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Chapter 1

Preparation on Hodge theory

1.1 Hodge structure and polarizations

Take R =7,Q,R.
Let n € Z.

1.1.1 Hodge decomposition and Hodge filtration

Definition 1.1.1. An R-Hodge structure of weight n is a torsion-free R-module of finite
type V' endowed with a bigrading (called the Hodge decomposition)

= P9 ; a,p — /P4
Ve @p+q:nv , with  V VP,

For a subset A CZ @7, we say that V has Hodge type A if VP4 =0 for all (p,q) ¢ A.
An R-linear map ¢: V. — W between two Hodge structures of weight n is said to be a
morphism of Hodge structures if p(V?9) C WP4 for all p,q.

We thus have the category of R-Hodge structures of weight n, denoted by HS%. One can
define direct sums in HS%;, and hence makes it into an abelian category.

We can also consider the category of R-Hodge structures, denoted by HSg. The objects are
R-Hodge structures of any weight. Then we can define tensor products, duals, and internal
homs in HSg as follows. Let V € HS%, and W € HS%,

(i) the bigrading on V@ W € HS%H™ is given by (V @ W)P4 = @ g VR W

rr'=p, s+s
(ii) the bigrading on VY € HS;" is given by (V)P4 = (V—P~1)V;
(iii) Hom(V,W) :=VV o W.
Here are some examples.
Example 1.1.2 (Tate twist). For each m € Z, set R(m) € HSEQ’” to be
R(m) = (2mi)™R, R(m)c = R™™ ™.
Then R(0) = R, R(m) = R(1)®™ with R(—1) = R(1)V.

Example 1.1.3 (cohomology from geometry). Let X be a connected smooth projective variety
defined over C. For each n > 0, the Betti cohomology H"(X,7Z)/tor admits a Z-Hodge structure
of weight n via the Betti-de Rham comparison H™"(X,C) ~ Hz(X) and the decomposition of
H}x (X) into the direct sum of subspaces arising from (p, q)-forms.
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Example 1.1.4 (Complex tori). We explain in this example the following equivalence of cate-
gories:
{complex tori} = {Z — Hodge structures of type (—1,0) + (0, —1)} .

The direction — is by sending T — H1(T,7Z). Let T be a complex torus of dimension g > 1. Set
Vy = H(T,7Z).

As a real manifold, we then have T ~ Vr/Vyz. Moreover, as a real space Vg is isomorphic to
Lie(Tr), the Lie algebra with Tr seen as a real Lie group. The complex structure on T gives an

action of J on Vg, with
|0 I
=1 )

and hence the desired Hodge decomposition
V(C _ V*l,O @ VO,fl

with V=10 the eigenspace of /—1 and VO~ the eigenspace of —/—1.

The direction < is given as follows. Let Vz be a Z-Hodge structure of type (—1,0)+ (0, —1).
Then Ve /VO =1 is a complex space of dimension %rankVZ. Thus we obtain the desired complex
torus

Vo \Ve / VOt~ Vg \V 10
Notice that we have implicitly an isomorphism of real vector spaces Vg ~ Vg /VO~1 = y—10
given as the composite Vg C Ve — V@/VO’*l =Vy~Lo,

An alternative way to see the Hodge decomposition is the following Hodge filtration. It is of
particular importance when we consider families of Hodge structures.

Definition 1.1.5. Let V' be an R-Hodge structure of weight n. The Hodge filtration is the
decreasing chain --- D FPVe D FPHWe D -.. with

p —— T,8
F%_@@V. (1.1.1)
Conversely, the Hodge decomposition can be recovered by the Hodge filtration via
VP4 = FPVe N FIVe. (1.1.2)

1.1.2 Polarizations

Let V be an R-Hodge structure of weight n.
The Weil operator C € End(V¢) is defined as follows: It acts on VP4 by multiplication by

V=197 We have Cz = Cxz for all z € VR So C € End(Vr). A more elegant way to define
the Weil operator will be given above Proposition [1.2.5] in terms of Deligne torus.

Definition 1.1.6. A polarization on V is a morphism of Hodge structures
Y: VeV — R(—n)
such that the bi-linear map
VR x Vg =R, (z,y) = Yo(z,y) = (2rvV—=1)"p(x, Cy) (1.1.3)

is symmetric and positive definite.

Mindeed, for z = > p.qTpa € Vr, we have Tpq = x4, because VP4 = V4. So Cz = Yo \/—1q7px77q =
> V=T, = > V—=1""%2z,, = Cz, and hence Cz € Vk.
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The Hermitian pairing associated with the bi-linear map (1.1.3)) is (z,y) — ¥ (x,7).
Lemma 1.1.7. Let V € HS%, and let ¢ be a polarization. Then
(i) © is (—1)"-symmetric, i.e. is alternating if n is odd and is symmetric if n is even.

(ii) the decomposition Vo = @ VP4 is orthogonal with respect to the Hermitian pairing asso-

ciated with (|1.1.3).
Proof. We start by proving (ii). Take z € VP and y € V"°. Then

(2W\/j1)_n¢0($ay) = Tl)(l‘, Cy) = ?l)(x, \/jlr_sy) = \/jlr_sdj(l‘ay)

Now (z,7) € VP4 x V" C (V x V)PT84+7" So o)(x,7) € R(—n)PT54t" since v is a morphism
of Hodge structures. Assume 9(z,35) #0. Then p+s=qg+r=n. Bt p+¢g=r+s=n. So
p=rand g =s. Thus Yo (VP4 V") =0 unless p = r and ¢ = s. This establishes (ii).

Now we turn to (i). The proof will be much easier and more elegant if we apply Proposi-
tion Here we give a direct computation without using this proposition.

For each x,y € Vg, write z = an ZTpg and y = Zp,q Yp,q under Vo = @ VP9 Then (ypq,2rs) C
(V x V)PT7a+s and hence ¢(yp,q, Trs) € R(—n)PHT™4%5 is 0 unless p+ 7 = ¢+ s =n. So

Uy, x) = Z V(Yp,q Tp,q)-
pya

On the other hand, , ¢ = %4, and yp ¢ = Yq,p since VP4 = V9P, So

Ye(Cy,z) = wC(Z \/jlq_pyp,m Z Tp,q)
Pya

p.q

= ¢C(Z \/jlq_pyp,q» Z Tpg)

p,q p,q

= Z ﬂ’C(\/jlq_pyILm Tp.q)

p.q

= Z¢C(\/TIQ7pyp,qvxq,p)
p.q
= (2mV/=1)" Z w(\/jlqipyp,qa Czqp)

P:q

= (27\/j1)n Z w(\/jlqipyzxqa \/jlpiqxqap)
P.q

= (271-\/_71)” Z V(Yp,g> Tq,p)-
P,q

Therefore
¢(y7 x) = (27T \ _1)7711#0(03/) Z‘)
Since ¢ is symmetric, we furthermore have

U(y,z) = 2mV=1)""pc(z, Cy) = p(z,C?y).

Notice that C? acts on VP4 by multiplication by (—1)?7P = (—=1)?*? = (—1)" for all p,q. Thus C? acts
on V as multiplication by (—1)". So we have

Py, x) = (=1)"P(x,y).
This establishes (i). O
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Example 1.1.8 (Complex abelian varieties). We continue with Example and prove
{complex abelian varieties} — {polarizable Z-Hodge structures of type (—1,0) + (0, —1)}.

Let T be a complex torus which corresponds to Vg = Hy(T,Z). Then T ~ Vg/Vz as real
manifolds. Thus /\2 V) ~ /\2 HY\(T,Z) = H*(T,Z). Therefore the set of alternating pairings

P: VoV —>Z(1)

is in bijection with H*(T,Z(1)).
The short exact sequence of sheaves 0 — Z(1) — Or Rl OF — 0 induces

Pic(T) = HY(T, 03) < H*(T,Z(1)) — H*(T,Or).

Assume T is an abelian variety. Then there exists an ample line bundle L on T. The Ampell-
Hubert data for L then gives an alternating pairing ¢ € H?*(T,Z(1)) such that the Hermitian
pairing (z,y) — ¥(x,/—1%) is the c¢1 of L for a suitable Hermitian metric on L. But Vy has
Hodge type (—1,0) + (0,—1) and the complex structure on Vi /Vz is by identifying Vg ~ V10,
So c1(L) is precisely wo. The ampleness of L implies that V¢ is positive-definite. Thus v is a
polarization on Vz.

Conversely assume ¥ is a polarization on Vz. Then 1 can be seen as an element in
H2(T,Z(1)), and ¥¢c equals (x,y) — ¥(x,/—1y) as above. So the Ampell-Hubert Theorem
gives a line bundle L on T such that ¢1(L) = v¥¢c. The positivity of Vo thus implies the ample-
ness of L by Kodaira embedding. So T is an abelian variety.

Example 1.1.9 (Primitive cohomology and Lefschetz). We continue with Example . As-
sume d = dim X. Let w be a Kdhler form on X®", which is a closed (1,1)-form. It induces
a homomorphism L: H"(X,Q) — H""%(X,Q), [a] = [w A a]; here we are using H"(X,Q) C
H"(X,C) ~ H3:(X). The Hard Lefschetz Theorem says that L": HY"(X,Q) = H™" (X, Q)
for all r > 0. Now let r = d —n. Set H[;,(X,Q) to be the kernel of L' H(X,Q) —

H?d=7+2(X Q). We have a morphism of Hodge structures
Y H'(X,Q@H"(X,Q) 25 H"(X, Q)@ H*~"(X,Q)(dim X—n) % H*(X,Q)(d—n) = Q(-—n).

The restriction of ¢ to HJ;, (X, Q) is a polarization. Thus we obtain a polarization on H"(X, Q)
by the Lefschetz decomposition H™(X, Q) = @o<<|n/2) L (H"%(X,Q)).

prim

1.2 Mumford—Tate group

1.2.1 Revision on algebraic tori

Let k be a field. A linear algebraic group defined over k is an affine group scheme G/k of finite
type; it can be embedded as a closed subgroup scheme of GLy for some N. If chark = 0, then
G is reduced and smooth. As an example, we have Gy, ;, := GL1 , which is defined by: for any
k-algebra R, we have Gy, (R) = R*. When k is clear in the context, we simply write Gy,.

Let k® be a separable closure of k. If chark = 0, then k° is an algebraic closure of k.

Definition 1.2.1. An algebraic torus defined over k is a linear algebraic group T defined over
k such that its base change to k° is isomorphic to an,ks for some r > 1.
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The group of characters (resp. group of cocharacters) of T is
X*(T) == Hom(Tys, G ps), (resp. Xu(T) := Hom (G s, Ths))-

Both X*(T) and X, (T) are isomorphic (as groups) to Z4™7 and are naturally endowed with a
Gal(k®/k)-action. We also have a perfect pairing as Gal(k®/k)-modules

XHT) x Xo(T) = Z = End(Guye),  (xo10) — (X, 1) 1= x 0 . (1.2.1)

By definition, T}y ~ Gy, s for some finite separable extension &’/k. So the Galois action of
Gal(k®/k) on X*(T') factors through Gal(k’/k) which is a finite group. Therefore the Gal(k®/k)-
action on X*(7T') is continuous. Same for the Gal(k®/k)-action on X, (7). Thus the functor
T — X.(T) gives an equivalence from the category of algebraic tori defined over k to the
category of free abelian groups of finite rank endowed with a continuous Gal(k®/k)-action.

Next we turn to the representations of algebraic tori p: T'— GL(V). Passing to k’, p becomes
Ty ~ G . — GL(Vy). Then Vi can be decomposed into

W=D i B v (122

(nl,...,nr)GZT

where V) = {v € Vi : p(t)v = x(t)v} and V™" = {v € Vi : p(z1,..., 20 )v = 20 "1+ 27 "0}
On the base field k, the decomposition is Galois compatible, i.e. o(Vy) = Vo for all o €
Gal(K'/k).

1.2.2 Deligne torus

View C as an R-algebra using the inclusion R C C. Let S be the algebraic group Resc/rGm
defined over R, ¢.e. for any R-algebra R, we have

S(R) = (R®r C)*.
Then
S(C) = (Cer C)* = ((R@\/ZR) QR (C)X = (R C)* x (V-IR®g C)* = C* x C*.

Hence S is an algebraic torus defined over R, and Gal(C/R) = {1, 0} acts on S(C) by o(z1, 22) =
(Z2,%1). Thus S(R) = {2 € S(C) : z = 0(2)} = {(21,22) € C* x C* : z0 = Z1}. In other words,
the natural inclusion S(R) C S(C) is given by z — (z,%).

Definition 1.2.2. The algebraic torus S is called the Deligne torus.
The character group of the Deligne torus is
X*(S) = Hom(S(C),C*) = Hom(C* x C*,C*) = Hom(C*,C*) ® Hom(C*,C*)~Z & Z, (1.2.3)
where the last isomorphism is obtained from the inverse of
Z = Hom(C*,C*), p— (2 27P). (1.2.4)

The Galois group Gal(C/R) = {1,0} acts on X*(S) by o(p,q) = (g, p)-

Among the cocharacters of S, two are particularly important:
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- the weight cocharacter w: Gy, c — Sc, 2 — (2, %), which descends to R (namely it is the
base change to C of a morphism G, g — S).

- the principal cocharacter p: Gy c — Sc, 2z — (2,1).

An important character of S is the norm character Nm: S — Gy, z — zo(z). It fits into the
following short exact sequence:

0= U1) =S Gy — 0. (1.2.5)

Notice that Nm o w sends each z € G, (R) = R to 2.

1.2.3 Hodge structures as representations of the Deligne torus

Now let V' be an R-Hodge structure of weight n. Recall the Hodge decomposition Vg = @ VP1.
It gives rise to an action of S¢ on V¢ by setting VP4 to be the eigenspace of the character
(p,q) € X*(S). More precisely, for each (21,22) € S(C) = C* x C* and each v = (Vpq)p,q €
Ve = @ VP4, we have

(21,22) " v = (21 25 Wpg)pg- (1.2.6)

This action of S¢ on V¢ induces a morphism
h:Sc — GL(Vg). (1.2.7)

Lemma 1.2.3. The morphism h descends to R, i.e. it is the base change to C of a morphism

Proof. For Gal(C/R) = {1,0}, we can do the following computation. Let (z1,22) € S(C) and v =
(vp.g)p.g € Ve -

Recall that the Hodge decomposition satisfies V¢ = V4P, So v,, € VP4 = V9P, Hence the
decomposition of 7 = o (v) under Vo = @ VP9 is U = (Ug,p)p.q- In particular, T, ; = Tg .

Now we have

h(o(21,22))v = (22,%1) - v = (23721 "Vp,q)p.g
and
o (h(z1,22)) v = 0 (h(21,22)0) = 0 ((21, 22) - ) = 0 ((21 P23 "Vp,q)p,a) = 7 ((21 " 25 Wap)pa) = (Z1 22 "Vp.0)p.a-
Hence h is Gal(C/R)-equivariant, and therefore descends to R. O
Thus from any R-Hodge structure V of weight n, we have constructed a morphism S —
GL(VRr). Conversely given any h: S — GL(VR), we can define VP4 to be the eigenspace of the

character (p,q) € X*(S) of Sc. Then V =@ VP4 and VIP = VP4 because h is defined over R.
Hence we have the following proposition.

Proposition 1.2.4. Let R =7,Q and let V' be a torsion-free R-module of finite type.
Then there are bijections between the following sets of:

(i) Hodge structures of weight n on V;
(it) morphisms h: S — GL(VR) such that the eigenspace of (p,q) € X*(S) is 0 unless p+q = n.

(111) morphisms h: S — GL(VR) such that the composite h o w: G g — GL(VR) sends each

n

z € R* to the multiplication by z~".
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If a Hodge structure on V' corresponds to h: S — GL(Vx), by abuse of notation we use (V, h)
to denote this Hodge structure. In this terminology, the Weil operator C' of the Hodge structure

(V,h) in the definition of polarizations (1.1.3)) is simply h(y/—1).

Proposition 1.2.5. Let (V,h) and (W,h') be two R-Hodge structures of weight n, and let
p: V. — W be an R-linear map.

Then ¢ is a morphism of Hodge structures if and only if o(h(z)v) = h'(2)¢(v) for all z € S(R)
and v € Vg.

The proof of Lemma (i) can be much simplified by this proposition: ¢(y, x) = ¥(Cy,Czx) =
(27TV _1)_2n¢]0(0y7$) = (27TV —1)_2%@0(%01/) = ¢($7021/) = (_1)n¢(x’y)’ and hence w is

(—1)"-symmetric.

Proof. Write v = (vpq)pq € Ve = @ VP4 Then h(z)v = (27227 %pq)pg- S0 @(h(z)v) =
(27PZ799(vp q))p,q by linearity of .

Assume ¢ is a morphism of Hodge structures. Then ¢(VP?) C WP for all p, g, and hence
(05.0) = 9(V)pg for all p,g. S0 G(A(2)v) = (= P2 %p(0)pg)pg = W (2)p(0).

Conversely assume @(h(z)v) = h'(2)p(v) for all z € S(R) and v € Vg. Let v € VP4
By considering v + 7 and (v — 7)/v/—1, we have p(h(z)v) = h'(2)p(v) for all z € S(R). So
R(2)p(v) = p(h(z)v) = p(27 Pz~ %) = 27 Pz 9p(v) for all z € S(R). Therefore p(v) € WP4. [

This proposition has the following immediate corollary.

Corollary 1.2.6. Let (V,h) be an R-Hodge structure of weight n, and let W be a torsion-free
R-submodule of V.
Then hlw is an R-Hodge structure if and only if Wg is an h(S)-submodule of V.

In this case, we call the Hodge structure (W, hlw) a sub-R-Hodge structure of (V,h).
Another corollary is:

Corollary 1.2.7. Let Q: V x V — R induce a polarization on (V,h). Then h(S) C Aut(V,Q).

