbit, then there exist neighborhoods U of x and U ′ of x′

such that

ΓU ∩ U ′ = ∅.

Corollary 6.1.3. Γ\XBB
is compact and Hausdorff.

6.1.2 Q-roots vs R-roots, and Q-polydisc

Let K∞ be a maximal compact subgroup of Gder
R such that LieK∞∩LieSR = 0, for the maximal

Q-split torus S < P0.
[1] Then there exists x0 ∈ X such that StabGder(R)(x0) = K∞.

In §4.6.2 and §4.6.3, we discussed the complex roots and real roots respectively. Now we
need to analyze the Q-roots of Gder. First, we can make an appropriate choice of K∞ such that
SR < A with A from §4.6.3.

Let RΨ = {γ1, . . . , γr} be as in (4.6.13); it is obtained from a set of strongly orthogonal
complex roots Ψ = {α1, . . . , αr} from (4.6.4). If Gder

R is simple, we described the real roots

RΦ = Φ(A,Gder
R ) in terms of γ1, . . . , γr in Proposition 4.6.12. It turns out that one can also do

this for the rational roots QΦ := Φ(S,Gder) when Gder is simple.

[1]Even strongly, LieK∞ is orthogonal to LieSR for the Killing form on LieGder
R .
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Proposition 6.1.4. Let s = dimS. There is a partition

{1, . . . , r} = I0 ∪ I1 ∪ · · · ∪ Is (6.1.2)

such that

X(S)⊗Z Q ≃ X(A)⊗Z Q
{subspace spanned by γi for i ∈ I0 and γi − γj for i, j ∈ Iℓ, ℓ > 0}

≃
s∑

ℓ=1

Qβℓ, where βℓ = image of any γj with j ∈ Iℓ.

In particular, S = {γi = 1 for i ∈ I0; γi = γj for i, j ∈ Iℓ, where ℓ > 0}.

Corollary 6.1.5. Recall our assumption that Gder is simple. One of the two cases occurs:

- (Type Cs) QΦ = {±1
2(βi + βj) for i ≥ j, ±1

2(βi − βj) for i > j}.

- (Type BCs) QΦ = {±1
2(βi + βj) for i ≥ j, ±1

2(βi − βj) for i > j, ±1
2βi}.

If we order the roots such that β1 > . . . > βs, then the set of simple roots is:

- (Type Cs) Q∆ = {ν1 := 1
2(β1 − β2), . . . , νs−1 :=

1
2(βs−1 − βs), νs := βs}.

- (Type BCs) Q∆ = {ν1 := 1
2(β1 − β2), . . . , νs−1 :=

1
2(βs−1 − βs), νs := 1

2βs}.

The proof goes as follows: We have the group-theoretic result that Gder = Resk/QG
′ for some

absolutely simple k-group G′ with k a totally real number field. Then Gder
R =

∏
σ : k↪→RG′

σ with
each G′

σ a group defined over σ(k) ⊆ R. Then one analyzes each factor and use the Galois
action.

Next we turn to the Q-polydisc. Recall from the Polydisc Theorem (Theorem 4.6.7) that we
have a totally geodesic embedding Dr → X (with D = {z ∈ C : |z| < 1} the Poincaré unit disc)
arising from a group morphism

φ : SL2(R)r → Gder(R), (6.1.3)

and X = K∞ · Dr. This embedding gives rise to the analytic boundary components as in the
diagram (4.6.15). Let us rephrase it here. Recall H ≃ D with the Cayley transformation sending√
−1 7→ 0 and ∞ 7→ 1. Then we have the diagram

Hr f1 //

⊆
��

D
⊆
��

(P1)r
f3 // X∨

(6.1.4)

where f1 is the natural composite Hr ≃ Dr → X ≃ D, with Dr → X the geodesic embedding
as above and X ≃ D the Harish–Chandra realization, and D ⊆ X∨ from (4.6.3). Then for any
subset S ⊆ {1, . . . , r}, the unique standard analytic boundary component containing the point
f3((
√
−1)j ̸∈S , (∞)j∈S) is FS . In general, an analytic boundary component of X is of the form

g · FS for some g ∈ Gder(R).
We wish to do this discussion and obtain the relevant results over Q. First of all, any rational

analytic boundary component is easily seen to be of the form g · FS , with g ∈ Gder(Q) and FS

rational. Next we prove the following lemma.
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Lemma 6.1.6. For S ⊆ {1, . . . , r}, the standard analytic boundary component FS is rational if
and only if S = Iℓ1 ∪ · · · ∪ Iℓt, where 1 ≤ ℓ1 < · · · < ℓt ≤ s, for the partition (6.1.2).

Proof. For the proof, it is more convenient to use the description of parabolic subgroups given by Theo-
rem 4.2.5. In §4.6.6, we explained that the normalizer PFS

= P (λS), with λS : Gm,R → Gder
R sending

t 7→ φ(· · · , 1, · · ·︸ ︷︷ ︸
j ̸∈S

, · · · ,
[
t 0
0 t−1

]
, · · ·︸ ︷︷ ︸

j∈S

),

with φ from (6.1.3). By Proposition 6.1.4, λ is defined over Q if and only if S = Iℓ1 ∪ · · · ∪ Iℓt for some
1 ≤ ℓ1 < · · · < ℓt ≤ s. We are done.