Proof. By definition, @ induces a morphism of Hodge structures between V ® V and R(—n).
Thus the conclusion follows immediately from Proposition [1.2.5 O

1.2.4 Mumford—Tate group
In this subsection, assume R = Z or Q. Let (V,h) be an R-Hodge structure.

Definition 1.2.8. The Mumford—Tate group of (V, h) is the smallest Q-subgroup MT(h) of
GL(Vg) such that h(S) C MT(h)(R).

It is easy to check that MT(h) is connected since S is, and MT(h)(C) is the subgroup of
GL(V(C)) generated by o(h(S(C))) for all o € Aut(C/Q). We also have the following charac-
terization of MT(h) using the principal cocharacter p defined above (|1.2.5]).

Lemma 1.2.9. MT(h) is the smallest Q-subgroup of GL(Vg) such that pp, := ho p: Gpc —
GL(Vt) factors through MT (h)c.

Proof. By definition p5,(Gm,c) € MT(h)c. Conversely let M be a Q-subgroup of GL(Vgp) which
contains pp(Gm,c) = h((Gmc)). Then M(C) contains h(z,1) € GL(V(C)) for all z € C*.
Since M is defined over Q and h is defined over R, we have that M (C) contains o(h(z,1)) =
h(o(z,1)) = h(1,%) for all z € C*, where Gal(C/R) = {1,0}. Hence M (C), as a group, contains
h(z,1)h(1,Z') = h(z,Z’) for all 2,2’ € C*. Hence h(S¢) C M, so MT(h) C M. O
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It is not hard to check that the Mumford-Tate of the dual Hodge structure of (V, h) is still
MT(h).
Now assume R = Q. For m,n € Z>(, we have a Hodge structure 77"V := V& g

(VV)®" and MT(h) acts on T™"™V componentwise. The following proposition is an immediate
consequence of Corollary (applied to T™"V).

Proposition 1.2.10. Let W be a Q-subspace of T"™"™V. Then W is a sub-Q-Hodge structure
of T™™V if and only if W is a MT(h)-submodule of T™"V .

This proposition gives rise to another useful characterization of MT(h), which is important
in the study of (sub-)Shimura varieties. We make the following definition.

Definition 1.2.11. The elements of (T™"V¢)* N T™"V, with m and n running over all non-
negative integers, are called the Hodge tensor for (V,h).

Denote by Hdg;, the set of all Hodge tensors for (V, h).

Proposition 1.2.12. We have MT(h) = Zgy,v)(Hdgy,).
In particular by dimension reasons, MT(h) = Zgy,v)(J) for some finite set I C Hdg,.

Proof. Take t € Hdg;,. For any o € Aut(C/Q), we have o(t) = ¢ since ¢ is a Q-element. By ((1.2.6)
we have h(z1, 22)t = 2023°t = t for any (21,22) € S(C). Applying the action of any o € Aut(C/Q) and
recalling that MT(h)(C) is generated by the o(h(S(C)))’s, we have that ¢ is fixed by MT(h)(Q). This
establishes “C”.

To get MT(h) = Zgv)(Hdgy,), notice that MT(h) is a closed subgroup of GL(V). By theory of
algebraic groups, MT(h) is thus the stabilizer of some 1-dimensional Q-subspace L in @(mﬁn)e TV
for some finite subset I C Z2,. Now that L is a 1-dimensional MT(h)-submodule of @(m’n)el TV,
Proposition [[:2.10] implies that L is a 1-dimensional Q-Hodge structure, and hence L¢ = LP* for some p
and ¢. But then p = ¢ since LP? = m In other words, L ~ Q(—p) has weight 2p.

If p = 0, take a Q-generator ¢ of L. Then MT(h)(Q) fixes £ by the same argument on proving “C”.
So MT(h), being the stabilizer of Q¢, equals Zgr,v)(£). If p # 0, then the weight of (V,h) is not zero,
and hence the weight r of the Hodge structure det V := /\dimv V is non-zero (since det V' can be realized
as a MT(h)-submodule of V®4mV) We may assume r > 0 up to replacing V by V. The 1-dimensional
Q-space L™ @ (det V)®~2P is a Hodge structure of weight 0 and hence equals its (0,0)-piece. Let £ be
a generator of L®" @ (det V)®~2P. Then / is fixed by MT(h)(Q) by the same argument on proving “C”.
Hence MT(h) = Zar,v)(£) as in the case of p = 0.

To summarize, there exists a finite sum of Hodge tensors ¢; +- - -4ty such that MT(h) = Zarv)(t1 +
<+ +tn). So MT(h) C ﬂfil Zarwvy(ti) € Zarv)(ts + -+ +tny) becomes an equality. We are done. [

Finally, we point out that the Mumford-Tate group of any polarized Q-Hodge structure of
weight n is a reductive group. A detailed discussion on this will be given in the next chapter

(Corollary [2.2.5)).

1.3 Passing to families

In practice it is important for us to work with families. We discuss two aspects, and end up
with a question to relate them.

ITo make the argument in this paragraph vigorous, we need to argue with mized Hodge structures because
@(m,n)EI T™"™V may have more than one weight. However, since @(myn)a T™"™V is a direct sum of (pure)
Hodge structures and dim L = 1, we are essentially working with a pure Hodge structure.
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1.3.1 Variation of Hodge structures

Let S be a complex manifold.

Definition 1.3.1. A Z-variation of Hodge structures (Z-VHS) of weight n on S is (Vz, F*)
where

- Vz is a local system of free Z-modules on S of finite rank,

- F* is a finite decreasing filtration (called the Hodge filtration) of the holomorphic vector
bundle V := V7 ®z, Og by holomorphic subbundles,

such that
(i) (Vz.s,Fs) is a Z-Hodge structure of weight n for each s € S,

(i1) the connection V:V — V Qo Q}g whose sheaf of horizontal sections is V¢ := Vg ®7 C
satisfies the Griffiths’ transversality condition

V(FP)C FP ey for all p. (1.3.1)
A polarization on (Vz, F®) is a morphism of local systems
Vo ® Vg — Qg
inducing on each fiber a polarization of the corresponding Q-Hodge structure.

Example 1.3.2. Let f: X — S be a smooth projective morphism. Then V := R"f.Zx is a
local system of Z-modules on S with fiber Vo = H™" (X, Z). Replace V by its quotient by torsion.
Under the isomorphism V ~ R"f*Q;(/S, the Hodge filtration is FPV = R"f*Q)Z(I;S. Notice that
the subbundle of (p, q)-forms is not holomorphic if ¢ # 0, but FPV is holomorphic. The fiberwise
polarization from Ezample gives a polarization on V.

And this example is the geometric origin of the Griffiths’ transversality.

1.3.2 Parametrizing space

Next we turn to the following question. Let V' be a finite-dimensional R-vector space, and let
n € Z.

Fix a partition {h??}, ;cz of dim V¢ into non-negative integers with p + ¢ = n such that
hP4 = h%P. Consider the set of all Hodge structures on V' such that in the Hodge decomposition,
we have dim VP4 = hP4 for all p,q. Equivalently by Proposition we are considering the
subset My of Hom(S, GLy ) such that the eigenspace of (p, q) € X*(S) has dimension h”9. Notice
that GLy acts on Hom(S, GLy ), by sending h +— Int(g) o h.

Lemma 1.3.3. Mg is a GLy -orbit.

Proof. Fix h € Mo. Then V4 = {v e V¢ : h(z)v = z7Pz % for all z € S(R)}.

For any g € GLy, it is easy to check that {v € V¢ : (g h)(2)v = 2Pz % for all z € S(R)}
equals gV,ff’ 7 and hence has dimension h?4. Hence the Hodge structure on V determined by
g - hisin Mgy. Namely GLy - h € M.

Conversely let B’ € My. By assumption dim VY = dim V" for all p,q. Assume h?? = 0
unless r < p < s. Such r and s exist since dim Vg < oo. Now there exists a g1 € GLy such
that V,,"" = g1V,"""" by dimension reasons. Now we work with »’ and g - h, and there exists
g2 € GLy such that g V7" " = Vhr,’n_r and V,:,H’n_r_l = gngTfhl’n_r_l. We continue to work
with A’ and gog1 - h and repeat this process which stops after finitely many steps. Hence we find
a g € GLy such that V77 = ij for all (p,q). So b/ = g-h. Thus My C GLy - h. d
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Next we fix furthermore a non-degenerate (—1)"-symmetric pairing Q: V x V — R. We
furthermore consider the subset M of M/ consisting of Hodge structures on V for which @ is a
polarization. Then by Corollary we have M C Hom(S, Aut(V,Q)). Moreover using (the
proof of) Lemma [.3.3] we see that M is an Aut(V, Q)-orbit.

Example 1.3.4. Assume dimV = 2g and let Q: V xV — R be the standard symplectic pairing.
Then Aut(V,Q) = GSpy,. If g =1, then Aut(V,Q) = GLa.

Finally fix a collection of tensors {s,} on T™" = V&M @ (VV)®" with m, n running over all
non-negative integers. Set

G = Aut(V,Q) N ﬂa Stabar, (Sa)- (1.3.2)

Let G™ be the identity component of the real Lie group G(R). Then [G(R) : GT] < oo.

Fix h: S — Aut(V, Q) such that each s, is a Hodge tensor for the Hodge structure (V,h).
Then the same holds true for the Hodge structure (V,g-h) for all g € G*. Let X+ := Gt -h C
Hom(S, G)

Now we have a family of Hodge structures on X as follows: X xV — X T, with the Hodge
structure on V over each h € X being precisely the one given by h. Now X+ x V can be seen
as a smooth vector bundle on X, and for each p there is a subbundle F? whose fiber over each
h € X is the Hodge filtration F}.

In view of the definition of VHS (Definition , we wish the investigate the following
questions:

(i) Is there a complex structure on X for which each subbundle F” is a holomorphic?

(ii) When does Griffiths’ transversality hold true, i.e. V(F?) C FP~1 @ Q% for all p?

1.3.3 Constraint on the Hodge type

Continue to use the notation above. Let h € X C Hom(S,G). Composing with the adjoint
representation G — GL(LieG), we have a Hodge structure on LieG by Proposition m By
abuse of notation, we use (LieG, h) to denote this Hodge structure. Since X is a G*-orbit, the
Hodge type of (LieG, h) is independent of the choice of h € X .

Moreover h induces a Hodge structure on End(V) = VV ® V, which must be of weight
0 and by abuse of notation we denote by (End(V),h). The inclusion G C GL(V') induces
LieG C End(V) = VV ® V. Hence the weight of (LieG, h) is 0.

In what follows, we use g to denote LieG.

Proposition 1.3.5. There exists a unique complex structure on X such that FP is holomorphic
for each p. Griffiths’ transversality holds true if and only if the Hodge structure (LieG,h) has
type (—1,1) + (0,0) + (1, —1) for one (and hence all) h € X™.

Proof. For each h € XT, let F? be the Hodge filtration of the Hodge structure (V,h). For
each p, write dj, := dim F; }I; = Zr>p A" T which does not depend on h. We have a flag variety
F{ parametrizing sequences (called flags) --- 2 V, O V11 2 --- of subspaces of V¢ with
dim V,, = d), for each p. By general theory, F/ is a complex algebraic variety which is a GL(V¢)-
orbit. Moreover, the tangent space of F/ at the flag --- DV, O V41 2 --- is a subspace
of

B Hom(V;,, Ve / V). (1.3.3)

P

BlIn fact, X is known to be a connected component of X C M which parametrizes all Hodge structures on V
for which each s, is a Hodge tensor.
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There is a natural map
o: Xt > Fl, he F,

which is injective since a Hodge structure is uniquely determined by its Hodge filtration. The
group GL(V¢) naturally acts on F/, and it is not hard to check that the stabilizer of F} is
exp FYEnd(Vg).

Let us show that ¢ makes X into a complex subvariety of F¢. Fix hy € X and let
Ko = Stabg+(ho). Then X = Gt - hy ~ G /Ky, and LieKo = g N F}) gc which is the
(0, 0)-constituent of the Hodge structure (g, ho). So ¢ factors through

Xt =G"/Ko = XY 1= G(C)/ exp Fy), gc — F€ ~ GL(V¢)/ exp F) End(V). (1.3.4)

The first map makes X into an open submanifold of XV, and the second map is a closed
immersion as complex algebraic varieties. So X has a natural complex structure induced from

XV,
Next we turn to the Griffiths’ transversality. The tangent map of ¢ at hg is

de: Ty X+ — Ty, Ft ~ End(Ve)/Fp, End(Ve) € @ Hom(FY, , Ve /FL).
p

Griffiths’ transversality holds true if and only if
. -1
im(de) € @ Hom(F}, , FE~/FD ),
P
and hence if and only if

im(dg) C F,'End(Vc)/Fp, End(Ve).

But im(dy) = LieG(C/F}gog(c. So Griffiths’ transversality holds true if and only if gc = F};)lg(c.
Therefore we can conclude.

We yet to understand the polarization attached to this family, for which we need to recall
some background knowledge on reductive groups. The full discussion will be carried out in
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Chapter 2

From Hodge theory to Hermitian
symmetric domains

2.1 Basic background knowledge on reductive groups

Let k be a field. Let G be a connected linear group defined over k. Let k be an algebraic closure
of k.

Denote by G, the group defined by: for any k-algebra R, we have G,(R) = R. When k is
clear in the context, we simply write G,.

Definition 2.1.1. G is called a reductive group if G does not contain a normal subgroup
isomorphic to G,.

A notion closely related to reductive groups is the unipotent radical. Let us briefly recall the
definition. Recall that G can be embedded as a closed subgroup scheme of GLy for some N.
An element g € G is said to be unipotent if (Iny — g)Y = 0 (as matrix). A subgroup of G is
said to be unipotent if all its elements are unipotent. As an example, Uy (consisting of upper
triangular matrices whose diagonal entries are 1) is a unipotent subgroup of GLy. Moreover, it
is known that any unipotent subgroup of GLy is a subgroup of gUyg~! for some g € GLy.

Definition 2.1.2. The unipotent radical of G, denoted by R, (G), is the identity component
of its maximal normal unipotent subgroup.

As an example, R, (GLy) = 1. Moreover, any algebraic torus has trivial unipotent radical.

1 0 - 0 =z
o1 0 - 0
Since G, is a unipotent subgroup of GLy via z — |: : © 1|, we have:
o o0 -~ 1 0
0 - oo 0 1]

Lemma 2.1.3. G is a reductive group if and only if R,(Gg) = 1.

For any reductive group G, its connected center Z(G)® is an algebraic torus. Among reductive
groups, those with trivial connected center are of particular importance.

Definition 2.1.4. A reductive group G is called semi-simple if its connected center Z(G)° is
trivial. It is called simple if its only connected normal subgroups are 1 and G.

19
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Clearly, simple groups are semi-simple because Z(G) is a normal subgroup of G. Given a
reductive group G, one can naturally construct two semi-simple subgroups:

(i) the derived subgroup G := |G, G] which is a normal subgroup of G,
(ii) the adjoint G* := G /Z(G) which is a quotient of G.

The composite G4* — G — G?? is a central isogeny, i.e. it is surjective and has finite kernel
contained in Z(G). As an example, GL(}\?r = SLy and GL?\? = PGLy, and the kernel of
SLN — PGLN is {:l:IN}.

Next we recall the following structural theorem of reductive groups.

Theorem 2.1.5 (Structural theorem of reductive groups). Let G be a reductive group. Then
there are only finitely many non-trivial simple normal subgroups G1,...,G, of G, and

G=27Z(G)G - -Gy
with the intersections G; N G; < Z(G).
We end this revision by a characterization of a C-group to be reductive.
Proposition 2.1.6. Assume chark = 0. Then the followings are equivalent:
(i) G is a reductive group;
(i) Any representation V' of G can be decomposed into the direct sum of irreducible ones.

Corollary 2.1.7. Let G be a connected linear algebraic group defined over C. Then G s
reductive if and only if G has a real form Gr (i.e. Gr ® C ~ G) such that Gg(R) is compact.

Proof. We only sketch for <=. By definition it is enough to prove that Gg is reductive. For any repre-
sentation V of Gg, define an inner product on V induced by ||v| := fGR(R) gv with respect to a Haar

measure on Gg(R). Then this inner product is Gg-invariant. Thus V' can be decomposed into the direct
sum of irreducible sub-representations of Gg. O

Example 2.1.8. Let G = GLyc. Then GLyg and (write J, , = diag{I,, —I,} and denote for
simplicity by J = Jpq)
U(p,q) :={g € GLnc : 9" Jg = J}

are R-forms of G, with all p+ q = N. The associated complex conjugation for U(p,q) is
o:g— J(@) 1. A compact R-form is U(N).

2.2 Polarization on families and reductive groups

Recall the setting of V is a finite-dimensional R-vector space, n € Z, G < GL(V) and
Xt C Hom(S,G) is a GT-orbit. We know that Xt parametrizes certain Hodge structures on V/
of weight n, and hence has carries a family of Hodge structures. By Proposition m X has
a unique complex structure such that this family of Hodge structures varies holomorphically.

Better, we have fixed a (—1)™-symmetric pairing @: V x V' — R which induces a polarization
for the Hodge structure on V given by each h € X . In this section, we prove that this extra
information forces G to be a reductive group.
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2.2.1 Cartan involution

We need some background knowledge on Cartan involutions.
Let Gr be a linear algebraic group defined over R. Let o: G¢ — G¢ be the associated
conjugation.

Definition 2.2.1. A Cartan involution is a morphism 0: Gr — Ggr such that 6> = 1 and
that (Ge)™ :={g € Gc : 7(g9) = g} is a compact real form of Gc, where T =60c oo =0 o0fc.
Example 2.2.2. Let us look at the following examples with Gc = GLy c.

(a) Gr =U(N), with 0 = 1.

(b) Gr =U(p,q), with 6(g) = JgJ where J = Jp,,.

(¢) Gr = GLyR, with 0(g) = (¢")~".
Proposition 2.2.3. Gy is reductive if and only if Gg admits a Cartan involution. And any
two Cartan involutions of Gr are conjugate.

In Example the Cartan involutions in (a) and (b) are induced by an element of G(R),

while in (c) it is not. The first kind is called inner Cartan involution and is of particular
importance because of its relation with polarizations explained by the following lemma.

Lemma 2.2.4 (Deligne). Let C € G(R) with C? = 1. Then the followings are equivalent:
(i) Int(C) is a Cartan involution of G,

(ii) any Gr-representation V is C-polarizable, i.e. there exists a Gr-invariant bi-linear map
¢: V. xV — R such that (z,y) — éc(z,CY) is Hermitian and positive-definite (equiva-
lently, (z,y) — ¢(x,Cy) is symmetric and positive-definite),

(i1i) Gr admits one faithful representation which is C-polarizable.

Proof. Let ¢ be a bi-linear map. Observe that the followings are equivalent:

e ¢ is G-invariant;

e oc(gr,0(9)y) = ¢c(z,y) for all g € G¢ and z,y € Vi;

* ¢c(gx,0(9)CY) = de(x, CY) for all g € G and x,y € Ve;

o (z,y) — ¢c(z,Cy) is U-invariant, where U = (G¢)” with 7 = Int(C) o 0.

The last equivalence follows from ¢c(gz,0(9)Cy) = ¢c(gz, CT(9)Y).

Now let us go back to the proof of the lemma. (ii) implying (iii) is trivial. (iii) implies that
U is compact, and hence implies (i). It remains to show that (i) implies (ii).

Assume (i). Then G¢ has a compact real form U, which is the set of fixed points of 7 =
Int(C) o 0. There exists a U-invariant positive-definite symmetric bi-linear map ¢: V. x V. — R
since U is compact. Hence ¢¢ is Ge-invariant, and so ¢c(gx, 7(9)y) = éc(z,y) for all g € Ge.
But 7(g9) = Ca(9)C~! = Co(g)C, hence ¢c(gx,0(g)CY) = ¢c(x, Cy) for all g € Ge. Thus ¢ is
also Ggr-invariant. This establishes (ii). O

Here is a corollary on the Mumford-Tate group.
Corollary 2.2.5. Let (V,h) be a Q-Hodge structure of weight n with a polarization . Then
MT(h) is a reductive group.

Proof. Let Gg := MT(h)g and C := h(v/—1). Then C? = 1, and Vg is a faithful representation
of Gr which is C-polarization. Hence Int(C) is a Cartan involution of Gg by Lemma So
GR is reductive by Proposition m Hence MT(h) is a reductive group. O
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2.2.2 Polarization on parametrizing space

Now let us go back to our setting at the beginning of this section.

Let h € XT. Let Gy be the subgroup of G' generated by h(S) for all h € X . In other words,
G is the smallest subgroup of G which contains h(S) for all h € XT. It is easy to check that
G is a normal subgroup of G, and that X is a Gf—orbit, where Gf is the identity component
of the real Lie group G;(R).

Recall the weight cocharacter w: Gy, — S induced by R* C C*.

Proposition 2.2.6. Assume how factors through Z(G) for one (and hence all) h € X*. Then
the followings are equivalent:

(1) There exists: V@V — R(—n) which is a polarization for the Hodge structure determined
by each h € X™T;

(2) Gy is a reductive group for one (and hence all) h € X, and Int(h(v/=1)) is a Cartan
involution of G34.

In (2), Int(h(y/—1)) is an automorphism of G which acts trivially on Z(G1), and so can be
seen as an automorphism of G34.

In our setting, v is induced by (). But this proposition also gives an abstract way of showing
the existence of a polarization on a family of Hodge structures, which will be useful in

Proof. By assumption, the subgroup (how)(Gy,) of Gy is independent of the choice of h € X,
and we denote it by W. Then W < Z(Gy).
Recall the short exact sequence of group over R

15 U1) =S Gy — 1.

Let G2 be the subgroup of G generated by h(U(1)) for all h € X*. Then G; = W - Ga.
Moreover since W < Z(G1), the inclusion Gy < G induces G3% ~ G34. So (2) is equivalent to:
(*) Gy is a reductive group for h € X+, and Int(h(v/—1)) is a Cartan involution of G&.

Take a map ¢: V@V — R. Then

¥: V ®V — R(—n) is a morphism of Hodge structures for all h € X

&1 is h(S)-equivariant for all h € X

&1 is h(U(1))-invariant for all h € X because S = w(Gy,) - U(1)

<) is Gg-invariant.
Thus¢: V@V — R(—n) is a polarization for all h € X if and only if the Go-equivariant map (x,y) —
(x, h(v/—1)y) is Hermitian and positive-definite. Hence by Lemma (1) is equivalent to
Int(h(v/—1)) being a Cartan involution of Go. Hence by (), it suffices to prove that Int(h(v/—1))
is a Cartan involution of Go if and only if it is a Cartan involution of G3%. So it remains to

prove that Z(Gy) is compact. This is true because G is generated by compact subgroups (since
U(1) is compact). O

2.3 Hermitian symmetric domains

Motivated by Proposition and we shall study pairs (G, X1) where

e (G is a reductive group defined over R,
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e X' is a GT-orbit contained in Hom(S, G), with G acting on Hom(S, G) via conjugation
(with G the identity component of the real Lie group G(R))

satisfying the following properties:
(i) For any h € X, the Hodge structure (LieG, h) has type (—1,1) + (0,0) + (1,—1),
(i) For any h € X+, Int(h(v/—1)) is a Cartan involution for G4,

In fact, it is enough to require (i) and (ii) for one h € X*. And condition (i) implies that
how: Gy — G factors through Z(G). Indeed by (i), Ado how: Gy, — GL(LieG) sends z to
the multiplication by 20 = 1, and hence is trivial. So im(h o w) C Ker(Ad) = Z(G).

Now take any representation V of G. Then X xV — X is a family of R-Hodge structures
with the Hodge structure on h € X determined by S LNFeRN GL(V). By Proposition
and this family is an R-variation of Hodge structures endowed with a polarization.

Theorem 2.3.1. X7 is a Hermitian symmetric domain. More precisely, this means:
(1) Xt = X" x - x X}F;

(2) Each Xf is a Riemannian symmetric space of non-compact type, i.e. Xi+ ~ G;"/Ki,oo
where G is a simple group defined over R and K;  is a maximal compact subgroup of

G/;
(3) For eachi € {1,...,k}, X;" has a G;-invariant complex structure.

Conversely, any Hermitian symmetric domain can be obtained as X for a pair (G, X ™) as
above. But we will not prove this in this course.

2.3.1 The example of Siegel case

Let V=R% Let1: V xV —= R be (z,y) — z'Jy with J = [(} Iﬂ
—1q

Define the R-group

Gr = GSp(¥) = GSpyy := {g € GL(V) : ¥ (g, gy) = cp(x,y) for some ¢ € R*}
= {g € GLogR : ngt = ¢J for some ¢ € IR{X} )

The derived subgroup G3 = Spy,; = {g € GL(V) : ¢(g9z, gy) = ¥(z,y)} = {g € GLoggr : gJg" = J}.
Define
ho: S — Gszd, a-+bv—1w— alyg + bJ.

Indeed, this map is well-defined since (alpg + bJ)J(alzg + bJ)® = (a® + b?)J. Notice that
ho ow: Gy, — GSpy, sends r € R* to multiplication on V' by r. Hence the Hodge structure
(V, ho) has weight —1.

The eigenvalues for J are £v/—1. Let V=50 (resp. V% ~1) be the eigenspace of v/—1 (resp.
of —y/—1). Then one can check that each z € S(R) = C* acts on V10 as multiplication by 2z
and on V%~ as multiplication by zZ. Thus (V, hg) is a Hodge structure of type (—1,0) + (0, —1),
and 1 is a polarization.

Now that LieGg C End(V) =V @ VY, we know that the Hodge structure (LieG, h) has type
(—=1,1) + (0,0) + (1,—1). So condition (i) holds true.

For condition (ii), apply Lemma to the group (GSpsy)® = GSpyy/Z, where Z is the
subgroup of scalar matrices, and the element C' € (GSpyy)®(R) being the image of hg(v/—1) =
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J € GSpyy(R). Since v is a J-polarization of the Hodge structure (V,hg), by Lemma
Int(ho(v/—1)) is a Cartan involution for (GSpy,)*d.

Let X* C Hom(S, Gg) be the GSp,-orbit of hg. Then Spyy acts transitively on X+, and
Stabsp,, (ho) = U(d) = O(2d) N Spy, is a maximal compact subgroup of Spy,. So

X1 =~ Spyy/(0O(2d) N Spyy)

with Sp,,; a simple group defined over R which is not compact. To see the complex structure in
a more concrete way, let us make the identification

X =8py,/(0(2d) N Spyg) = H4 := {7 € Matqxa(C) : 7 = 7* and Im7 > 0} (2.3.1)

which sends

g-hor g-V—1I;:= (V=1A+ B)(vV—1C + D) ! with g = [A B] .

C D

The Spy,-invariant complex structure on X T is the same as the complex structure on $), inherited
from the open inclusion $4 C {T € Matgxq(C) : 7 = Tt} ~ Cdd+1)/2

2.3.2 Cartan decomposition of semi-simple groups

In this subsection, we review background knowledge (without proof) on the Cartan decompo-
sition of semi-simple groups G defined over R. This is closely related to the Cartan involution
from
Let 6 be a Cartan involution of a semi-simple group G defined over R. Composing with the
adjoint representation Ad: G — GL(LieG), we get an involution on g := LieG which we still
call a Cartan involution and denote by 6. Then 6 has eigenvalues 1, and let ¢ (resp. m) be the
eigenspace for 1 (resp. for —1). Then
g=tom. (2.3.2)

Moreover, [¢, €] C ¢, [¢,m] C m, and [m,m] C ¢ by looking at the eigenvalues. So £ is a Lie
subalgebra of g, while any Lie subalgebra contained in m is commutative.

Lemma 2.3.2. K, := exp(¥) is a mazimal compact subgroup of G*.

We can also recover the compact real form of G as follows. The Cartan involution 6 extends
to gc and we have a corresponding gc = £c ® mc. Let g. := € ® /—1m. Then G. := exp(g.) is
a compact real Lie group and which is a real form of G. Notice that K, = G N G..

2.3.3 Proof of Theorem [2.3.1]

By definition of X, the center Z(G) acts trivially on X . Hence the action of G factors
through G*¢(R)*. By Theorem G2 can be decomposed into a direct product G* =
G1 X -+ x Gy with each G; a simple group. Fix h € X, and let X;r = G;r - h. Then the
decomposition of the group induces

X~ X x X

This establishes (1).
In the rest of proof, to ease notation, use G to denote G; and X to denote X;r. Then G is
a simple group with trivial center.
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Denote by g := LieG. Consider the action of h(y/—1) on g via the adjoint representation.
Then h(yv/—1) acts on g% as identity and on gh~! @ g=! as multiplication by —1. Thus
X+ ~ GT /K for the subgroup K., := exp(g’) of G*. Condition (ii) says that the action of
h(v/—1) on g is a Cartan involution, and hence we have a Cartan decomposition g = €@ m as in
(2.3.2). Then condition (i) says that &€ = g%° (and m¢ = gt @ g~ 1!). Hence K := exp(g”?)
is maximal compact in G* by Lemma This establishes (2).

Remark 2.3.3. Assume G is simple with trivial center. If G is compact, we claim that X =
{trivial map}. Indeed, Int(h(v/—1)) is identity because it is a Cartan involution for G. Thus
Adoh: S — GL(g) sends v/—1 to identity, and hence (g, h) has Hodge type (0,0) by assumption
(i) (since \/—1 acts on the complement of g®° by multiplication by —1). But then Ado h is
trivial since z € S(R) = C* acts on g as multiplication by 2°2° = 1. Thus h(S) C Ker(Ad) =
Z(G) = {1}.

For part (3), notice that [gh~! gh™1] € g22 = 0. Hence gl'~! is an abelian Lie subalgebra
of gc. Same is true for g~ 5!, Thus Flgc = g%° @ gt~ ! is a Lie subalgebra of gc. Therefore
P = exp(F%c) is a subgroup of G(C), with P N G = K. Thus the inclusion G C G(C)
induces an injective morphism of real smooth manifolds

Xt =G"/Ky — XY :=G(C)/P¢. (2.3.3)

The tangent of this map is an isomorphism as real vector spaces. Hence this map realizes X
as an open subset of XV. This establishes (3). We are done. O

2.3.4 Borel embedding theorem and Harish—Chandra realization

Replacing G' by G4 does not change X+. Hence we may assume that G is semi-simple. Fix h € X,
and take the inner Cartan involution 6 obtained from h(y/—1). Use the notation from The real
tangent space of X at h, denoted by Tr(X ™), can be identified as m.

The element J := h(e™~1/4) satisfies J2 = 1. Its action on X induces a decomposition
Tr(XT)@rC=T"XT) e T (XT)

where J acts by multiplication by v/—1 on T1%(X*) and by —v/—1 on T%*(X*). Then T10(X¥) is
the holomorphic tangent space at h. On the other hand, we have m¢ = m* © m~ where J acts by
multiplication by v/—1 on m* and by —v/—1 on m~; in fact m* = g=1! and m~ = g>»~!. Then as we
have seen above, both m™ and m™ are abelian Lie subalgebras of gc.

Let MT := exp(m™), M~ := exp(m™); both are abelian subgroups of G¢. Let K¢ := exp(tc) and
Pr:=exp(tc + m™) = KcM~. Then P is a subgroup of Gc.

Here is a more precise version of , with G, the real form of G from the end of

Theorem 2.3.4 (Borel Embedding Theorem). The embedding G. < G(C) induces an isomorphism of
real manifolds Go/ Ky ~ G(C)/Pc = XV. The embedding G < G(C) induces an open embedding

Xt =G"/Ky — XY =G(C)/ P,
realizing X as an open subset (in the usual topology) of XV.
We call XV the compact dual of XT.
Theorem 2.3.5 (Harish-Chandra). The map
F:M" x Koo x M~ = Gg, (m*, k,m™) = mtTkm™

is a biholomorphism of of the left hand side onto an open subset of G(C) containing G. As a consequence,
the map

n:mt - XY =G(C)/F, mT — exp(m™)Pc
is a biholomorphism onto a dense open subset of XV containing X . Futhermore, D := n~%(X7T) is a
bounded symmetric domain in m* ~ CN and n~'(h) = 0.
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Example 2.3.6. Let us continue with Example|2.53.1. The Harish—Chandra realization of Siegel
upper-half space H4, based at \/—11y, is

Dy :={Z € Matyxq(C): Z = Z" and Iy — ZZ > 0},
and we have the Cayley transformation in this case
Nq Dy, T (1 —V—1Ig) (1 +V—11))"! (2.3.4)

with the inverse being Z v /—1(Z + I4)(—Z + I4) L.



Chapter 3

Shimura data and Shimura varieties

3.1 Basic definitions

3.1.1 Shimura data
Definition 3.1.1. A Shimura datum is a pair (G, X) where

- G is a reductive group defined over Q,
- X is a G(R)-orbit in Hom(S, Gr)
such that for one (and hence all) h € X, we have
(SV1) the Hodge structure Ad o h on LieG has type (—1,1) + (0,0) + (1,—1),

(SV2) Int(h(v/—1)) is a Cartan involution of G&J,

(SV3) for every Q-simple factor H of G4, the morphism S LN Gr — Hg is non-trivial.

A (Shimura) morphism between two Shimura data p: (G', X') — (G, X) is a morphism p on
the underlying groups such that poh € X for all h € X'. In particular, we call the image of
such a Shimura morphism to be a sub-Shimura datum of (G, X).

The main difference of a Shimura datum and the pair (G, X™) from is the definition
field of the group (over @ or over R). A similar assumption to (SV3) for (G, X*) has been
discussed in Remark [2.3.3] By Theorem[2.3.1] each connected component X * of X is a Hermitian
symmetric domain (and the complex structure on X is G(R)-invariant). By Proposition [1.3.5]
each representation V of G gives rise to a Q-VHS on X by (SV1), which furthermore carries
R-polarization by Proposition m and (SV2)

The following two further assumptions guarantee that this Q-VHS carries a Q-polarization.
Notice that they may not be satisfied by an arbitrary Shimura datum.

(SV4) the morphism wyp: Gy r — Z(G)r is defined over Q,
(SV2’) Int(h(v/—1)) is a Cartan involution of Gr/wi(GmR).

Example 3.1.2 (0-dimensional Shimura datum). The set X is a finite set if and only if G is
abelian (and hence an algebraic torus). This case shows up when we study CM abelian varieties.

[(SV1) implies that wp: Gm — S 2y Gg factors through Z(G)gr, so we can apply Proposition m

27
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Example 3.1.3 (Siegel Shimura datum). Let us take the example of the Siegel case from FEz-
ample except that the vector space and the groups are defined over Q. More precisely,

V=0Qand : V xV = Q is (x,y) — 2t Ty with J = [ OI Iod] The Q-group is
—1d

GSp(¢) = GSpyy := {g € GL(V) : ¥(gz, gy) = c(x,y) for some c € Q*}
={g € GLaag : gJg" = ¢J for some c € Q*},

and ho: S — GSpyyr maps a + by/—1 > alag + bJ. The derived subgroup is Sp(v)) = Spyy by
requesting the ¢ € Q* in the definition to be 1.
The G(R)-orbit is GSpyy(R)ho € Hom(S, GSpyyr). Under the identification similar to

(2.3.1), we have

GSp,y(R)hg = 9 = {7 € Mataxq(C) : 7 = 7", either ImT > 0 or Im7 < 0} . (3.1.1)

Then (GSde,ﬁdi) is a Shimura datum by Example (see Remark; for (SV3)). It
is called the Siegel Shimura datum. Moreover, (SV/) and (SV2’) are easily seen to be also

satisfied. In fact, V is a representation of GSpyy, and ¢ is the desired Q-polarization on the
induced Q-VHS.