With this lemma in hand, we obtain the Q-version of (6.1.4)

Hs
f1,Q //

⊆
��

D
⊆
��

(P1)s
f3,Q // X∨

(6.1.5)

arising from
φQ : SL2(R)s → Gder

R (6.1.6)

such that φQ(diagonal matrices) is the maximal Q-split torus S of Gder. We can renumber the
factors of Hs and SL2(R)s such that: For the β1, . . . , βs ∈ QΦ from Proposition 6.1.4, we have

βℓ : φQ

([
t1 0

0 t−1
1

]
, . . . ,

[
ts 0
0 t−1

s

])
7→ t2ℓ . (6.1.7)

Now for each subset SQ ⊆ {1, . . . , s}, the unique standard analytic boundary component which
contains the point

f3,Q(· · · ,
√
−1, · · ·︸ ︷︷ ︸

ℓ̸∈SQ

, · · · ,∞, · · ·︸ ︷︷ ︸
ℓ∈SQ

)

is FS with S =
⋃

ℓ∈SQ
Iℓ. In particular, FS is rational.

Proof of Theorem 6.1.1. Assume F meets Σ.
Order the roots such that β1 > . . . > βs, then S(R)+ consists of

φQ

([
t1 0

0 t−1
1

]
, . . . ,

[
ts 0
0 t−1

s

])
where t1 ≥ . . . ≥ ts ≥ 1. Hence

S(R)+x0 = f3,Q
(
{(
√
−1x1, . . . ,

√
−1xs) :∞ ≥ x1 ≥ · · · ≥ xs ≥ 1}

)
.

Hence S(R)+x0 meets exactly the standard boundary components F1, . . . , Fs with

f3,Q(∞,
√
−1, . . . ,

√
−1) ∈ F1, f3(∞,∞,

√
−1, . . . ,

√
−1) ∈ F2, . . . , f3(

√
−1,
√
−1, . . . ,

√
−1) ∈ Fs.

So F = Fℓ for some ℓ ∈ {1, . . . , s}. We can compute the normalizer of each Fℓ as in Theo-
rem 4.6.19, and get

N(Fℓ) = PQ∆\{νℓ}(R)

for each ℓ ∈ {1, . . . , s}. Hence we are done.
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6.2 First step towards the complex structure

6.2.1 A general criterion for a topological space to be complex analytic

Assume V is a compact Hausdorff space which can be written as a disjoint union

V = V0
⊔
V1

⊔
· · ·

⊔
Vm

with each Vj an irreducible normal complex analytic space. Assume that dimV0 > dimVj for
all j ≥ 1, and that V0 is open dense in V .

Define a sheaf F of A-functions on V as follows. For any open subset U ⊆ V , a complex-
valued continuous function on U is an A-function if its restriction to each U ∩ Vj (0 ≤ j ≤ m)
is complex analytic.

Proposition 6.2.1. Assume:

(i) For each integer d ≥ 1, the union V(d) :=
⋃

dimVj≤d Vj is closed.

(ii) Any v ∈ V has a countable fundamental set of open neighborhoods {Uℓ} such that Uℓ ∩ V0
is connected for all ℓ.

(iii) The restriction to Vj of local A-functions define the structure sheaf of Vj, for all j ≥ 0.

(iv) Any v ∈ V has a neighborhood Uv whose points are separated by the A-functions defined
on U .

Then V is an irreducible normal complex analytic space with structure sheaf F . For each d ≤
dimV0, the union V(d) is an analytic subspace of V with dimension max{dimVj : Vj ⊆ V(d)}.

6.2.2 Application to the Baily–Borel compactification

We shall apply Proposition 6.2.1 to the Baily–Borel compactification (6.1.1) (which is compact
Hausdorff space by Corollary 6.1.3), with V0 = Γ\X and Vj = ΓFj\Fj for 1 ≤ j ≤ m.

Conditions (i) and (ii) can be shown to hold by checking with the Satake topology from
§6.1.1.

To check condition (iii), we define the projection

πF : X → F (6.2.1)

for each analytic boundary component F . We focus on the rational ones. The example of the
Siegel case will be presented in Example 6.3.6.

Recall our choice of a maximal Q-split torus S (from §6.1.2) in our minimal parabolic sub-
group P0 of Gder (see above Theorem 6.1.1), and the basis Q∆ = {ν1, . . . , νs} (see Corol-
lary 6.1.5) of the relative root system QΦ := Φ(S,Gder). The root νs is called the distinguished
root because it has different length.

Over R, we explained the relation between F and the boundary symmetric domain associated
with PF = N(F ); see below Theorem 4.6.19. The discussion can be carried over Q.

Let F be a rational analytic boundary component which meets Σ. We have shown in the
proof of Theorem 6.1.1 that PF = PQ∆\{νℓ} for some ℓ ∈ {1, . . . , s}. Let Ih := {νℓ+1, . . . , νs}
and Il := {ν1, . . . , νℓ−1}. We thus have the refined rational horospherical decomposition

X ≃ NPF
(R)×APF

(R)+ ×XPIh
×XPIl

.
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Moreover, the proof of Theorem 6.1.1 exhausts the possibilities of all F ’s, and hence implies
that F can be identified with the boundary symmetric domain associated with PIh . Thus the
refined rational horospherical decomposition above becomes

X ≃ NPF
(R)×APF

(R)+ × F ×XPIl
, (6.2.2)

and it induces a natural projectionX → F , which is our desired πF . Although the decomposition
is only real semi-algebraic, the projection πF is also holomorphic.

If F is contained in F ′ for another rational boundary component F ′, then F is a rational
boundary component of F ′, and one gets a projection πF ′,F : F ′ → F . It is not hard to check
that πF is the composite of πF ′,F ◦ πF ′ .

Now to check condition (iii) of Proposition 6.2.1, we only need to work locally and hence
on the universal covering. But now for any rational boundary component F of X, any complex

analytic function near F can be extended to an A-function on a neighborhood of F in X
BB

by
the discussion above. This establishes (iii).

Proving condition (iv) is the hardest part. We need to realize X as a Siegel domain of the
third kind[2] and define the Poincaré–Eisenstein series.

6.3 X as a Siegel domain of the third kind

Continue to use the notation from §6.1.2. In particular, we have the relative root system

QΦ = Φ(S,Gder), the roots β1 > · · · > βs which arise from the set of strongly orthogonal roots,
and the basis Q∆ = {ν1 = 1

2(β1 − β2), . . . , νs−1 = 1
2(βs−1 − βs)}

⋃
{νs}; νs is the distinguish

roots which is either βs or 1
2βs.

Let P be a standard maximal proper parabolic subgroup of Gder. Then P = PQ∆\{νℓ} for
some ℓ ∈ {1, . . . , s}. We have seen in the proof of Theorem 6.1.1 that P(R) is the normalizer of
the standard rational analytic boundary component F = FS with S = I1

⋃
. . .

⋃
Iℓ.

The non-standard maximal proper parabolic subgroup of Gder are Gder(Q)-conjugates of
the standard ones, and the rational analytic boundary components are all of the form g · FS

with g ∈ Gder(Q) and FS as above. So all the discussion in this section applies to an arbitrary
rational analytic boundary component by applying suitable Gder(Q)-conjugation.

6.3.1 Rational 5-group decomposition and refined horospherical decomposi-
tion

Let Ih := {νℓ+1, . . . , νs} and Il := {ν1, . . . , νℓ−1}.
Above Example 4.6.20, we defined several subgroups of PR. We can also define the following

Q-subgroups of P similarly:

• W(F ) := Ru(P),

• L(F ) is a suitable Levi subgroup of P which we shall define later using Lie algebra,

• Gh(F ) is the semi-simple group whose Q-root system is spanned by Ih. It is normal
subgroup of L(F ), has no compact Q-factors, and F is a Gh(F )(R)+-orbit,

[2]In the original paper of Baily–Borel, this was done using partial Cayley transformation and the map η from
Theorem 2.3.5. We will directly introduce the more explicit version using the 5-decomposition of the parabolic
subgroup. This more explicit version will be crucial for the toroidal compactifications.
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• Gl(F )M(F ) is the normal reductive subgroup of L(F ) which is the complement to Gh(F ),
with Gl(F ) with no compact Q-factors and M(F )(R) compact.

Then P = W(F )⋊ (Gh(F ) ·Gl(F ) ·M(F )).

Remark 6.3.1. Let us compare them with the subgroups of PR defined above Example 4.6.20.
We have W (F ) = W(F )R and L(F ) = L(F )R by definition. Later on, we will see that Gl(F ) =
Gl(F )R in Corollary 6.3.4. However, in general Gh(F )R is not Gh(F ). In other words, Gh(F )
may not be defined over Q, in which case we have Gh(F ) = Gh(F )R ·M ′ for some factor M ′ of
M(F )R.

Denote by g := LieGder. Then one can compute that

LieP = gS ⊕
∑

φ=
±βi±βj

2
or

±βi
2

ℓ+1≤i,j≤s

gφ ⊕
∑

φ=
γi±γj

2
or

γi
2

1≤i≤ℓ

gφ.

Now we define L(F ) to be the subgroup of P whose Lie algebra is the direct sum of the first two
factors. Then by construction, L(F ) is defined over Q and L(F )R is precisely the L(F ) defined
above Example 4.6.20.

The Lie algebra of W(F ) = Ru(P) is, by computation, the direct sum of

u :=
∑

φ=
γi+γj

2
1≤i,j≤ℓ

gφ

and
v :=

∑
φ=

γi±γj
2

or
γi
2

1≤i≤ℓ, ℓ+1≤j≤s

gφ.

Let U(F ) be the exponent of u. One can prove:

Lemma 6.3.2. U(F ) is the center of W(F ), and V(F ) := W(F )/U(F ) is a vector group (i.e.
abelian and diffeomorphic to its Lie algebra).

Clearly, LieV(F ) can be canonically identified with v.
Write U(F ) = U(F )R and V (F ) = V(F )R. Then the refined rational horospherical decom-

position (6.2.2) can be furthermore refined to be

X ≃ U(F )(R)× V (F )(R)×AP(R)+ × F ×XP,l. (6.3.1)

Notice that the R-split torus AP is contained in Gl(F ) by definition of Gl(F ), and XP,l ≃
(Gl(F )/AP)(R)+
maximal compact . Denote by Kl,∞ this maximal compact subgroup of Gl(F )(R)+, then we have

XP,l ≃ Gl(F )(R)+/Kl,∞AP(R)+. (6.3.2)

6.3.2 Cone in U(F )(R)

We start with the following proposition. Let us go back to R-groups, and recall the subgroups
Gh(F ), Gl(F ), M(F ) of PR defined above Example 4.6.20. We have L(F )R = Gh(F ) · Gl(F ) ·
M(F ) as almost direct product.