Next we present an example where (SV4) and (SV2’) are not satisfied. We also see in this
example that two Shimura data may have the same underlying R-group and the same underlying
space, but the Q-groups are different.

Example 3.1.4 (Shimura curves). Let B be a simple quaternion algebra over a totally real
number field F'. Assume that B is split at exactly one real place of F, i.e. there exists a real
embedding o: K — R such that

BU ~ {MQ(R) z'fo* = 00

H otherwise

for all read embeddings o: K — R, where H is the Hamilton quaternion algebra over R.
Define the Q-group G

G(R) := (B®g R)*  for all Q-algebra R,

and let
ho: S — Gr ~ GLog x H* x -+ x H*, a+bv—1r+ ([_ab Z],l,...,l).

Thus all but the first components of G(R)hg are the identity map, and so G(R)hg C Hom(S, Gg)
is isomorphic to T, via an isomorphism similar to (with d = 1). Both (SV1) and (SV2)
hold true for the pair (G,Jﬁli) similarly to the Siegel case. To see (SV3), it suffices to observe
that G* is a simple group because B is a simple quaternion algebra over F.

So (G, 9T) is a Shimura datum. However, if [F : Q] > 1, then (SV4) and (SV2’) do not
hold true, by looking at the action of Aut(R/Q).

And even in the case F = Q, the group G is not necessarily GLa. So (G,ﬁf) needs not be
the Siegel Shimura datum in this case.
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3.1.2 Shimura varieties

Denote by Ay C HpeMQ,f Qp the ring of finite adeles over QQ, and by 7 = [1Z,. Then Zis a
(maximal) compact open subgroup of Af, and Q is dense in Ag.

Let (G, X) be a Shimura datum. Then G(Q) acts on X by definition of Shimura data, and
consider the action of G(Q) on G(A¢) by multiplication on the left.

Definition 3.1.5. Let (G, X) be a Shimura datum. A Shimura variety is a double coset
Shr (G, X) = G(Q)\X x G(Ay)/K

where K C G(A¢) is a compact open subset. Here G(Q) acts on both X and G(A¢) on the left
as above, and K acts on G(Ag) by the multiplication on the right; i.e. q(x,g)k = (q- xz,qgk) for
all g € G(Q), (z,9) € X x G(A¢) and k € K.

We will prove in this course that the double coset Shx (G, X) is the set of C-points of an
algebraic variety. This justifies the name of Shimura variety.

Example 3.1.6. In the Siegel example above, the group GSpyy is defined over Z; indeed we
can take V to be Z*% and 1 maps V x V to Z. Then GSpyy(Z) is a compact open subgroup
of GSpyy(Af). Other compact open subgroups include gK g~ for any g € GSpyy(A¢) and any
finite-indexed subgroup K of GSde(z). We will come back to this example in and prove
that the Siegel Shimura varieties are moduli spaces of abelian varieties.

Definition 3.1.7. A (Shimura) morphism [p|: Shg/(G', X’) — Shg(G,X) between two
Shimura varieties is a morphism of Shimura data p: (G', X') — (G, X) such that p(K') C K.

Example 3.1.8. Let Shi (G, X) be a Shimura variety.

Let K' C K be another compact open subgroup of G(Ag). Then the identity map on (G, X)
induces a Shimura morphism Shi/ (G, X) — Shi (G, X), with finite fibers since K' must have
finite index in K. In fact, this is finite morphism in the category of algebraic varieties.

Let g € G(Af). Then gKg~ ' is a compact open subgroup of G(At), and we have a Shimura
morphism [g-]: Shypg-1(G, X) — Shx (G, X), sending [z,9'] = [x,94']. More generally, if K'
is a compact open subgroup of G(A¢) such that K' C gKg~ !, then we have a Shimura morphism
[9:]: Shg/ (G, X) — Shi (G, X) which is a finite morphism.

Example 3.1.9 (Hecke operator). Let Shg (G, X) be a Shimura variety.

Any g € G(Ay) induces a correspondence on Shi (G, X) as follows. Write K' := KNgKg™*
for simplicity; it is a compact open subgroup of G(A¢) and K' C gKg~'. We have Shimura
morphisms

Shi/ (G, X)
o] (1]

Shi (G, X) Sh (G, X)

where the right one is induces by identity on (G, X). Both are finite morphisms, so we have
a correspondence on Shi (G, X), which is called the Hecke correspondence/operator and
denoted by T,.

Definition 3.1.10. Let Shg (G, X) be a Shimura variety. We call any irreducible component
of (Ty o [p])(Shx/(G', X")), where [p] is a Shimura morphism and g € G(Ag), to be a special
subvariety of Shx (G, X). A special subvariety of dimension 0 is called a special point.

Of course in the definition of special subvarieties, it suffices to consider the Shimura mor-
phisms arising from sub-Shimura data of (G, X). Thus special points arise from sub-Shimura
data (T, Xt) of (G, X) where T is an algebraic torus.
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3.2 Decomposition of Shimura varieties into Hermitian locally
symmetric domains

Let (G, X) be a Shimura datum. Then any connected component X is a Hermitian symmetric
domain. Fix one such X .

Let K be a compact open subgroup of G(A¢). Then we have a Shimura variety Shi (G, X)
defined as the double coset G(Q)\X x G(A¢)/K. We wish to prove that this double coset is the
C-points of an algebraic variety.

In this section, we start with the first step, by endowing Shg (G, X) with a structure of
complex varieties.

Theorem 3.2.1. There exists a finite-indexed subgroup K' of K such that

Shi (G, X) ~ | |To\XT, (3.2.1)
geC

for a finite set C C G(Ay), with each Ty a torsion-free discrete group acting on X .

The actual decomposition will be given later on ([3.2.3)), where the definitions of C and
I'y are given. At this stage, let us make the following observation: since I'; is torsion-free
discrete, the quotient I';\X T has a natural structure of complex manifolds and even more is
a Hermitian locally symmetric domain. So Shg/(G, X) is a finite disjoint union of Hermitian
locally symmetric domains. As for Shx (G, X), the finite-to-1 map Shg/ (G, X) — Shg (G, X)
then makes Shi (G, X) into a finite union of complex orbifolds.

3.2.1 Two approximation theorems for algebraic groups
Let H be an algebraic group defined over Q. We will use the following approximation theorems.
- (Real Approzimation) H(Q) is dense in H(R).
- (Strong Approzimation) If H is semi-simple and simply-connected, then H(Q) is dense in
H(As).
The definition of “simply-connected” will be recalled later in

3.2.2 Preparation and adjoint Shimura data

Now let us introduce the adjoint Shimura datum (G*4,X) of (G, X). Take h € XT. Then h
induces a morphism

7S Gr - G,
Hence we obtain a Gf(R)—orbit X := G*(R)h in Hom(S, G&%), with a natural map X — X.
The image of X' in X is connected, and the following lemma (applied to G = G(R)) easily

implies that this image is again a connected component of X. So by abuse of notation, we will
also use X to denote a connected component of X.

Lemma 3.2.2. For any algebraic group G over R, the adjoint quotient Gt — (G T is surjec-
tive when restricted to the identity component.

PIHere is a background for this lemma. Let p: H — HL be a morphism of algebraic groups defined over k.
Assume char(k) = 0. Then ¢ is called surjective if p(H(k)) = H'(k). If o is surjective, it may happen that
G(H(K)) # H' (k)!
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We omit the proof of this lemma. Define

G(R) := inverse image of G*(R)" in G(R)
G(Q); = G(Q) N G(R);. (3.2.2)

Lemma 3.2.3. G(R), is the stabilizer of X+, i.e. GIR)y = {g€ G(R) : gXT = XT}.
With Lemma we can complete our more precise version of (3.2.1)):

Shx (G, X) ~ | ] rA\XT, (3.2.3)
[91€G(Q)+\G (41) /K

with I'y := gK g ' N G(Q)y; replacing K by a suitable finite-indexed subgroup K’ guarantees
that T'y is torsion-free, see The finiteness of the double coset G(Q)+\G(Af)/K will be
proved in §3.2.5} the proof uses the Strong Approzimation Theorem.

Proof of Lemma[3.2.3. Consider the action of G*(R) on X, and recall that X is a connected component
of X. It suffices to prove that G*(R)* = {g € G*(R) : gXT = X*}. This follows from general theory
of Hermitian symmetric domains (and some knowledge on R-algebraic groups v.s. real Lie groups) which
we will not cover in this course. O

3.2.3 Proof of (3.2.3)

We start by showing that there is a bijection
G(Q) \XT x G(Ar) = G(Q)\X x G(Ay), [z, g] — [z, g]. (3.2.4)

Injectivity: Assume (z,g), (z/,¢') € X+ x G(Af) are mapped to the same point on the right
hand side. Then there exists ¢ € G(Q) such that (2, ¢') = q(x, g) = (¢z,qg). Hence ¢XT N X+t
is non-empty as it contains gz = 2’. So ¢X+* = X*. So ¢ € G(R);+ N G(Q) = G(Q)4. This
proves the injectivity of the map above.

Surjectivity: Assume (z,g) € X x G(Af). By the Real Approzimation in GQ)x
is dense in G(R)z = X. So G(Q)z N X+ # 0, and hence there exists ¢ € G(Q) such that
qr € X*. Then (qz,q9) € X* x G(A¢), and its image under is [z, g]. We are done for
the surjectivity of .

Now let us prove the bijectivity of the map

| ] TAXT = GQ)\X' x G(A)/K, Ty [z,g] (3.2.5)
[91€G(Q)+\G(Ar) /K

Injectivity: If [2/, ¢'] = [z, g], then (qz, qgk) = (2/,¢’) for some g € G(Q)+ and k € K. So [¢g] =
[¢'] in G(Q)+\G(Af)/K. Hence it suffices to prove the injectivity of [\ X — G(Q)4+\ X x
G(A¢)/K. Now if [2/,g] = [z, g], then (qz,qgk) = (', g) for some ¢ € G(Q)+ and k € K. So
q=gk g7l € gKg~'. Soq ey =gKg'NG(Q);+. Thus we have proved the injectivity of
B25).

Surjectivitity: Let [z, g] be an element of the right hand side. Then it is the image of T'y.

We have thus proved (3.2.3)). O
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3.2.4 Torsion-free subgroup

Here is a choice of K’ so that gK’¢g~! N G(Q) is torsion-free for all g € G(A¢). Take a faithful
representation V of G. Then there exists a lattice L in V' such that L:=1 Rz, Z is fixed by
K. Equivalently, we are embedding G as a closed subgroup of GLy over Q such that K is a
subgroup of GLN(z). Let £ > 3 be an integer. Take K’ to be the subgroup of K which acts
trivially on L /EE, or equivalently

K':={ge K <GLN(Z): g= Iy mod (}.

Then any element v € I'y := gK'¢g7' N G(Q); < GL(V) acts trivially on ﬁ/fﬁ, so all the
eigenvalues of y are 1 (as they are 1 modulo £ > 3). So v = 1 if v is torsion. So Iy is torsion-free.
3.2.5 The group of connected components of a Shimura variety

In this subsection, we prove the finiteness of the double coset G(Q)+\G(Af)/K. This finishes
the proof of Theorem and shows that mo(Shx (G, X)) ~ G(Q)+\G(Ar)/K.

Case: simply-connected derived subgroup

The result in this case is better, with a clear understanding of the group mo(Shx (G, X)). Con-
sider the short exact sequence of QQ-groups

1G5 G- T:=G/G¥ > 1

with T an algebraic torus defined over Q.

Definition 3.2.4. An algebraic group H defined over a field k of characteristic 0 is said to be
simply-connected if any central isogeny H' — H (i.e. a surjective morphism whose kernel is
finite and contained in the center of H') is an isomorphism.

Theorem 3.2.5. Assume G is simply-connected. Then v(G(Q)y) has finite index in G(Q),
v(K) is a compact open subgroup of T(At), and v(G(Q)+)\T(A¢)/v(K) is a finite abelian group.
Moreover, v induces a natural isomorphism of groups

7o(Shic(G, X)) = v(G(Q)+)\ T (A7) /v(K).
Before proving this theorem, we point out without proof that
v(G(Q)+) = T(Q) Nv(Z(G)(R)) = T(Q)". (3.2.6)

Proof. General theory of semi-simple simply-connected Q-groups asserts that G4°"(R) is con-
nected. Therefore GI'(R) stabilizes X+ and hence is contained in G(R); by Lemma
So G'(Q) € G(Q),. By the Strong Approximation Theorem from G4 (Q) is dense in
Gder(A¢). Hence

GT(A) = GI(Q) - (K NG (Af)) € G(Q)4 - (K N GIT(Ap)). (3.2.7)

Because GI° is simply-connected, the short exact sequence of groups above Theorem
induces a short exact sequence

1 — G (Af) = G(Af) 5 T(Ag) — 1.
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Here we use the knowledge on semi-simple simply-connected Q-groups that H 1(Qp, Gder) =0
for any prime p.
Now v induces a map

G(Q)+\G(Ar)/K = v(G(Q))\T(Ar) /v (K), (3.2.8)

which, by (3.2.7)), is a bijection. The right hand side is an abelian group because T is an algebraic
torus (hence abelian).
Now to prove the theorem, it remains to prove:

(i) »(G(Q)) has finite index in T(Q).
(ii) v(K) is a compact open subgroup of T(Ay).
(iii) The right hand side of (3.2.8) is finite.

Let us prove (i). The Hasse Principle for simply-connected Q-groups says that the natural map
HY(Q,Gd) = T] HY(Q,, GY") = HY(R,G9") is injective; here we used again the fact
that H!(Q,, GI) = 0 for any prime number p (as G is furthermore semi-simple). So by the
diagram

p<o0

]

1— o Gder<R) — - Q R) T(R) HI(R, Gder)

we get that T(Q)/v(G(Q)) — T(R)/v(G(R)) is injective. But v(G(R)T) = T(R)*. So
T(R)/v(G(R)) is finite, and hence T(Q)/v(G(Q)) is finite. This establishes the claim.

For (ii), we extend G — T to a morphism of group schemes over Z[1/N] for some integer
N, and prove that G(Z,) — T(Z,) is surjective for almost all prime p. We first work on F,, and
then list using an argument similar to Newton’s Lemma. We omit this proof.

Now we prove (iii). It suffices to prove that T(Q)\T(A¢)/v(K) is finite, and up to replacing
v(K) by a smaller compact open subgroup we may assume v(K) C T(Z) As [T(i) :v(K)] is
finite (since T(Z) is compact and v(K) is open), it suffices to prove that

T(Q)\T(Ar)/T(Z)

is finite. This is exactly the class group of the algebraic torus T which is known to be finite
by classical theory (and this number is called the class number of T). In the case where T =
Resg/gGm for a number field K, this is exactly the class group of K. O

1—G*(Q) —=G(Q) T(Q) H'(Q,G%)
(

General case

Let G be the universal cover of Gaer e G is simply-connected with a central isogeny (surjective
with finite kernel contained in the center) u: G — G%. Then we have a surjective morphism
of Q-groups

0: G :=Z(G)x G = G, (z,9) — zu(g)
which is a central isogeny. Thus to prove the finiteness of G(Q)\G(A¢)/K, it suffices to prove
the finiteness of

G/(Q)\G'(Ar) /K"
for K’ a compact open subgroup of G/(Ag). But the derived subgroup of G’ is G which is

simply-connected. So we are back to the previous case, and hence G'(Q)\G'(Af)/K’ is finite.
So G(Q)\G(A¢)/K is finite.
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3.2.6 An upshot of Theorem [3.2.1]| on special subvarieties

Special subvarieties of Shi (G, X) can be better understood via Theorem as follows. Let
S be a special subvariety of Shy (G, X), arising from the sub-Shimura datum (G’, X') C (G, X)
and the Hecke operator given by g € G(Ay). Then under the decomposition , S is
the image of u((X’)") under the uniformization u: X* — T',)\X™ for the suitable connected
component (X’)* of X’. Moreover, the sub-Shimura data can be constructed as follows. Take
h € X, and let MT(h) be the smallest Q-subgroup of G such that h: S — Gpg factors through
MT(h)g. Then take G’ := MT(h) and X' := G'(R)h.

3.3 Siegel modular variety

Take the example of Siegel case in Example and Example In particular V = Q2%*¢,

vV xV —=Qis (z,y) — 2" Jy with J = [ (} {)d . Thus there is a lattice L in V' such that
—14q

1 restricts to L x L — Z. To simplify notation, denote by L = V(Z).
The Siegel Shimura datum is (GSde,ﬁf). For each N, set

K(N) := {g € GSpyy(As) : gV(Z) C V(Z) and acts trivially on V(z)/NV(z)}

= {g € GSde(Z) :g=1Iyy (mod N)}
Then we have the Shimura variety ShK(N)(Gszd,ﬁéc).

Theorem 3.3.1. Assume N > 3. Then ShK(N)(GSde,YJg) is the fine moduli space of princi-
pally polarized abelian varieties of dimension d with a level-N -structure, i.e. there is a canonical
bijection between

- the C-points of ShK(N)(GSde,Y)f),

- and the isomorphism classes of the triples (A, \,nn) where A is a complex abelian variety
of dimension d, X\ is a principal polarization on A, and ny is a level-N -structure on A.

When N = 1,2, the Shimura variety is a coarse moduli space.
Let us explain the meaning of this theorem. Let A be an abelian variety defined over C.

(i) A principal polarization on A is a polarization on the Hodge structure H;(A,Z) with
determinant 1, i.e. an alternating pairing \: Hy(A,Z) x H1(A,Z) — Z, which under

suitable Z-basis of H1(A,Z) is [ 0 la

7 0]. In more geometric terms, it is an isomorphism
—1d

A A S AV

(ii) A (symplectic) level-N -structure on A is a basis of Hy(A,Z/NZ) which is symplectic with
respect to A. In more geometric terms, it is a basis of the Z/NZ-module A[N] which is

symplectic under ey : A[N] x A[N] SN A[N] x AVIN] — pn where last map is the Weil

pairing. Or more concretely, it is an isomorphism

nv: AN] = Hy(A,Z/NZ)
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such that the two composites

A[N] x A[N] "N g (A, Z/NT) x Hy(A,Z/NZ) 2 7/NZ
en ez’f\/jl“/NH[a]
and  A[N] x A[N] % py 720 7 N7,

differ from the multiplication by an element in [¢] € (Z/NZ)*, and we say that this
level-N-structure has twist [(].