The group L(F ) acts naturally on W(F ), and hence on U(F ). So Gh(F ), Gl(F ), and M(F )
act on U(F ).
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Proposition 6.3.3. The centralizer of the action of L(F ) = Gh(F ) ·Gl(F ) ·M(F ) on U(F ) is
Gh(F ) ·M(F ).

Proof. The subgroups Gh(F ), Gl(F ), and M(F ) can all be defined using the (real) root de-
composition (4.6.12), for example (4.6.14) for Gh(F ). Hence we can prove this proposition by
checking roots and direct computation.

This proposition immediately yields the following proposition:

Corollary 6.3.4. The group Gl(F ) is defined over Q, and hence is precisely Gl(F )R.

Proof. Since U(F ) is defined over Q and L(F ) is defined over Q, the centralizer of the action of
L(F ) on U(F ) is also defined over Q. So Gh(F ) ·M(F ) is defined over Q by Proposition 6.3.3.
But Gl(F ) is defined to be the complement of Gh(F ) ·M(F ) in L(F ). So we are done.

For the morphism φQ : SL2(R)s → Gder
R from (6.1.6), take the point

ΩF := φQ


[
1 1
0 1

]
, . . . ,

[
1 1
0 1

]
︸ ︷︷ ︸

ℓ-components

, 1, . . . , 1

 ∈ U(F )(R).

Consider the action of Gl(F )(R)+ on U(F )(R).

Proposition 6.3.5. StabGl(F )(R)+(ΩF ) = Kl,∞.

The orbit

C(F ) := {gΩF g
−1 : g ∈ Gl(F )(R)+}

is an open symmetric homogeneous cone in U(F )(R).

By (6.3.2), we have C(F ) ≃ AP(R)+ ×XP,l. Hence (6.3.1) becomes

X ≃ U(F )(R)× C(F )× V (F )(R)× F. (6.3.3)

Denote by

ΦF : X → C(F ) (6.3.4)

the natural projection.

Example 6.3.6. In the Siegel case, s = r (i.e. the Q-rank equals the R-rank), and the partition
(6.1.2) is simply I0 = ∅ and Iℓ = {ℓ}.
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Take P = PQ∆\{νd′}. Then as in Example 4.6.20, we have

P =



A′ 0 B′ ∗
∗ u ∗ ∗
C ′ 0 D′ ∗
0 0 0 (ut)−1

 ∈ G :

[
A′ B′

C ′ D′

]
∈ Sp2d′,Q, u ∈ GLd−d′,Q

 ,

W(F ) =



Id′ 0 0 n
mt Id−d′ nt b
0 0 Id′ −m
0 0 0 Id−d′

 : ntm+ b = mtn+ bt

 ,

Gh(F ) =



A′ 0 B′ 0
0 Id−d′ 0 0
C ′ 0 D′ 0
0 0 0 Id−d′

 :

[
A′ B′

C ′ D′

]
∈ Sp2d′,Q

 ≃ Sp2d′,Q,

Gl(F ) =



Id′ 0 0 0
0 u 0 0
0 0 Id′ 0
0 0 0 (ut)−1

 : u ∈ GLd−d′,Q

 ≃ GLd−d′,Q,

M(F ) = {±I2d}.

Moreover,

U(F ) =



Id′ 0 0 0
0 Id−d′ 0 b
0 0 Id′ 0
0 0 0 Id−d′

 : b = bt

 ≃ {b ∈ Mat(d−d′)×(d−d′)(Q) : b = bt} ∋ ΩF = Id−d′ ,

and

C(F ) = {b ∈ Mat(d−d′)×(d−d′)(R) : b = bt, b > 0}.

Notice that F ≃ Hd′ in this case. The projections (6.2.1) and (6.3.4) are

πF : Hd → F ≃ Hd′ ,

[
τ ′ τ0
τ t0 τ ′′

]
7→ τ ′

ΦF : Hd → C(F ),

[
τ ′ τ0
τ t0 τ ′′

]
7→ Imτ ′′ − (Imτ0)

t(Imτ ′)−1(Imτ0). (6.3.5)

6.3.3 Fibered structure

Recall the Harish–Chandra embedding together with the Borel embedding X ≃ D ⊆ m+ ⊆ X∨,
with X∨ a Gder(C)-orbit.

Define

D(F ) := U(F )(C) · D =
⋃

g∈U(F )(C)

g · D ⊆ X∨. (6.3.6)

Then D(F ) has a natural complex structure, and U(F )(C) acts holomorphically on D(F ). So
the quotient

D′(F ) := U(F )(C)\D(F ) (6.3.7)
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has a complex structure. Moreover since D′(F ) ≃ V (F )(R)×F real semi-algebraically, we have
that D′(F )→ F is a complex vector bundle, i.e. each x ∈ F determines a complex structure on
V (F )(R).

Now we have a holomorphic isomorphismD(F ) ≃ U(F )(C)×D′(F ) = (U(F )(R)⊕
√
−1U(F )(R))×

D′(F ). The cone C(F ) should be seen as a cone in
√
−1U(F )(R).