Proof. Recall that each point in ﬁdi parametrizes a Q-Hodge structure on V' of type (—1,0) +

(0,—1); see
We shall use Theorem and the more precise version (3.2.3)), and better, Theorem
because Spy, is simply-connected. One can compute that GSpy,(R)y = GSpyy(R)T = {g €

GSpyy(R) : det(g) > 0}. So GSpyy(Q)+ = {g € GSpy,(Q) : det(g) > 0}. Thus for the quotient
1 — Spyy — GSpyy = Gy — 1,

1

we have v(GSpy(Q)+) = Q>0 It is not hard to compute that v(K(N)) = {z € Z: 2
(mod N)} =1+ NZ. Thus

7o (Shyc(n)(GSPag: 7)) ~ Qs0\AF /(1 + NZ) ~ (Z/NZ)*.

Write I'j\$7 for the connected component of ShK(N)(GSde,ﬁj) indexed by [¢] € (Z/NZ)*.
Below we only give the constructions of the two directions, without proving that they are inverse
to each other.

Given a triple (A, A\, 7). Assume that the level-N-structure has twist [¢(] € (Z/NZ)*. First
H,(A,Z) is a Z-Hodge structure of type (—1,0)+ (0, —1), and hence under suitable isomorphism
(H1(A,Z),\) ~= (V(Z),1) we obtain a point 7 € §}. Then we get a point in Fm\f); as the
image of 7 under ﬁj — Ty \55:{.

Conversely let z € Fm\ﬁ:{. Let 7 be a pre-image of z under the quotient 55:{ — Ty \Y)j.
Recall that 7 parametrizes a Q-Hodge structure on V of type (—1,0) + (0,—1), and thus we
can endow V (R) with a complex structure by the bijection V(R) C V(C) — V(C)/V> . This
makes A; := V(R)/V(Z) into a compact complex torus of dimension d, with Hy(A,,Z) = V(Z).
Thus v induces a principle polarization via Hi(A;,Z). Hence A, is an abelian variety with a
principal polarization which by abuse of notation we still use 1 to denote. The level- N-structure
on A, is given as follows. We have A.[N] = XV (Z)/V(Z) = V(Z)/NV(Z) = V(Z/NZ). Take
g € GSpyy(Z) such that v(g) € Z* is congruent to £ modulo 1 + NZ. Then g induces an
isomorphism g: V(Z/NZ) = V(Z/NZ). But V(Z/NZ) = V(Z/NZ) = Hy(A,,Z/NZ). Thus
we have A.[N] = V(Z/NZ) = V(Z/NZ) % V(Z/NZ) = H\(A,,Z/NZ). This is the desired
level- N-structure because ¥ (gx, gy) = v(g)¥(x,y) by definition of GSpy,. O

More generally, we can take any symplectic pairing ¥ on V, ie. ¥:V xV — Q is
non-degenerate bilinear anti-symmetric. Then we have the symplectic group GSp()) which
is the subgroup of GL(V') preserving ¢ (up to a number in Q*) and a GSp(¢)(R)-orbit
in Hom(S, GSp(¢))r) which can still be identified with Jﬁj This gives a Shimura datum
(GSp(w),ﬁf). The associated Shimura varieties are then moduli spaces of abelian varieties
polarized by 1 of dimension d with suitable level structures.

Bln fact v(g) = (det g)*/<.
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Definition 3.3.2. A Shimura variety is called a Siegel modular space if the associated
Shimura datum is isomorphic to (GSp(w),,ﬁf) for some v and d as above.

A Shimura variety Shi (G, X) is called of Hodge type if there exists an injective Shimura
morphism (G, X ) — (GSp(lﬁ),f)flE).

A Shimura variety is called of abelian type if it admits a finite covering (as an algebraic
variety) by a Shimura variety variety of Hodge type.

By the construction in §3.2.6] and Proposition Shimura varieties of Hodge type are
moduli spaces of abelian varieties A with some prescribed Hodge tensors of H;(A, Q).

Shimura varieties of abelian type can be detected purely on the underlying group G, and
they may not parametrize abelian varieties. As an example, all Shimura varieties associated
with the Shimura data from Example [3.1.4] are of abelian type, but they do not parametrize
abelian varieties unless F' = Q.

3.4 CM abelian varieties and special points

Let Shi (G, X) be a Shimura variety. In Definition[3.1.10]we defined special points on Shx (G, X).
They are of particular importance. For example, there exists a natural number field E(G, X),
called the reflex field of (G, X), on which Shi (G, X) is “naturally” defined (or in more vigorous
terms, has a canonical model), characterized by the action of the Galois group of E(G, X). This
action is explicitly defined for special points on Shx (G, X) via the class field theory, and is
uniquely determined in this way by the following theorem whose proof we omit:

Theorem 3.4.1. The set of special points is dense in Shg (G, X).

Here “dense” is true even for the usual topology. The hard part of this theorem is to prove
the existence of one special point. Indeed, assume Shg (G, X) ~ | [T,\X ™ has a special point
[]. Then its inverse image x in Xt gives rise to a morphism z: S — Gg which factors through
Tg for an algebraic torus T < G. But then the morphism given by g - x for any g € G(Q)
factors through (¢Tg~!)r, with gTg~! clearly an algebraic torus in G (since it is abelian), and
hence defines a Shimura datum (¢gTg~ !, g T(R)z). But T(R)x is a finite set of points since T
is abelian. So the image of G(Q)z under the quotient X — T')\ X consists of special points
of Shg (G, X). Notice that XT = G(R)"z. Now it suffice to use the Real Approximation that
G(Q) is dense in G(R) to conclude.

For the existence of special points, we shall focus on the Siegel modular variety, for which
we have:

Theorem 3.4.2. Take [z] € ShK(GSde,ﬁf)(C). Then [x] is a special point if and only if
the abelian variety A, parametrized by [z] is CM, i.e. End(A4,) ®z Q contains a commutative
Q-subalgebra of dimension 2d. Equivalently, an abelian variety A defined over C is CM if and
only if the Mumford—Tate group of the Q-Hodge structure Hy(A, Q) is an algebraic torus.

We will not give a full proof of this theorem, but only recall the definition of CM abelian
varieties and give a brief explanation why the associated Mumford—Tate group (which we call
the Mumford-Tate group of A) is an algebraic torus.

Assume A is a simple abelian variety. Then A is CM if and only if F := End(4) ®z Q is a
CM field, i.e. there exists a totally real field F' such that E/F is a totally imaginary quadratic
extension. Write U for the complex conjugation with respect to E/F. Then there exists an
element ¢ € FE such that 7 = —¢ (totally imaginary element). Then F can be endowed with the
Q-symplectic form

(z,y) := Trgp(Twy).
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This makes (E, (,)) ~ (Q%*, (} {]d]) into a symplectic space. Set GUpg to be the subgroup
—4d

of GSpy,; generated by G, = Z(GSpy,) and
Up:={z € Resg/qGm @ 2T = 1}.

Then one can check that GUfg is an algebraic torus which contains the Mumford—Tate group
of A. Thus the Mumford—Tate group of A is abelian, and hence must be an algebraic torus. In
fact, one can check that GUpg is a maximal torus of GSp,,.
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Chapter 4

Boundary components

Starting from this chapter, we will discuss compactifications of Shimura varieties Shi (G, X),
or locally Hermitian symmetric spaces I'\X . This chapter introduces boundary components
of XT.

4.1 Example: modular curves

Consider the modular curves Shi(GLg,$H*), i.e. the Siegel modular variety from §3.3 with
d = 1. In the particular case where K = GLy(Z), we are working with

Y (1) = SLo(Z)\ .

It is a well-known result that Y (1) ~ C via the j-function j: $ — C. Hence a compactification
of Y(1) is P*(C). This is the Baily-Borel compactification or the toroidal compactification of
Y (1) (but not the Borel-Serre compactification). In this section, we explain how to view this
compactification as the Baily—Borel compactification of Y (1). A large part is to study the
boundary components, which is important for other compactifications we will discuss (toroidal
compactification and Borel-Serre compactification).

4.1.1 Boundary components of $)

The boundary of $ in C U {oo} is the union of the real axis and {oo}; in other words, the
boundary of $ in P!(C) is P!(R). This is better seen via the Cayley transformation (2.3.4)
H S5 D:={2eC:|z| <1}, T (1 — V=17 +vV-1)"1

and the boundary of D is the unit circle. Denote by D the closure of D in C, i.e. D = {2z € C:
|z] <1}, and 9D := D\ D. Then oo corresponds to 1 € D.

Call each point in 9D a boundary component of D. It is justified by the following fact: Any
holomorphic map D — D either has image in D or is constant

4.1.2 Extension of the group action to D

The group GLa(R)™ acts on D, via its action on §) and the Cayley transformation above, by the
[a b] L (a—+v-1e)(z+ 1)+ (b— V—-1d)V—1(z — 1)
c d (a+v=1c)(z+ 1) + (b+v/—1d)vV-1(z — 1)’

W This is a consequence of the Open Mapping Theorem in complex analysis, which asserts that any holomorphic
function on a connected set in the complex plane is open.

formula

Vz € D.

39
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Lemma 4.1.1. The action of GLy(R)" on D extends to D. Moreover, the action of GLa(R)™
on OD is transitive.

Proof. Take z € D, and set
ur = (atv-1le)(z+1)+ (bt vV-1d)v—-1(z — 1).
For the first part of the lemma, we need to show that u4 # 0 and u_u:Ll € D.

N A F R [ [ F S 1)

and one can compute that
Uty —u_tu— = 4(1 — 2z).

So us iy > u_u_ because z € D. If uy = 0, then uy = u_ = 0, contradiction to rank [Z_] =
+
rank [ﬂ =1. So uy # 0, and (u_uf)u_uj_l = Z;ZJ < 1. Hence u_ujrl € D. We are done.

Let us prove the “Moreover” part. We have

2 2
— -2
|:(I b:| 1 a C ac /—1

c d a?+c?  a?2+c?

The right hand side is easily checked to be in 9D = {z € C : |z| = 1}. Conversely any z € 0D
can be written as the right hand side for some 2 x 2-matrix in GL2(R)™". Hence we are done. [
4.1.3 Compactifying at each boundary component

To see how to compactify D ~ §) at each boundary component, we need to study the stabilizer
of each z € D. Since Z(GL32)(R) acts trivially on D, it suffices to consider the stabilizer in
SLy(R). By Lemma m it suffices to study this for 1 € D. For this purpose, it is easier to use
the upper half plan. Define

P = {[g aﬁ] :beR, a;é()} (4.1.1)

Then it is easy to check that Stabgr,r)(g - 00) = gP(R)*g~! for any g € SLa(R). Indeed, it
suffices to check this with g = I3, and then it suffices to notice that elements on the right hand
side of (4.1.1)) correspond to translations along the real axis.

Lemma 4.1.2. The followings hold true:
(i) SL2(C)/P(C) is a projective space.
(ii) For any g € SLa(R), the group gPg~! is defined over Q if and only if g € SLa(Q).

(iii) Let 7 € PYR) (the boundary of § in P1(C)). Then 7 € PYQ) & 7 = g- o< for some
g € SLy(Q) & 7 =g - o0 for some g € SLo(Z).

Proof. (ii) and (iii) are simple computations. For (i), it suffices to notice that the homogeneous

space SLy(C)/P(C) ~ GL2(C)/ { [g Z

ing 1-dimensional C-subspaces in C2. O

] ta,b,d e C, ad # O} is the Grassmannian parametriz-
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Let us go further. We have:
Lemma 4.1.3. For each g € SL2(R), the group gP(R)Tg~! acts transitively on $.

The proof itself is important. As a preparation, the group P has the following subgroups:

10

- The unipotent radical Np := { [0 1

] b e R}, where elements act on $ as 7 +— 7+ b.

afl

0

2

- the split torus Ap := { [ a} ta > 0} 2l where elements act on $ as 7 — a~27.

- Mp := {£I>}, which acts trivially on §.

such that

and the map Np x Ap x Mp — P, (n,a, m) — nam, is a diffeomorphism.

Proof. We only need to prove this lemma for P. For any 7 = x + v/—1y € $), we have

S

Hence we are done. O

Now we are ready to explain how the point co is added to $) via the group P (in other words,
how compactify $ at co). The decomposition induces, by Lemma

$H~ P/(PNSO(2)) = P/Mp ~ Np x Ap ~ R x Rxy, T=z+V—1y— (z,y ). (4.1.3)

The Ap-factor is isomorphic to R, and a natural way to add a boundary to R~ is to add 0
and make it into R>¢. In doing this, we are adding the point = + V—10"2 = 00 to §.

This process can be carried out for g-oo € P1(R) for any g € SL2(R), by replacing Np and Ap
by gNpg~! and gApg~!. In this way, the point g-co € P}(R) is added to ) by “compactifying”
gAPg_l ~ R+ into Rxo.

4.1.4 Rational vs real boundaries, and Siegel sets

We wish to compactify the quotient SLo(Z)\$ ~ SLo(Z)\D. The idea is to do the quotient
SL2(Z)\D, for the extended action of SLy(R) on D defined in Lemma m However, 0D =
D\ D ~ P(R) contains infinitely many SLg(Z)-orbits.

A solution to this is to consider the rational boundary components, which are precisely the
points in P1(Q) C P!(R). Equivalently by (ii) and (iii) of Lemma a boundary component
z € 9D is called a rational boundary component if its stabilizer in SLy(R) is defined over Q.
Now part (iii) of Lemma asserts that there is only one SLa(Z)-class of rational boundary
components.

Another important notion is the Siegel sets associated with P = Stabgy,, ) (00) defined as fol-
lows; one needs this for example to pass from (partial) compactification of $) to compactification
of SLa(Z)\$. For each ¢ > 0 and any compact bounded set U C Np ~ R, define

Ypur=Ux{aceRsg:a<t}x{r=c+V-1ly:2€l, yzt_Q}gﬁ.

[2INotice that Ap is not an algebraic subgroup of P, but only a Lie subgroup. This is a minor issue: Indeed, if
we replace GLy by PGLy = SLa/{=£1I>}, then the quotient of Ap becomes an algebraic subgroup.
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Then we have the following classical result on the j—function for a suitable U and suitable
t>1, Xpy, is a fundamental set for the uniformization j: $§ — SLa(Z)\$ ~ C (i.e. jls,,,, is
surjective and has finite fibers). Then one can define the Siegel sets associated with gPg~! =
Stabgy,,(r)(g - 00) (for any g € SL2(R)) to be g - Xpy,.

We can also compactify T'\$ to be, as a set, I'\($ UP!(Q)) for any finite-indexed subgroup
I' < SLy(Z), by the following lemma which is a direct consequence of the discussion above.

Lemma 4.1.4. (i) There are finitely many rational boundary components a, ..., of $
such that P*(Q) = U; T oy

(ii) Let Pj := Stabgp,mw)(;). Then there are suitable Siegel sets ¥ associated with P; for
J€{L,...,n} such that |J; Z; is a fundamental set for the uniformization u: § — I'\§).

4.1.5 Satake topology on D

This subsection is for the Baily—Borel compactification of I'\$). We will revisit the materials later in more
generality.

Our desired compactification is T'\($ U P*(Q)). We yet to explain the topology on this set, so that
it is Hausdorff and compact. Notice that we cannot take the one induced by the usual topology on C
because z € P}(Q) there are infinitely many v € I which fixed z, and hence the quotient T'\($ UP(Q))
is not Hausdorff under this topology.

The topology which we consider is the Satake topology, induced from the Satake topology on HUP!(Q)
defined as follows. On $), the Satake topology is the usual topology, induced from C. Next, an open
neighborhood basis of co consists of the open sets U; := {z € $ : Im(z) > t} for all ¢ > 2; equivalently
a sequence T; = z; + /—1y; € $ converges to oo if and only if y; — co. Finally, an open neighborhood
basis of g - 00 € PY(Q) (with g € SLy(Q)) consists of g - U, for all ¢ > 2. We state without proof the
following assertions (whose proof needs to use Siegel sets):

(i) For any x € UPY(Q), there exists a fundamental system of neighborhoods {U} of x such that
YU =U, Vyel,y; vUNU =0, Vy &1,

where I'y, = {y € ' : y& = x}.

(ii) If 2,2’ € HUPL(Q) are not in one I-orbit, then there exist neighborhoods U of z and U’ of z’ such
that
ruonu’ =9.

These properties guarantee that T'\ ($ UP!(Q)) is Hausdorff under the Satake topology. The compactness
follows easily from part (ii) of Lemma [1.1.4]

4.2 Parabolic subgroups and Levi subgroups: definitions and
statements

For the simplest Siegel Shimura datum (GLso,$HT), Lemma M(l) suggests that parabolic
subgroups of SLg (i.e. subgroups of SLy such that the homogeneous space SL2(C)/P(C) is a
projective variety) are closely related to the boundary components of §). This is true for an
arbitrary Shimura datum (G, X).

In this section, we review background knowledge on parabolic subgroups of reductive groups
over algebraically closed fields. In the next section, we do it over an arbitrary field.

Let k be a field, and let G be a reductive group defined over k. Let k be an algebraic closed
field containing k. For our purpose, we will take k = Q,R,C and k = C.

BIA well-known fundamental domain of the j-function is {z € C: |z| > 1, —1 < Re(z) < 1}.
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Definition 4.2.1. A subgroup P of G is called a parabolic subgroup if the homogeneous
space G(k)/P(k) is a projective variety.

It is a theorem of Chevalley that parabolic subgroups are always connected. We are more
interested in the proper parabolic subgroups.