Theorem 6.3.7. The projection ΦF in (6.3.4) extends to ΦF : D(F ) → U(F )(R) such that
X ≃ D = Φ−1

F (C(F )).
We have the following P(R)-equivariant commutative diagram of holomorphic maps

C(F ) ⊆ U(F )(R)

X ≃ D

ΦF

OO

$$

πF

��

⊆ D(F )

ΦF

OO

π′
F

mod U(F )(C)yy
D′(F )

pF

��
F

.

The map pF is a holomorphic vector bundle with each fiber ≃ V (F )(R) (real semi-algebraically).

Example 6.3.8. Continue with the Siegel case in Example 6.3.6. We have

D(F ) ≃
{
τ =

[
τ ′ τ0
τ t0 τ ′′

]
∈ Matd×d(C) : τ = τ t, Imτ ′ > 0

}
.

The map ΦF : D(F ) → U(F )(R) is defined with the same formula as (6.3.5). The map π′F is

modτ ′′, and the map pF ◦ π′F is

[
τ ′ τ0
τ t0 τ ′′

]
7→ τ ′.

For τ ′ ∈ F ≃ Hd′, the complex structure on V (F )(R) = W (F )(R)/U(F )(R) determined by
τ ′ is 

Id′ 0 0 n
mt Id−d′ nt b
0 0 Id′ −m
0 0 0 Id−d′

 mod b 7→ τ ′m+ n.

6.4 Poincaré–Eisenstein series and complex algebraic structure

on Γ\XBB

6.4.1 Bounded realization of the Poincaré series

Consider the Harish–Chandra realization X ≃ D ⊆ m+ ≃ CN , where m+ is identified with the
holomorphic tangent space of o ∈ X.

For each g ∈ G(R), we have a map g· : D → D. Denote by Jg : D → C×, sending each z ∈ D
to the determinant of the Jacobian of the action g· on D at z. In fact Jg(z) can be computed
as follows; for simplicity we only write the formula for z = o. Denote by abuse of notation
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K∞ := StabGder(R)(o), and let M+ × K∞,C ×M− → GC be as in Theorem 2.3.5. The image

of this map contains Gder(R). So each g ∈ Gder(R) can be decomposed into m+k(g)m− in a
unique way. Then we have

Jg(o) = Adm+k(g)−1. (6.4.1)

One can then prove that |Jg(o)| is bounded on D.[3]

Lemma 6.4.1. The function g 7→ |Jg(o)|m is in L1(Gder
R ) for any m ≥ 2, i.e.∫

Gder(R)
|Jg(o)|mdg <∞.

Proof. By (6.4.1), the function g 7→ |Jg(o)|m is left and right invariant under K∞, and in
particular can be viewed as a function on D ≃ Gder(R)+/K∞. We have∫

Gder(R)
|Jg(o)|mdg =

∫
D
|Jx(o)|mdx

with dx a suitable invariant volume form, which up to a positive factor is |Jx(o)|−2ω for the
Euclidean volume form ω on m+.

Now we can conclude because D is bounded and |Jg(o)| is bounded.

Now we are ready to define the Poincaré series associated with any polynomial f on D.

Definition 6.4.2. Let m ≥ 2. The Poincaré series of weight m is Pf,m : D → C defined by

Pf,m(z) =
∑
γ∈Γ

Jγ(z)
mf(γz).

The series converges absolutely uniformly on compact sets by Lemma 6.4.1, and it satisfies
the modularity condition by the chain rule. Indeed, Pf,m is a holomorphic automorphic form of
weight m.

Theorem 6.4.3. Suppose Γ is torsion-free. For any Γ-inequivalent points z1, . . . , zn ∈ D and
any complex numbers b1, . . . , bn, there exists a polynomial f on D such that

Pf,m(z1) = b1, . . . , Pf,m(zn) = bn

for all m≫ 1.

Proof. Fix 0 < u < 1. The set Γu := {γ ∈ Γ : |Jγ(zi)| ≥ u} is finite by Lemma 6.4.1. Thus
we can take a polynomial f such that f(zj) = bj and f(γzj) = 0 for all j ∈ {1, . . . , n} and all
γ ∈ Γu. It is not hard to check that |bj − Pf,m(zj)| = O(um), and hence Pf,m(zj) → bj with
m→∞ because 0 < u < 1. Therefore the image of the linear map f 7→ (Pf,m(z1), . . . , Pf,m(zn))
contains a basis of Cn and hence is surjective. Now we are done.

[3]This follows from the KAK-decomposition of Gder
R and explicit computation for g ∈ A.
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6.4.2 Poincaré–Eisenstein series with respect to an analytic boundary com-
ponent

Now let F be a rational analytic boundary component and let πF : X → F be the holomorphic
projection (6.2.1).

Through the whole subsection, we will identify F with its Harish–Chandra realization and
identify X as the Siegel domain of the third kind, fibered over F , as in Theorem 6.3.7.

For each γ ∈ Γ, denote by JF
γ : X → C× the map sending each x ∈ X to the determinant of

the Jacobian of the the action γ· on X at x.

Let Γ0 := Γ∩(W(F )Gl(F ))(Q) (see §6.3.1 for the notation). By (4.6.19) and Corollary 6.3.4,
γ0 · z = z for all γ0 ∈ Γ0 and z ∈ F .