Example 4.2.2. For G = GLy. Let P be the subgroup of upper triangular matrices in blocks
(with the length of the {-th diagonal block being ng). Then if we write G = GL(V) with V ~ k¥,
then P is the stabilizer of a flag F* = (0=Vy C V1 C -+ C Vjo1 © Vi, = V) of subspaces of
V', with dim Vy — dim Vy;_1 = ny for each ¢. Hence G/P is a flag variety and hence is projective.
So P is a parabolic subgroup of GLy.

Let P be a parabolic subgroup of G. The unipotent radical R,(P) is a closed normal
subgroup of P, and hence P acts on R, (P) via conjugation. This induces an action of any
subgroup of H on R, (H).

Definition 4.2.3. A Levi subgroup of P is a closed subgroup L of P such that H = R, (P)x L.

A Levi subgroup, if exists, is then isomorphic to P/R,(P) and hence is a reductive group
(in particular is connected).

Theorem 4.2.4. P has Levi subgroups, and any two Levi subgroups of P are conjugate by a
unique element in Ry (P).

We are more interested in more concrete constructions of Levi subgroups of P. This will be
given in combinatorial data in the next two sections.

The following construction of parabolic subgroups of G is useful. Let A be a cocharacter of G, i.e. a
morphism of algebraic groups G, — G.

Theorem 4.2.5. (i) The set

P ={zeG: }gr(l) M)z \(t) ™t ewists}

is a parabolic subgroup of G, and the centralizer of \N(Gy,) is a Levi subgroup of P(X). Moreover
Ru(P(N) = {z € G : limy_g A(t)xA(t)~! = 1}.

(1) Any parabolic subgroup of G is P(\) for some A.

If AM(Gp) < Z(G), then P(A) = G. In fact, this theorem will serve as a bridge from the theory over
algebraically closed fields to the theory over an arbitrary field. Indeed, if & = k then Theorem
follows easily from Theorem [4.3.14] Then we can descend to arbitrary k.

4.3 Parabolic subgroups via root systems: over algebraically
closed fields

In this section, we take k = k to be an algebraically closed field, and G a reductive group
defined over k. For our purpose, it is harmless to take k = C. We will explain the combinatorial
construction of parabolic subgroups of GG, and Example will be revisited in this language
as Example 4.3.15

Let g := LieG. Then we have the adjoint representation Ad: G — GL(g) whose kernel is
Z(@G). Notice that Z(G)° is an algebraic torus since G is reductive.
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4.3.1 Root system for G

Let T be a maximal torus of G, i.e. an algebraic torus contained in G and maximal under
the inclusion. For example if G = GLy, we can take 7' = Dy to be the subgroup of diagonal
matrices with non-zero diagonal entries. We have the standard properties:

Lemma 4.3.1. (i) Any mazimal torus of G equals gTg~* for some g € G(k).
(ii) T = Zq(T) = {g € G(k) : gtg~" =t for all t € T(k)}.
(i) W(T,G) := Ng(T')/T is finite and is called the Weyl group.

Thus T O Z(G)°.

Now consider the action of T" on g via T < G and the adjoint action. Let X*(T') =
Hom(T, Gy,) be the group of characters of T. For each a € X*(T), define g, := {z € g :
t-x = a(t)x for all t € T} to be the eigenspace for a. Then we have a decomposition as in
[T2.2)

s=g'e P g (4.3.1)
ae®(T,G)

where g7 := {x € g: T -2 = 2} is the eigenspace for the trivial character, and ®(T,G) C
X*(T) \ {trivial character} is the subset of non-trivial characters a of T such that g, # 0. By
Lemma (ii), we have g7 = t := LieT.

Denote for simplicity by ® = ®(T,G). Elements in ® are called roots of T. The following
theorem, which gives combinatorial data associated with G and T, is extremely important in
the theory of reductive groups.

Theorem 4.3.2. (1) ® generates a subgroup of finite index in X*(T/Z(G)°) C X*(T).
(2) Let « € ® and € X*(T) which is a multiple of a. Then 8 € ® < = +a.
(3) Let a € @, and set Go := Zg((Kera)®). Then

(a) dimg, = 1, and there is a unique connected T-stable (unipotent) subgroup U, of G
such that LieU, = ga

(b) G is a reductive group and LieG, =t @ go B g,a and G2 ~ PGLQ@

(¢) the subgroup W(T,G,) is W(T,G) is generated by a reflection ro such that ro(a) =

— Q.

(4) Let « € ® and ro € W(T,G) be as in (3.c). Then for any 5 € ®, we have

ro(B) = B —ngaa

with ng o € Z. Moreover, ng o = 2.
Thus ® is a reduced root system in the vector space E = X*(T/Z(G)°)r with Weyl group
W (T, Q) in the sense below.

Definition 4.3.3. Let E be a finite-dimensional real vector space with a Fuclidean inner product
(,). A root system ® in E is a finite set of non-zero vectors (called roots) such that:

M Thus U, is isomorphic to G, since it is a unipotent group of dimension 1.

BITn other words, Gq is generated by T, Us and U—q.
(6] Indeed, we can choose a generator X, of g, for each o € ® such that X,, X_,, [Xa, X,a} is an sla-triple for
all a € .
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(1) ® spans E,
(2) If a,ca € @ for some ¢ # 0, then c € {1,—1,1/2,—1/2},

(3) For any o € ®, the set ® is closed under the reflection through the hyperplane perpendicular
to a (which we denote by ry,),

(4) For any o, B € ®, we have ro(f) = f — ng o with ng o € Z.
A root system is called reduced if furthermore it satisfies:
(2°) The only scalar multiples of a root o € ® that belong to ® are ta.

We call dim E the rank of .
The Weyl group of ®, denoted by W(®), is the group of Aut(®) generated by ro for all
ac d.

Conversely, given a root datum (root system and “coroot system”) one can associate a unique
reductive group. We shall not go into details for this, but restrict our discussion to root systems.
In practice, we often take G to be semi-simple, so that ®(7,G) is a reduced root system in
X*(T)R.

Example 4.3.4. Let G = GLy andT = Dy. The Weyl group is isomorphic to the permutation
group Sy. For each j € {1,...,N}, define e; € X*(Dn) to be diag(ti,...,tn) — tj. Then we
have an isomorphism X*(Dy) ~ Eijzl Zej. One can check that ®(Dy,GLy) = {e;—ej 11 # j}.

Highly related to this example is G = SLy and T = DyNSLy. Then X*(T) ~ @évzl Zej|Z(e1+
...+en). And ®(T,G) in this case is precisely the image of ®(Dy,GLy) under the natural
projection X*(Dy) — X*(T).

Example 4.3.5. Let G = Spyy and T = Spyy N Dag = {diag(t1, ..., ta, 17", t;1) ity tq #
0}. The Weyl group is isomorphic to {£1}% x &,. For each j € {1,...,d}, define e; €
X*(T) to be diag(t1,... tat7 ", ..., t;") = t;. Then X*(T) ~ @?:1 Zej. One can check that
®(T,Spyq) = {£2€;,te; +ej: 1 <i,5 <d, i#j}.

Root systems in Example [1.3.4] are called of type Ay_1, and root systems in Example [£.3.5] are called
of type Cq. We also have root systems of type B,, (dual to Cy; coming from SOs, 1) and D,, (coming
from SOs,,), and exceptional types Eg, E7, Fs, Fy, G2). We will not go into details for this, but only point
out that the last 3 types do not show up in the theory of Shimura varieties and that a Shimura variety
is of abelian type unless the underlying group has Q-factors of mixed type D or of exceptional types.

4.3.2 Positive roots and Borel subgroups

We start with the abstract theory of root systems ® C F.

Definition 4.3.6. A basis of ® is a subset A of ® which is a basis of E such that each root
B € ® is a linear combination B =) A Mo with mq € Z of the same sign.

Given a basis A of ®, a root f € ® is said to be positive (with respect to A) if my >0
for the decomposition above. Denote by ®T the set of positive roots, and ®~ := —®T. Then
S=dT LD

A root oo € T is said to be simple if it is not the sum of two other positive roots.

Lemma 4.3.7. A is precisely the set of simple roots in ®%.
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In practice, one can start from a subset ®* of ® such that ® = ®* U (—=®") and that
a € dt = —2a ¢ &7, and call these roots positive. Then we get a basis A consisting of simple
roots in ®1, with respect to which ®7 is the set of positive roots. See Lemma m

Back to the theory of reductive groups, choosing ®* is equivalently to taking a Borel group.

Definition 4.3.8. A Borel group B is G is a closed connected solvable subgroup G, which is
mazximal for these properties.

Example 4.3.9. If G = GLy, then the subgroup T of upper triangular matrices is a Borel
subgroup. Notice that Ty is a parabolic subgroup; see Example [{.2.3.

Here are some basic properties of Borel subgroups. Part (iv) asserts that Borel subgroups
are precisely the minimal parabolic subgroups (as we are working over k).

Theorem 4.3.10. (i) Any two Borel subgroups of G are conjugate.

(ii) Every element of G lies in a Borel subgroup. And the intersection of all Borel subgroups
of G is Z(G).

(iii) (Lie-Kolchin) Assume G < GLy. Then there evists * € GLy(k) such that xGx~" is
contained in the subgroup of upper triangular matrices.

(iv) A closed subgroup of G is parabolic if and only if it contains a Borel subgroup.

Back to our root system ®(7,G) constructed from a maximal torus 7 of G. Let B be a
Borel subgroup containing 7. For each o € ®(T,G), Theorem (3) constructs a reductive
group G, with LieGy, =t ® go B g—a-

Theorem 4.3.11. For each o € ®(T,G), the intersection BN Gy is a Borel subgroup of G,
and Lie(BN G,) is either t & go or t D g_q-

Now define
T (B) :={a c ®(T,G) : Lie(BNGy) =t D ga}. (4.3.2)

Then ®(T,G) = ®*(B) U (—®"(B)) by Theorem Thus we obtain the subset of positive
roots determined by B, and the basis A(B) of ®(7',G) consisting of simple (positive) roots in
®*(B) as below Lemma[d.3.7

Conversely given any subset of positive roots @1 of ®, we can construct a subgroup B of G
such that LieB = t® @a€¢+ 0o (so that B is generated by T and U, for all « € &1, with U,
from Theorem [1.3.2] (3a)).

Example 4.3.12. In Example with (G, T) = (GLy, Dy), a set of positive roots is ®T =
{e; —ej:1<i<j <N}, and the corresponding basis is A = {e; —ej41:1 <1 < N —1}. The
corresponding Borel subgroup is the subgroup of upper triangular matrices Ty .

Example 4.3.13. In Example with G = Spyy, a set of positive roots is DT = {2e;,e; te; :
1 <i < j <d}, and the corresponding basis is {e; —eiy1 + 1 < i < d— 1} U {2eq}. The
corresponding Borel subgroup consists of upper triangular matrices.
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4.3.3 Standard parabolic subgroups

Consider the root system ® = ®(7T,G) C X*(T') constructed from a maximal torus 7" in G.
Let B be a Borel subgroup of G which contains T'. Then B defines the set of positive roots
¢t = dT(B)asin and hence the basis A = A(B) of ®. Recall that LieB = t&@ cp+ da-

A parabolic subgroup of G is said to be standard (with respect to B) if it contains B. By
parts (i) and (iv) of Theorem every parabolic subgroup of GG is conjugate to a standard
one.

For any subset I C A, denote by ®; C & the set of roots which are linear combinations of
roots in I. Let @T := ®T N 1. Then ®; is a root system in which CI>}r is the set of positive roots
and I is the corresponding basis. The Weyl group of ®; is the subgroup Wy of W = W(T,G) =
Ng(T)/T generated by the reflections r,, for all « € I.

We will use w to denote either an element in W or its representative in Ng(T"), whenever it
is clear from the context. Then C'(w) := BwB is a subset of G, which by Bruhat decomposition
satisfies: (a) C(w) is a locally closed subvariety of G, (b) G = | |,,cyr C(w), (c) the closure C(w)
is a union of certain C'(w').

Theorem 4.3.14. (i) Pr := U,eyw, BwB is a parabolic subgroup of G which contains B,
with LiePr = t & @aeqﬁuqb[ go- In other words, P; is generated by T and U, for all
a € & Uy, with U, from Theorem . (3a,).

(ii) If P is a parabolic subgroup of G which contains B, then P = Pr for a unique subset
I CA.

(ii1) LieRu(Pr) = Docor\o; 9a-

(i) Let Ly be the subgroup of G such that LieL; = t® @ cq, 9a- Then Ly is a Levi subgroup
of Pr, i.e. is a reductive group contained in P; such that Pr = R, (Pr) x Lj.

This theorem gives a combinatorial construction of all the standard parabolic subgroups
of G: we add to ®T the roots in ®;, and there is an inclusion-preserving bijection I — Pj
between subsets of A and standard parabolic subgroups. We have Py = B, Pn = G, and the
maximal proper standard parabolic subgroups P\, for all & € A. Moreover, if we define
T =: (ﬂae I Kera)o, then Ly = Zg(T7). This is a more precise version of Theorem for
parabolic subgroups of reductive groups, when k = k.

We can say more about the pieces C'(w) := BwB in Theorem To ease notation, for any root
a € ® we shall write a > 0if « € T and a < 0 if o & ®T.

For any w € W, we can define a subset of ®

O(w) = {a>0:wa<0}={ae€d:—waecd}
and define U,, to be the subgroup of U := R,(B) such that LieU;, = @,cp(,) o Then the map
U/, x B — G, (u,b) — uwb is an isomorphism of varieties.

Example 4.3.15. In the Example with (G,T) = (GLy, Dy) and the Borel group being
the subgroup of upper triangular matrices, the basis is A = {e; —e;41 : 1 < i < N — 1} which
identify with {1,..., N —1} (with e; —e;+1 <> ). Take a subset I C A and write its complement

A\I:{a17a1+a2,...7a1+...+a5_1}

with a; > 0. Then Py consists of upper triangular block matrices, with diagonal blocks of lengths
A1y yUg_1,05 ‘= N—E;;i aj. And Ly ~ GLg, x---x GLg, consists of diagonal block matrices,
and Ry (Pr) consists of those matrices in Pr where the diagonal blocks are identity.

This is the combinatorial construction of Example [{.2.3,
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The result for the Siegel case G = Spyy (corresponding to Example |4.3.13]) will be given in
later sections.

Remark 4.3.16. Now, Theorem in the case k =k follows easily from Theorem .

4.4 Parabolic subgroups via root systems: over arbitrary fields

In this section, we take k to be a field, and G a reductive group defined over k. Then Z(G)° is
an algebraic torus defined over k. Let g := LieG.

Let k be an algebraically closed field which contains k. For our purpose, it is harmless to
take k = Q,R and k = C.

By a subgroup of G, we mean a closed algebraic subgroup of G defined over k. In this section,

we will discuss the combinatorial construction of parabolic subgroups of G, similar to the case
k=k.

4.4.1 Relative root systems

The first thing to do is to take a maximal torus 7" of G which is defined over k. It is known
that such maximal tori always exist. But this is not enough, since characters of T" may not be

defined over k. We need:

Definition 4.4.1. Let k'/k be an extension of fields. An algebraic torus A defined over k is
said to be k'-split if Ay ~ an’k,. Equivalently, A is k' -split if all characters of A are defined
over k.

Theorem 4.4.2. (i) G contains a proper parabolic subgroup if and only if G contains a k-split
torus which is not contained in Z(Q).

(i1) Two mazimal k-split tori contained in G are conjugate by an element of G(k).

Here is a brief explanation to (i). Indeed, all parabolic subgroups of G are described by Theoremm
using cocharacters, and having a parabolic subgroup of G (which by our convention means a parabolic
subgroup defined over k) amounts to having a cocharacter of G which is defined over k.

Now take A to be a mawimal k-split torus contained in G. Then A is contained in some
maximal torus T of Gy defined over k. For each o € X*(A), define g :={r € g:a-z =
o/(a)x for all s € A} to be the eigenspace for o/. Then the adjoint action of A < G on g induces

a decomposition of g similar to (4.3.1)

s=0"'® > oo (4.4.1)
o' €d(A,G)

where ®(A,G) C X*(A) )\ {trivial character} is the subset of non-trivial characters o’ of A such
that go # 0. The decomposition (4.4.1]) is defined over k since all characters of A are defined

over k.

Denote by @ := ®(A4, G).
Theorem 4.4.3. ;P is a root system, whose Weyl group is isomorphic to

KW =W(A,G) = Ng(A)/Za(A).
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Unlike the case k = k, this root system may not be reduced. We call ,® the relative root
system and W the relative Weyl group.

Let us explain the analogue of G, from Theorem [4.3.2}(3) in this relative setting. For any
o € ®(A,G), the torus S, = (Kera/)° is defined over k, and denote by (/) C ®(A,G) the
subset consisting of rational multiples of o’/. Then

Proposition 4.4.4. There exists a unique closed connected unipotent k-subgroup Uy normal-
ized by Zg(A) such that LieUyy = g(or) = Z,Be(a’) 93-

The subgroup G = Zg(Ay) is a reductive group defined over k, has S as a maximal k-split
torus, and is generated by Zg(A) and Uy .

4.4.2 Standard parabolic subgroups

Over k, we have seen in §4.3.2| that choosing a basis of a root system (equivalently assigning the
positive roots) amounts to fixing a Borel subgroup, and that Borel subgroups are precisely the
minimal parabolic subgroups (Theorem [£.3.10](iv)). Now over arbitrary k, we shall work with
minimal parabolic subgroups.

Assign a subset ;@7 = &1 (A, G) of positive roots in ;@ = (A, G), as below Lemma m

Define
n:.= Z g(o/)' (442)
a'€dt

It is a Lie subalgebra of g, and the corresponding subgroup N is unipotent and normalized
by Zg(A). Tt is known that Py := NZg(A) is a minimal parabolic subgroup of G, and every
minimal parabolic subgroup of G which contains A is obtained in this way.

Now fix a minimal parabolic subgroup Py which contains A. A parabolic subgroup of G is
said to be standard (with respect to Pp) if it contains Py. As in the case k = k, we have:

Theorem 4.4.5. Every parabolic subgroup of G is conjugate, by an element in G(k), to a unique
standard parabolic subgroup.

Let us construct the standard parabolic subgroups in combinatorial terms. Let ,®* be the
set of positive roots determined by Py. Then we obtain a basis yA of ;@ as below Lemma [£.3.7]
For any subset I C 1A, denote by ®; C ;P the set of roots which are linear combinations

of roots in 1.
Let A7 := (ﬂa,el Kero/)o < A. Then the group L; := Zg(A;) satisfies

LieL[ = gA —+ Z g(o/)'

'€y

RS DR 109

o/ €T\, @

The Lie subalgebra of g

defines a unipotent subgroup N; of G which is normalized by L;, and we have:

Theorem 4.4.6. The product Py := Ny- Ly is a standard parabolic subgroup, with Ny = R (Pr)
and Ly a Levi subgroup of Pr.
Any standard parabolic subgroup of G equals Py for some I C ,A.

Moreover, observe that A; a k-split torus, which is not contained in Z(Pr). But Aj is the
maximal k-split torus in Z(Ly).

We close this subsection by the following immediate consequence of the construction above.

Lemma 4.4.7. Assume I CI' C 1 A. Then A; > Ap and Py < Py



50 CHAPTER 4. BOUNDARY COMPONENTS

4.5 Horospherical decompositions and Siegel sets

Let (G, X) be a Shimura datum, and X a connected component of X. We will use the following
notation:

G =G g:=LieG%* gp = LieG. (4.5.1)

To ease notation, we will also use X to denote X .
We need to use maximal Q-split (resp. R-split) torus contained in G4, for which we make
the following definition.

Definition 4.5.1. The Q-rank (resp. R-rank) of an algebraic group H defined over Q is the
dimension of the mazimal Q-split torus in H (resp. of the mazimal R-split torus in H), and is
denoted by rkoH (resp. by rkpH ).

Theorem 4.5.2. The followings are equivalent:
(i) T\X is compact for any arithmetic subgroup T' of GI°*;
(ii) tkoGd = 0;

(iii) Gaer does not contain proper parabolic subgroups.

The equivalence of (ii) and (iii) follows immediately from Theorem and can be read off from
the relative root system construction of parabolic subgroups.

Thus to discuss on compactifications of I'\ X, we may assume erGder > 1 and that Gde*
contains proper parabolic subgroups. In this section, we discuss about the horospherical decom-
position and Siegel sets associated with each proper parabolic subgroup P.

4.5.1 Horospherical decompositions over R

Let P be a parabolic subgroup of G. We start with the discussion for standard parabolic
subgroups, for which we need to fix a maximal R-split torus and a minimal parabolic subgroup
of G. The general case will be reduced to the standard case by Theorem [4.4.5

Fix z9p € X. Then (SV3) gives a Cartan involution 6 of G which induces the Cartan

decomposition (4.6.1)
gr = O m.

Let Ko := exp() which is a maximal compact subgroup of G(R)"; see Lemma Let a to
be a maximal Lie subalgebra contained in m.

Theorem 4.5.3. There exists a mazrimal R-split torus A in G such that LieA = a.

Proof. First a is abelian since [a,a] CaN[m,m] CmN¢=0. Hence exp: a — exp(a) is an isomorphism
as Lie groups, and thus exp(a) ~ (Rso)" x R® (as Lie groups) for some r,s > 0. This gives rise to an
R-algebraic subgroup Ag of G with Ay(R)* = exp(a); indeed, Ap(R) ~ (R*)" x R®.

We claim that s = 0. Indeed, for gr . := €& /—1m, we know that exp(gr ) is a compact Lie group,
and hence exp(y/—1a) ~ T" x R® (with T = R/Z) is compact, and hence s = 0.

Thus Ag is an R-split torus in G. It is contained in a maximal torus T' of G defined over R, and
hence T = A - A’ for some algebraic torus A’ defined over R. Then LieA’ N"m = 0 by the maximality of
a in m. One can choose A’ such that LieA’ C ¢, and then A'(R) < Ko which is compact. Hence A’ has
no R-split factor; otherwise R* is a closed subset in A’(R), contradiction to A’(R) being compact. This
finishes the proof. 0
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Thus we have the relative root system r® := ®(A,G) as below (4.4.1)). Assign a subset
r®T of positive roots in g® as below Lemma It defines a basis gA of g® (as below

Lemma [4.3.7) and a minimal parabolic subgroup Py of G (as below (4.4.2))).

Remark 4.5.4. An alternative approach to study the theory over R is to use Cartan’s theory
of symmetric spaces and the restricted root system (to R). We shall not take this point of view
i our course to have a uniform treatment over R and over Q, but only point out that these two
points of view are equivalent for our study by the the following easy observation: g Nm = a.

Standard parabolic subgroups. Any parabolic subgroup P of G which contains Py is of the
form P; for some subset I C gA, where P; is defined in Theorem Now P; has unipotent
radical Ny and a Levi subgroup L; = Zg(As). Moreover, A < Z(Lj) since Ay < A. It is not
hard to construct a #-stable subgroup My of Lj such that L; = A x M (inner direct product)
Then we have the following real Langlands decomposition based at xg € X

Pr(R)" = Ny (R)A;(R)T M (R) ~ N7 (R) x Af(R)" x My(R) (4.5.2)

where the first equality is as groups, and the second isomorphism is in the category of real
algebraic manifolds (the inverse map is (n,a, m) — nam).

We have more. The reductive subgroup My is #-stable, and thus Kj . := M; N K is
maximal compact in M;(R)*. So

X1 :=Mi(R)" /K1 = Pr(R)" /K100 A1(R)* N (R) (4.5.3)
is a symmetric space, called the boundary symmetric space associated with P;. Notice however
X7 may not admit an Mj(R)"-invariant complex structure.

Lemma 4.5.5. P;(R)" acts transitively on X.

Proof. Tt is not hard to check that gg = n ® a @ € with n from (4.4.2). Thus G = NAK,, which is
called the Twasawa decomposition of G. On the other hand, n @ a C LieP; by construction of P;. Hence
NA C P; and we are done. O

Thus X = P;(R)"xg, and by (£.5.2)) and (4.5.3) (and n; €= 0) we then have the following
real horospherical decomposition based at oy € X

X ~ Ni(R) x Af(R)" x X7 (4.5.4)
where the isomorphism is in the category of real algebraic manifolds.

General parabolic subgroups. Now let P be an arbitrary parabolic subgroup of G. By
Theorem P is conjugate to a unique standard parabolic subgroup P; for some I C pA.
But G = NAK,, and NA C P;. So there exists k € K, such that P = kP;k~!. Define

Np:=kNik™' =R, (P), Ap:=kAk™', Mp:=kMk "

Then both Ap and Mp are #-stable, and Lp := ApMp is a Levi subgroup of P, and Ap is an
R-split torus in P. We have the real Langlands decomposition (based at xo € X )

P(R)" = Np(R)Ap(R)" Mp(R) =~ Np(R) x Ap(R)" x Mp(R) (4.5.5)
which induces real horospherical decomposition (based at x¢ € X )
X ~ Np(R) x Ap(R)" x Xp (4.5.6)
with Xp := Mp(R)/(Mp N K) called the boundary symmetric space associated with P.

[ One can construct using Lie algebras: LieM; is the direct sum of LieZg(A) N ¢, Zo/ekqn 9(a’) and the
(orthogonal) complement of LieA; in a.
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4.5.2 Horospherical decompositions over QQ

Before the discussion over Q, let us state the following result.

Let A be a maximal Q-split torus in G9°*. Then we obtain a relative root system Q® =
(A, GI) as below ([4.4.1). Assign a subset o®* of positive roots and thus get a basis gA
of g® as below Lemm Then we get a minimal parabolic subgroup Py of G4°* as below
. All standard parabolic subgroups (i.e. those containing Pg) are of the form P; for some
I C @A, and every parabolic subgroup P of GI° is conjugate to a unique P; by some element
in G4'(Q); see Theorem We have the unipotent radical N; of P; and a Levi subgroup
L; = Zgaee (Ap) with Aj := (ﬂa,e@@] Kero/)o < A. Moreover, A; is the maximal Q-split torus
in Z(Ly). Notice that for P; = Py, our A;R is a subgroup of the A; constructed in the real
case (which is the maximal R-split torus in Z(L; r)) and is properif rkoP; < rkgP;. So we need
to further decompose Ay into the product of A;r and an R-algebraic torus A}- whose Q-rank is
O For this purpose, define M} := ﬂx Kery? where y runs over all non-trivial L; — G,. Then
M is a reductive group with rkgZ (M) = 0. Then we have L; = A;M; and A; = A[,RA}-.
Denote by A(A[, P[) = QA \ I.

For an arbitrary parabolic subgroup P of G9¢*, we can conjugate P to be a unique standard
parabolic subgroup P;. Then we obtain the unipotent radical Np of P, the Levi subgroup Lp of
P, the maximal Q-split torus Ap in Z(Lp), and the subgroup Mp = ﬂX Kery? of Lp. Denote
by P :=Pgr, Np := NpR, Lp := LpR,

Ap = AP,R, Mp = MpyR. (4.5.7)

Then we are in conformity with the notation in the real case, while Ap is a subgroup of Ap
which is proper if rtkgP < rkgP. Denote by

A(Ap, P) C X*(Ap) (4.5.8)

to be the conjugate of gA \ 1.
Now we have the rational Langlands decomposition of P

P(R)+ = NP(R)AP(R)+MP(R) ~ NP(R) X AP(R)+ X MP<R) (459)

where the second isomorphism is in the category of real algebraic manifolds.

To get the rational horospherical decomposition, we need to fix a point g € X and the
associated Cartan involution # on G, and require Ap and Mp to be #-stable. To achieve this,
we can work with the Levi quotient P/Np instead of working with the Levi subgroup Lp of P,
and then lift the resulting Ap and Mp to the R-Levi subgroup Lp of P (the one constructed
in the real case) which is #-stable. The resulting groups may not be Q-subgroups of P, but this
is enough for our purpose.

Remark 4.5.6. In fact, it is known that for any P, there exists a base point x1 € X such that
they are still defined over Q.

Let Ko := Stabgg)+ (70). Then MpN Ky, is maximal compact in Mp(R)* by the 6-stability
of Mp. Now (4.5.5) induces the rational horospherical decomposition of X = P(R)"zq

X ~ Np(R) x Ap(R)" x Xp (4.5.10)

[BIThat is, there is no non-trivial subgroup of A7 < G = G which is defined over Q.
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with Xp = Mp(R)"/(Mp N K) called the boundary symmetric space associated with P.
Moreover, let Aﬁ be the orthogonal complement of Apgr in Ap, i.e. Al% is f-stable with
Ap(R)* = Ap(R)" x A5 (R)T. Then

Xp~XpxA5(R)T,  Ap(R)T = Ap(R)" x A5(R)™. (4.5.11)

While A3 has Q-rank 0, taking the quotient by T' will roll up the fact A (R)T into circles and
hence does not interfere with the compactification of I'\ X.

4.5.3 Siegel sets

Let P be a parabolic subgroup of G4¢*. Continue to use the notation in the previous subsections.
For t > 0, define

Ap;:={a € Ap(R)" : d/(a) >t ! for all &’ € A(Ap, P)} (4.5.12)

with A(Ap, P) defined by (4.5.8]).

Definition 4.5.7. For any bounded sets U C Np(R) and V C Xp, the subset
Spuve =UxAp; xV C Np(R) x AP(R)+ X Xp~X

1s called a Siegel set in X associated with P.

4.6 Analytic boundary components

In this section focus on our discussion over R instead of @Q. The discussion over Q will be
executed in Chapter [6]

Let (G, X™) be a pair as in i.e. G is a reductive group defined over R and X7 is a
G(R)*-orbit contained in Hom(S, G) satisfying conditions (i) and (ii) at the beginning of

To ease notation, we will replace G by G4, so that G is from now on a semi-simple algebraic
group defined over R. We will also use X to denote X*. We have shown that X is a Hermitian
symmetric domain; see Theorem [2.3.1]

Denote by g = LieG.

It is known that under holomorphic isometry, X is isomorphic to an open bounded subset
D in the affine space CV where N = dim¢ X; we shall review this Harish-Chandra realization
later on at the end of Let D be the closure of D in CV under the usual topology (we

sometimes denote it by X ).

Definition 4.6.1. An analytic boundary component of X is an equivalence class in D
under the equivalence relation generated by x ~ y if there exists a holomorphic map p: {z € C:
|z| <1} = CV such that z,y € Im(p) C D.

Notice that D is a boundary component of X by definition. This definition generalizes the
case where X is the upper half plane, in view of the last sentence of
It is clear that D is the disjoint union of its analytic boundary components. We shall prove:

BlFor our purpose, (G,X™") are obtained as follows. Let (G,X) be a Shimura datum. Decompose Gg =
Z(G)rG1 - - - Gy for simple R-groups G4, .. ., G, which induces a decomposition Xt~ Xf' X oo X X,;". Then we
can take our G to be Z(G)r[];.; G; and our new XT to be HjeJva for any subset J C {1,...,k}.
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Theorem 4.6.2. The action of G(R)" on X ~ D extends to D. For any analytic boundary
component F' # X of X, its normalizer

N(F):={geGR)" : gF = F}

is a proper parabolic subgroup of the Lie group G(R)™, which means that it equals Pr(R)NG(R)™
for a parabolic subgroup Pp of G.

Morever if X is irreducible as a Hermitian symmetric domain, then Pp is mazimal proper
parabolic in G. And the association F' — Pr defines a bijection between the set of analytic
boundary components of X and the set of proper maximal parabolic subgroups of G.

In the statement, X is irreducible as a Hermitian symmetric domain if and only if X cannot
be written as the product of two non-trivial Hermitian symmetric domains, or equivalently G is
a simple group.

In fact, we will prove a more precise version of Theorem describing how Pr is con-
structed in terms of the root systems. Moreover, we will prove that the analytic boundary
component F' can be identified with the boundary symmetric space (defined below the real
horospherical decomposition (4.5.6))) associated with some parabolic subgroup Pj, and explain
the relation of Pp and Pj.

Before moving on, let us make the following very brief discussion over QQ; more details will
be given in Chapter @ Let us temporarily go back to our pair (G, X1) at the beginning of this
section (i.e. the pair from §2.3).

Definition 4.6.3. Assume there ezists a Shimura datum (G, X) such that G = Ggr and that
X is a connected component of X. Then an analytic boundary component F of X is called
rational if the parabolic subgroup Pr is defined over Q.

As hinted by Theorem [4.5.2] only the rational analytic boundary components should account
for the compactification of T'\X. We will focus on the discussion of any analytic boundary
component in this section, while in the end give a characterization of which ones are rational.

4.6.1 Complex structure on X and the Harish—Chandra realization

Take 79 € X which corresponds to ho: S — G, and let § = ho(y/—1) be the Cartan involution
on G given by condition (ii) at the beginning of We thus have the Cartan decomposition
(12.3.2)

g=tdm (4.6.1)

with £ (resp. m) be the eigenspace for 1 (resp. for —1). Notice that [¢,¢] C ¢, [¢,m] C m, and
[m, m] C ¢ by looking at the eigenvalues.
Then K := exp(£) is a maximal compact subgroup of G(R)" by Lemma and the real
tangent space of X at xg, denoted by Tr X, can be identified as m.
The element J := ho(e™~1/4) satisfies J2 = 1. The action of J on X induces a decomposition
of mg =TrX ®r C
mc=m" om"” (4.6.2)

where J acts by multiplication by v/—1 on m* and by —v/—1 on m~. Thus the holomorphic
tangent space of X at xy can be identified with m*. Moreover, as J acts on TR X = m, we have
J € exp(t) = Ko, and thus J € Z(K).

(1011 general, X ~ X; X --- x X,, decomposes into the product of irreducible Hermitian symmetric domains,
and analytic boundary components of X are precisely the products of the analytic boundary components of the
X,’s. Then one can also obtain a description of the bijective association F' +— Pp.
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Let us recall the Harish—Chandra realization/embedding D of X in Theorem We only
need a brief version: We can identify X with an open bounded subset D of m™. The identification
X ~ D is called the Harish—Chandra realization and the inclusion D C mT is called the Harish—
Chandra embedding. Moreover, it is known that there exists an open holomorphic map m* — XV
which embeds m* as an open subset (in the usual topology) of the complex algebraic variety
XV. So we can summarize into:

X~DCm" CXV. (4.6.3)

Example 4.6.4. In the Siegel case (GSde,ﬁdi) and the base point xg = \/—1Iq, we have
Ko = U(d) = O(2d) N Spyy (and G = Spyy). In this case, m* ~ {1 € Matyxq(C) : 7 = 7'},
and the Harish—Chandra realization is Dy := {Z € Matyxq(C): Z = Z' and I;— ZZ > 0} as in
Ezample [2.3.6,

4.6.2 Complex roots and the Polydisc Theorem

Let T be a maximal torus of G contained in K. Consider the root system ® := ®(7,G¢). We
have the root decomposition
gc=tc® @ a
acd
with each g, having dimension 1.
We say that a root a is compact (resp. non-compact) if g, C €c (resp. if go C mg). Let

®x be the set of compact roots and ®,; be the set of non-compact roots. One can check that
D=0 UD,,.

Lemma 4.6.5. There exists a choice of positive roots ® such that

=D
m = .
Q€PN fa

The proof uses the complex structure on X, or more precisely the action of J on mg. One
can show that Jg, = go for any non-compact root a.

Definition 4.6.6. Two roots o, B € ® are called strongly orthogonal if « + 3 are not roots.