Definition 6.4.4. For any polynomial f on F and any m ≥ 2, define the associated Poincaré–
Eisenstein series of weight m to be

Ef,m(x) :=
∑

γ∈Γ/Γ0

f(πF (γx)) · JF
γ (x)m.

For this definition to make sense, we need to check that every term in the sum of the right
hand side is Γ0-invariant. This is true for the first term by the discussion above, and is true for
the second term for all m dividing a certain fixed integer m0. From now on, we will take these
m.

We also need to settle the convergence of the series defining Ef,m(x). The key is the following
proposition. Denote by jg : F → C×, sending each z ∈ F to the determinant of the Jacobian of
the action g· on F at z.

Proposition 6.4.5. For any g ∈ PF (R), there are rational numbers n and q > 0 such that

|JF
g (x)| = |χ(g)|n|jg(πF (x))|q

where χ is a rational character of PF .

This settles the convergence issue: the series defining Ef,m(x) is absolutely uniformly conver-
gent on compact sets. Hence Ef,m is a holomorphic function on X. Better, it is a holomorphic
automorphic form.

6.4.3 Analytic structure on Γ\X
BB

We need to prove the separation property (Proposition 6.2.1.(iv)) for Γ\XBB
. The key theorem

to prove is:

Theorem 6.4.6. Let F be a rational analytic boundary component of X. The Poincaré–

Eisenstein series Ef,m associated with F extends to a holomorphic function on X
BB

(which
by abuse of notation we still denote by Ef,m) with the following properties:

(i) the restriction of Ef,m to F is a Poincaré series on F ,

(ii) Ef,m vanishes on any rational analytic boundary component F ′ if dimF ′ ≤ dimF and
F ′ ̸⊆ ΓF .

Moreover, all Poincaré series on F can be obtained as restrictions of such extensions of Ef,m.
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The “Moreover” part of the theorem immediately implies the separation property because
Poincaré series separate points on each boundary component (Theorem 6.4.3). So

Theorem 6.4.7. Γ\XBB
carries a structure of complex analytic space, compatible with the

complex structure on Γ\X. In other words, Γ\XBB
is a compactification of Γ\X in the category

of complex analytic varieties.

6.4.4 Algebraic structure on Γ\X
BB

Denote by S
BB

:= Γ\XBB
. Consider the canonical line bundle (in the complex analytic category)

ω
S
BB .

Poincaré–Eisenstein series defined before are global sections of ω⊗m

S
BB . Since S

BB
is compact,

it satisfies the descending chain condition for closed complex analytic subsets. So there exist
finitely many global sections E0, . . . , EN ′ of ω⊗m

S
BB which separate points. Thus we get an injective

analytic map

φ = [E0 : · · · : EN ′ ] : S
BB −→ PN ′

.

Theorem 6.4.8. This map φ endows S
BB

with the structure of a normal complex projective

variety. In particular, Γ\XBB
carries a structure of normal projective complex varieties which

induces the complex analytic structure in Theorem 6.4.7.

This theorem gives Γ\X a complex algebraic structure. Moreover, the complex algebraic
structure on Γ\X is unique by the following theorem. Recall D = {z ∈ C : |z| < 1} is the open
unit disc and let D× := D \ {0} be the punctured disc.

Theorem 6.4.9. Assume Γ is torsion-free. Then any holomorphic map Da × (D×)b → Γ\X
extends to a holomorphic map Da × (D×)b → Γ\XBB

.
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Chapter 7

Toroidal compactification

7.1 Background knowledge on toric varieties

Let k be a field. All varieties are defined over k.

Let T be a k-split algebraic torus.

Definition 7.1.1. A toric variety with torus T is a variety V equipped with an open im-
mersion ϕ : T → V and an action T on V such that t · ϕ(t′) = ϕ(tt′) for all t, t′ ∈ T .

7.1.1 Affine toric varieties

Assume V is affine. The action of T on V induces an action of T on the ring of regular functions
k[V ]. So k[V ] (as a vector space) is a representation of T . For each χ ∈ X∗(T ), define

k[V ]χ := {f ∈ k[V ] : t·f = χ(t)f} = {f ∈ k[V ] : f(χ(t)v) = χ(t)f(v), for all v ∈ V and t ∈ T}.

Then k[V ] =
⊕

χ∈X∗(T ) k[V ]χ.

Lemma 7.1.2. k[V ]χ ̸= 0 if and only if χ extends to a regular function on V .

Proof. This lemma is clearly true because k[T ] equals the group algebra k[X∗(T )].

Corollary 7.1.3. S(V ) := {χ ∈ X∗(T ) : k[V ]χ ̸= 0} is a semi-group, with the identity being
the trivial character χ0.

Proof. It is easy to check k[V ]χ0 = k, so χ0 ∈ S(V ). For χ1, χ2 ∈ S(V ), by Lemma 7.1.2 both
χ1 and χ2 extend to a regular functions on V , and so does the product χ1χ2. So χ1χ2 ∈ S(V )
by Lemma 7.1.2.

The following theorem is then easy to check.

Theorem 7.1.4. The following categories are equivalent:

(i) sub-semi-groups S of X∗(T ) of finite type which generate X∗(T ) as a group,

(ii) affine toric varieties with torus T .

For (i) to (ii), S is sent to Speck[S], with k[S] = {
∑
ass : as ∈ k, s ∈ S}. For (ii) to (i), V is

sent to S(V ).

87
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Among the sub-semi-groups of X∗(T ), the saturate ones (i.e. (S ⊗ Q) ∩ X∗(T ) = S) give
rise to normal affine toric varieties.

Next, we want to turn to the cocharacters of T . Denote for simplicity by X∗ := X∗(T ). Use
X∗,Q (resp. X∗,R) to denote X∗(T )⊗Q (resp. X∗(T )⊗ R).

Definition 7.1.5. A subset σ ⊆ X∗,R is called a (rational) polyhedral cone if it satisfies
one of the two equivalent conditions:

- σ is the intersection of finitely many rational semi-spaces, i.e. there exist λ1, . . . , λm ∈
X∗(T )⊗Q such that σ = {x ∈ X∗,R : λj(x) ≥ 0 for all j ∈ {1, . . . ,m}}.

- there exist x1, . . . , xm ∈ X∗,Q such that σ = {
∑m

j=1 αjxj : αj ∈ R≥0}.

For any polyhedral cone σ, its dual is σ∨ = {λ ∈ X∗(T )⊗ R : λ(x) ≥ 0 for all x ∈ σ}. So σ
contains a line in X∗,R if and only if σ∨ is contained in a hyperplane of X∗(T )⊗ R.

Definition 7.1.6. A face of a polyhedral cone σ is a subset of the form {x ∈ σ : λ(x) = 0} for
some λ ∈ σ∨.

The intersection of two faces of σ is still a face, because {x ∈ σ : λ1(x) = 0} ∩ {x ∈ σ :
λ2(x) = 0} = {x ∈ σ : (λ1 + λ2)(x) = 0}.

Theorem 7.1.7. The map σ 7→ Vσ := Speck[σ∨ ∩X∗(T )] defines a bijection between:

- polyhedral cones in X∗,R which do not contain lines,

- isomorphic classes of normal affine toric varieties with torus T .

Moreover, we have:

(1) For µ ∈ X∗, we have µ ∈ σ ⇔ limt→0 µ(t) ∈ Vσ.

(2) Vσ is smooth if and only if σ ∩X∗ is generated by part of a Z-bases of X∗ (in which case
Vσ ≃ G•

m ×G•
a).

(3) If σ1 ⊆ σ2, then there exists a morphism Vσ1 → Vσ2. This morphism is an open immersion
if and only if σ1 is a face of σ2.

Example 7.1.8. Consider the simplest example T = Gm,k. Then X∗,R ≃ R. Polyhedral cones
in X∗,R which do not contain lines are R≥0, R≤0, and {0}. In the first two cases Vσ ≃ Ga,k and
in the third case Vσ ≃ Gm,k.

7.1.2 General toric varieties

Definition 7.1.9. A fan Σ in X∗,R is a collection {σ} of polyhedral cones such that:

(i) If σ ∈ Σ and σ′ ⊆ σ is a face, then σ′ ∈ Σ;

(ii) If σ, σ′ ∈ Σ, then σ ∩ σ′ ∈ Σ and is a common face of σ and of σ′.

The trivial fan consists of only the trivial cone.

Each fan Σ gives arise to a toric variety VΣ as follows: To each σ ∈ Σ we associate Vσ as in
Theorem 7.1.7, and then glue Vσ and Vσ′ along the common open subset Vσ∩σ′ .
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Theorem 7.1.10. The map Σ 7→ VΣ defines a bijection between

- fans in X∗,R whose polyhedral cones do not contain lines,

- isomorphic classes of normal toric varieties with torus T .

Moreover, VΣ is a complete variety if and only if X∗,R =
⋃

σ∈Σ σ.

Example 7.1.11. Continue with Example 7.1.8. If the fan Σ = {R≥0,R≤0, {0}}, then we get
VΣ ≃ P1

k by glueing Ga,k and Ga,k along their intersection Gm,k.

Definition 7.1.12. A refinement of a fan Σ is a fan Σ′ such that

(i) each σ′ ∈ Σ′ is contained in some σ ∈ Σ,

(ii) each σ ∈ Σ is a finite union of some {σ′} ⊆ Σ′.

Let Σ and Σ′ be two fans in X∗,R. Condition (i) above implies that there exists a T -
equivariant morphism VΣ′ → VΣ. Then the valuative criterion of properness implies: this
morphism is proper if and only if Σ′ is a refinement of Σ.

Theorem 7.1.13. Each fan Σ admits a refinement Σ′ such that VΣ′ is a resolution of singular-
ities of VΣ. If VΣ is complete, then we can find such an Σ′ that VΣ′ is smooth and projective.

7.2 Toroidal compactifications of Γ\X
Let (G, X) be a Shimura datum. By abuse of notation use X to denote a connected component.
Let Γ < G(Q) be an arithmetic subgroup.

7.2.1 The algebraic torus associated with a rational analytic boundary com-
ponent

Take a rational analytic boundary component F whose normalizer is P.
Recall the diagram from Theorem 6.3.7, with C(F ) a cone in U(F )(R) such that X ≃ D =

Φ−1
F (C(F )):

C(F ) ⊆ U(F )(R)

X ≃ D

ΦF

OO

$$

πF

��

⊆ D(F )

ΦF

OO

π′
F

mod U(F )(C)yy
D′(F )

pF

��
F

(7.2.1)

Let ΓU := Γ ∩U(F )(Q), and let
TF := ΓU\U(F )(C). (7.2.2)

Then TF is an algebraic torus, and X∗(TF ) = ΓU and X∗(TF )R = U(F )(R). Thus C(F ) is a
cone in X∗(TF )R.
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7.2.2 The fibration on each rational analytic boundary

Take a rational analytic boundary component F whose normalizer is P. It is tempting to take
the quotient of D(F ) by ΓF := Γ ∩P(Q). It turns out that ΓF too large! Instead, we consider
the following short exact sequence

1→ Γ◦
F → ΓF → ΓF → 1, (7.2.3)

where Γ◦
F := {γ ∈ ΓF : γuγ−1 = u for all u ∈ U(F )(R)}. We will do the quotient in two steps:

quotient by Γ◦
F and then by ΓF .

By Lemma 6.3.2 and Proposition 6.3.3, we have

Γ◦
F = Γ ∩ (W(F )Gh(F )M(F ))(Q) = Γ ∩ (W (F )Gh(F ))(R).

Hence ΓF is canonically isomorphic to (a finite-indexed subgroup of)

Γl,F := Γ ∩Gl(F )(Q) = Γ ∩Gl(F )(R).

Quotient by Γ◦
F

From (7.2.1) we obtain
Γ◦
F \D(F ) −→ AΓ −→ ΓF \F =: SF , (7.2.4)

where AΓ = (Γ◦
F /ΓU )\D′(F ) is an abelian scheme over SF (which is an algebraic variety since

it is a connected component of a Shimura variety).
The fibration Γ◦

F \D(F ) −→ AΓ is easily seen to be a TF -torsor. We can “compactify” TF
using a fan in X∗(TF )R = U(F )(R) as in §7.1.2 (in particular Theorem 7.1.10 and 7.1.13). In
our case, this fan must satisfy some properties so that we can do the quotient by ΓF .

Γl,F -admissible polyhedral decomposition of C(F ) and further quotient by ΓF,l

Definition 7.2.1. A Γl,F -admissible polyhedral decomposition of C(F ) is a fan ΣF in
X∗(TF )R = U(F )(R) satisfying the following properties:

(i) Each polyhedral cone in ΣF is contained in C(F ) and is strongly convex.

(ii) C(F ) ⊆
⋃

σ∈ΣF
σ, i.e. C(F ) =

⋃
σ∈ΣF

(C(F ) ∩ σ).

(iii) For any γ ∈ Γl,F and any cone σ ∈ ΣF , we have γσ ∈ ΣF .

(iv) There are only finitely many classes of cones in ΣF modulo Γl,F .

Now take ΣF to be a Γl,F -admissible polyhedral decomposition of C(F ). By Theorem 7.1.10,
we get a toric variety VΣF

which torus TF . Consider

(Γ◦
F \D(F ))×TF VΣF

(7.2.5)

which is the quotient of (Γ◦
F \D(F ))× VΣF

by the diagonal action of TF . Finally set

(Γ◦
F \D(F ))ΣF

to be the interior of the closure of Γ◦
F \D(F ) in (7.2.5). Now X ≃ D = Φ−1

F (C(F )) allows us to
define

(Γ◦
F \D)ΣF

⊆ (Γ◦
F \D(F ))ΣF

. (7.2.6)

Finally, the Γl,F -admissibility of ΣF allows to do the quotients

(ΓF \D)ΣF
:=

(Γ◦
F \D)ΣF

Γl,F
⊆

(Γ◦
F \D(F ))ΣF

Γl,F
. (7.2.7)
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7.2.3 Final conclusion

Definition 7.2.2. A Γ-admissible polyhedral decomposition is a collection {ΣF }F of Γl,F -
admissible polyhedral decomposition of C(F ) for all rational analytic boundary components F
satisfying the following properties:

(i) If F1 = γ · F2 for γ ∈ Γ, then ΣF1 = γΣF2.

(ii) If F2 is contained in the boundary of F1 (i.e. F2 ⊆ F1 which implies C(F1) ⊆ C(F2)),
then ΣF1 = {σ ∩ C(F1) : σ ∈ ΣF2}.

Now take a Γ-admissible polyhedral decomposition {ΣF }F , and set

Γ\Xtor

Σ :=

⊔
(ΓF \D)ΣF

∼
. (7.2.8)

Here the equivalence ∼ is defined as follows: Two points

x1 ∈ (ΓF1\D)ΣF1
and x2 ∈ (ΓF2\D)ΣF2

are equivalent (i.e. x1 ∼ x2) if and only if

(a) there exists a rational analytic boundary component F and some γ ∈ Γ such that

F1 ⊆ F and γF2 ⊆ F ;

(b) there exists a point x ∈ (ΓF \D)ΣF
which projects to x1 and x2 respectively under the

natural projections.

Theorem 7.2.3. Γ\Xtor

Σ is a compactification of Γ\X, which dominants Γ\XBB
. More pre-

cisely, there exists a natural morphism

Γ\Xtor

Σ −→ Γ\XBB

which is identity on Γ\X.
Moreover, there exists a refinement of Σ such that the morphism above is a resolution of

singularities.
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