From now on, we fix a maximal subset of strongly orthogonal roots in ®+ N ®,;, maximal
under inclusions

U =A{ay,...,a,}. (4.6.4)

This can be done be choosing successively the lowest positive root.
For each a € ¥, choose a non-zero ¢, € g, and set e_, to be the complex conjugation on
gc = g®r C of €. Then e_,, € g_q, and hy := v/ —1[eq, 4] € t C £ and is non-zero. Set

gela] == Chg + ga + 9—a = Chg + Cey + Ce_y,. (4.6.5)

Then gcla] >~ slyc, since [hq,eq] = a(exp(hq))eq and [ha,e_o] = —a(exp(hqa))e—q are both
non-zero. Hence
gla] :=gclo] Ng = Rhq + Rzq + Ry, > slo g

where x4 := €4 + €_o and y, = V—1(eq — e_q). Notice that Jzo = yo and Jy, = —z4 by
Lemma and {Zqa, Yo : @ € DT NPy} is an R-basis of m.

For each o € W, let G[a] be the subgroup of G such that LieG[a] = gla]. Let G[¥] be the
subgroup of G with LieG[¥] = " g gla].
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Theorem 4.6.7 (Polydisc Theorem). The orbit G[V](R)tzo C X is a totally geodesic subman-
ifold which is isomorphic to a Poincaré polydisc D", and X = UkeKoo k- Dr

Recall that gla] ~ sly g for all & € U. Hence the inclusion G[¥](R)"z( C X is induced by a
morphism

¢: SLy(R)" — G(R). (4.6.6)

By general theory on holomorphic maps between bounded symmetric domains, ¢ is the second

. ~ . . 0 in 6 0 in 6
factor of a morphism @: U(1)xSLa(R)" — G(R) satisfying: (evfle, [_C(;sne o 9} e {—(:Zisne o QD'_)
hg(e v 719).

The Polydisc Theorem is a key step in the proof of the Harish—-Chandra embedding. To
study boundary components, we need to have a finer statement. Let S C {1,...,r} be a subset,
and let G[S] be the subgroup of G with LieG[S] = } .. ¢ gloy]; in particular G[S] = G[¥] for
S ={1,...,7}. Then the orbit G[S](R)* zo C X is still totally geodesic in X and is isomorphic
to DIS. We have the following compatibility:

Theorem 4.6.8. For each j € {1,...,r}, the image of G[j](R) zg C X under the Harish-
Chandra embedding is the open unit disc Dj in Cey; C m" (with 1 € D; corresponding to eaj).
The image of G[S](R)* zg C X under the Harish-Chandra embedding is the open unit polydisc

We finish this subsection by the example of the Siegel case.

Example 4.6.9. In the Siegel case (GSde,Y)di) and the base point xo = +/—11lsq, we have
Ko =U(d) = O(2d) N Spyy (and G = Spy,). Our mazimal torus is not the usual one, but is

[ cost; sinty

. CcoSty sinty
T = bd1ag(t1,...,td) = _sinty costy it tg €R

i —sinty costq |
Let \j € X*(T) be bdiag(ty,...,tq) = eV, Then ® = {£/—1(\+ 1)) : 1 <i < j <
d}U{Ev=1I(N\i —N\j): 1 <i<j<d}and Dy N®T = {/-1(N\i+ )j) : 1 <i<j<d}. The
basis for this choice of ®T is {v/—=1(N; — Niy1) : 1 < i <d — 1} U {2/ =1y}

The set ¥ is {a; := 2y/—1)\; : 1 < j < d} (sor =d). Then the corresponding normalized
€a;s hajs Taj, Yo, are:

1 1y v—1d+j,j] { 0 _V_1d+j,j] [13',1 0 } [ 0 —lay,
2 [Vljar; —lgtigril T LV —Ljas 0 L0 g [Fljars O

Here for a number s, we use s;j to denote the matriz with the (i, j)-entry being s and all the
rest being 0.

(1 The Poincaré unit disc D is {z € C : |z| < 1} endowed with the hyperbolic metric, and D is the r-copy of D.
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The extension U(1) x SLa(R)? — G(R) of the morphism ¢ from (4.6.6) is:

ai b1

aqg bg aq by
: —
’ [Cd Sd] ) c1 51

Cq Sq

4.6.3 Real roots and Cayley transformation

Next we need to study a relative root system over R, for which we need to take a maximal
R-split torus A in G. Our construction is as follows. Recall ¥ = {a, ..., a,} from (4.6.4) is the
maximal subset of strongly orthogonal roots in ®+ N ®);. By definition of strong orthogonality,
the sum

a:= Y Rz, (4.6.7)

acv
with x, as below (4.6.5)), is commutative, and hence is a Lie subalgebra. In fact we have more:

Proposition 4.6.10. a is a mazimal abelian subalgebra of g contained in m.

Thus by Theorem there exists a maximal R-split tours A in G with LieA = a, and
hence we have the relative root system p® := ®(A, G).

Example 4.6.11. In the Siegel case, A is the standard torus {diag(tl,...,td,tfl,...,t;l) :
tl,...,thRX}.

We wish to use the root system ® constructed in to study g®. For this purpose, we
need to conjugate the maximal torus 7" in which is contained in K, to a maximal torus
which contains A. For this purpose, it suffices to find an abelian Lie subalgebra a’ in t C € which
is a conjugate of a. This is the Cayley transformation which we introduce now.

Let hqo € t C £ be as above (4.6.5). Define

a =) RhoCt. (4.6.8)
acevw

For each a € ¥, set Cy := exp(mv/—1ya/4) € G((C) Then Ad(Co)ha = [TV —1ya/4, hal €
Rzs C a. The Cayley transformation is defined to be:

Ad(Cy): d = a, with Cyg = HO@ Cha. (4.6.9)

In terms of the morphism ¢: SLa(R)" — G(R) from (4.6.6)) based changed to C,

C'\p:go<---,\}§[\/1_—1 ﬂ) (4.6.10)

Now, a’ gives rise to an R-split torus A’ with LieA’ = d/, and the relative root system ®(A’, Q)
is exactly Int(Cy)*r®. Since A" < T for the maximal torus 7" in §4.6.2] we can directly compare

[12INotice that our Yo is well-defined up to scalar. We usually take a normalization in the definition of e, and
ha, and hence z, and yo. Then the resulting C'v will be as in (4.6.10)).
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¢ = O(7T,G) and Int(Cy)*r® = P'(A,G). More precisely, we can regroup the eigenspace
decomposition gc = tc ® P, cp Ja to be:

=0t ® Y gu (4.6.11)
o€ (A,G)

with gé, =ac ® ZBNO gp and gy = Zﬁecb, o 98- Here, the equivalence ~ on ® is defined by:
B1 ~ B2 if and only if 814 = B2|as. This decomposition is defined over R because A’ is R-split.
Applying the Cayley transformation to (4.6.11]), we get the eigenspace decomposition

s=0"® > o, (4.6.12)
perd

with each g, being a suitable Ad-conjugate of a suitable g,/ above.
Finally each o € ¥ defines a character |4 € X*(A’), and hence a character v; € X*(A)
via the Cayley transformation. We thus have the following set

RY == {1, ..., %} (4.6.13)

Since ¥ C &, we have g C g®. In general, we have the following proposition, which is a
consequence of the classification of (real) representations of U(1) x SLy(R)" by analyzing the
action of Weyl groups.

Proposition 4.6.12. Assume X is irreducible as a Hermitian symmetric domain, i.e. X cannot
be written as the product of two non-trivial Hermitian symmetric domains (equivalently, G is a
simple group). Then one of the following possibilities occurs:

- (Type C,) r® = {i%(% + ;) fori>j, j:%(% — ;) fori> j}.

- (Type BCp) r® = {£1(yi +;) fori>j, £1(vi —;) fori>j, £37}.
If we order the roots such that 1 > ... > ., then the set of simple roots is:

- (Type Cr) RA = {1 := 5(n = 72)s- s =1 7= 5(Yr—1 = W) i = Y }-

- (Type BC,) rA = {1 :=§(n —72), s ttr—1 = 5(r—1 = W) b = 3%}

In each case, the simple root u, is called the distinguished root, and is the longest (resp.
shortest) simple root in Type C, (resp. Type BC,).

Example 4.6.13. In the Siegel case, v;: A — R* is diag(ti, ... ,td,tl_l, e ,t;l) — tjz, and we
are of Type Cy.

4.6.4 Standard form of analytic boundary components

Recall the maximal subset of strongly orthogonal roots ¥ = {ay,...,a,} of ®, and the induced
subset gU = {~1,...,7} of ®.
For any S C {1,...,r}, define the Lie subalgebra

ls := Z (95 + (94, 8-0]) (4.6.14)

S
 is a linear combination of v; with j&S

of g, with each g, the eigenspace of ¢ for the adjoint action of A on g; see (4.6.12)).
Let Lg be the subgroup of G with LieLg = [g. Denote by mfg =mtNlg.
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Proposition 4.6.14. Lg is a semi-simple subgroup of G without compact factors, and
Xg:=Ls(R)Tzg~ Ls(R)"/(Ls(R) N Kwo)

1 a sub-Hermitian symmetric domain in X.
Moreover, for the Harish—Chandra realizations D of X and Dg of Xg (see (4.6.3)) ), we have
the following equivariant diagram of symmetric holomorphic maps

DSl xpg— o p (4.6.15)

[
(C|S| X mJSr #.m-‘r

(YS! % xy L2 xV

where D = {z € C: |z| < 1} is the Poincaré unit disc.

Here the map f7 arises from the Polydisc Theorem as follows. We have a geodesic embedding
D" — D, which can be written as DI®l x DL\l 5 D Now D = K, - D" and Dg =
(Ls(R) N Ku) - DHL-"1S1and thus we obtain f;.

Proof. We have the following decomposition of [g ¢ in terms of the complex roots in ® by (|4.6.11])
and (4.6.12):
[S,(C = Z (ga + [gom g—a]);

aed, a0
a’“zggs ajag

see below (4.6.11)) for the definition of ~. Hence [g ¢ is stable under Adho(e‘/jw), and so
(a) ls = (E N [5) ) (m N [S),
(b) mc Nlgc = mg S mg with mg :=m- N lsc.

Hence Lg is a reductive group and Xg is a sub-Hermitian symmetric domain of X. Better,
Lg is semi-simple without compact factors because it is generated by unipotent elements; see

Theorem (3.a).

For the “Moreover” part, notice that Lg commutes with (modulo center) the subgroup
¢([];es SL2(R)) for the morphism ¢ from (4.6.6); this is an immediate consequence of the
construction of [¢. Hence we are done. ]

We state the following theorem without proof. The proof needs the Hermann convexity
theorem.

Theorem 4.6.15. The analytic boundary components of X defined in Definition[{.6.1] are pre-
cisely the sets the form k- Fg, where k € Koo, S C{1,...,7}, and

Fs:=f2((1,...,1) x Ds) C m*

with fa from (4.6.15)).

Two other ways to write Fig are given by (4.6.16) and, in terms of partial Cayley transfor-
mations, by (4.6.17) respectively.
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Example 4.6.16. In the Siegel case, r = d. Take the subset S = {d' +1,...,d} C {1,...,d};
then |S| =d —d'. In this case we have

A 0 B’ 0
0 I,y O 0 A B
Vo s dod D 0 : [Cl D’} € Sp2d',R = Sp2d',1R,

0 0 0 I g

Ls =

and Xg ~ $Hg with Harish—Chandra realization being Dy . Under the natural identifications
mt =~ {Z € Matgxq(C) : Z = Z'} and m& ~ {Z' € Matg xa(C) : Z' = (Z')*}, the holomorphic
map fo is

((ad/+1, . ,ad), Z/) — diag(Z’, Aqdriqy--- ,ad).

I A Vi
re{[f 0 ]zen)

Before moving on, let us see a corollary of Theorem The proof presents an application of the
construction of Fg in Theorem |4.6.15 and given another way (4.6.16|) to write Fg.

Corollary 4.6.17. An analytic component of an analytic component of X is an analytic component of
X.

Hence in this case, we have

Proof. Let Dy be an analytic component of X. Theorem [£.6.15]implies that Dy = k- Fg for some k € K
and S C {1,...,r}. By Theorem |4.6.8] we have

Fg = Z ea, + Ds. (4.6.16)
JjeES

Let Dy be an analytic component of D;. Then Dy = k - <Zje 5 €a; + D’Q) for some analytic component

D, of Dg. Theorem [4.6.15 implies that D) = k' - (ZZ—GS, €a; +DSUS/) for some k' € Lg N K4 and
S C{1,...,7r}\S. So

Dy=kk | > ea, +Dsus | =kk - f2((1,...,1) x Dsus:) = kk' - Fousr
jeESUS’

which by Theorem [4.6.15]is an analytic component of X. O

4.6.5 Analytic boundary components and maximal parabolic subgroups

From now on, assume that X is irreducible as a Hermitian symmetric domain, i.e. X cannot
be written as the product of two non-trivial Hermitian symmetric domains. Equivalently, G is
a simple group.

Now let S C {1,...,7} be a subset. Recall the set of simple roots A = {p1,...,u,} from
Proposition with u, being the distinguished root. Then rA gives rise to a minimal
parabolic subgroup Py of G as below . Denote by Is := {u; : j € S}. Then we have
a standard parabolic subgroup Pr, of G (i.e. a parabolic subgroup containing Fy) defined in

Theorem 4.4.6, It has unipotent radical N7, maximal R-split torus Ay, := (ﬂjgs Keruj) , and

Levi subgroup Li, = Zg(Ajg).

Proposition 4.6.18. The analytic boundary component Fg can be identified with the boundary
symmetric space X Prg assoctated with the parabolic subgroup Ppg.
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See (4.5.3) and below (4.5.6) for the definition of Xp,_.

Proof. We shall use the Polydisc Theorem (Theorem and its refinement Theorem m
for which we need to go back to the complex roots.

Recall the maximal subset of strongly orthogonal roots ¥ = {ay, ..., .} from . Then
the polydisc is G[U](R)Tzo C X, with LieG[¥] = >""_, gla;] ~ 5[3&. For the maximal abelian
Lie subalgebra a = 22:1 Rzs; € m from and the corresponding maximal R-split torus
A, we have A < G[¥] since a C LieG[¥]. Hence A(R)Txg C G[¥](R)Tzg. A refinement of the
Cartan decomposition says that G = Ko AKo (more precisely, m = (J,cx Ad(k)(a)). Hence
X = Uper. k- A(R)*xo, which in fact improves the last sentence of Theorem In view of
G[¥](R) Tz ~ D", the subset A(R)"zg can be identified with (—1,1)" and the multiplication
by elements in Z (K ) correspond to rotations.

Denote by S¢ := {1,...,r} \ S. The discussion generalizes to S¢ C {1,...,r}. We have
the partial polydisc G[S°|(R)*zo C X, with LieG[S] = >_jes 8laj]. For the sub-Hermitian
symmetric domain Xg defined in Proposition it is not hard to see that G[S°|(R)"zg
is a maximal polydisc in Xg by Theorem We also have an abelian Lie subalgebra
age 1= ) izgRxq; C m, which defines an R-split torus Age in G[S]. Moreover similar to
Proposition Age is a maximal R-split torus in Lg. So Xg = UkeLsmKoo k- Age(R)Tz as
in the last paragraph.

Next we turn to the Langlands decomposition Py, (R)™ ~ Ny (R)x Az, (R)F x M, (R) ([.5.2).
Both Age and Ay are subgroups of A, so Age < Zg(Ary) = Lig = ArgMi,. But AgeNAr, = {1}
by definition, so Age < Mj,. Thus Age(R)Tzg is a subset of X;, = M, (R)" /K|, 0 with
Kig.00 := Mg N K. Moreover, Age is a maximal R-split torus in My, by reason of rank, and
Age(R) N K400 = {1}. So the refined Cartan decomposition for My, (recall that My, < Ly,
is chosen to be invariant under the Cartan involution) implies that My, = Ky oo Ase Krg 00 88
before. Hence X, = UkGKzs,oo k- Age(R)Txg.

Now we are done by the conclusions of the previous two paragraphs, since Fyg is a suitable
translate of Xg. O

In fact we can be more precise on this translate. More precisely we can write the ana-
lytic boundary component Fgs in terms of Xg and the partial Cayley transformation defined
as follows. Let Cge 1= [[;45Ca; with Cq; defined above (4.6.9). Recall that C,; is the im-

1 -1 L . .
age of % [\/_—1 “ 1 under SLy(C) 2 SLy(C)" & G(C), where ¢; is the embedding as the

j-th component; see (4.6.10) for the notation and explanation. Moreover on the closed unit
— 1 —1
. _ : < o 1
disc D = {z € C : |z] < 1}, the matrix 7 [\/_—1 1 sends 0 to 1 by the formula above
Lemma LTIl So
Fg=Cge - Xg. (4.6.17)
Theorem 4.6.19. Assume S = {1,...,{}. Then N(Fs) = P,a\{y,}(R)NG(R)*,

Say S = {1,...,¢}. Let Is = {ps41,...,pur} and Ig = {p1,..., pe—1}. Then the boundary
symmetric space X Py, €A1 be decomposed as X Prg X Xp, ,and X Prg is isomorphic to Fg
S

(hence is complex) by Proposition [4.6.18 This decomposition is also related to (4.6.19).

Proof of Theorem [[.6.3 from Theorem[{.6.19. 1t is easy to reduce Theorem to the case
where X is irreducible. Next by Theorem we may assume that the analytic boundary

component is Fg for some subset S C {1,...,r}.
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Now S defines a subset Jg := {v; : j € S} of g¥ = {v1,...,7,} defined in (4.6.13). By
Proposition [4.6.12) the Weyl group W (r®) contains all the signed permutations of the roots
in g¥. So there exists an element w € W(r®) such that w(Jg) = {71,...,7¢} for some /.

Thus we may and do assume S = {1,...,¢}. Now the conclusion follows immediately from
Theorem [4.6.19) because P,a\y,,} is a maximal proper parabolic subgroup of G. ]

Proof of Theorem[].6.19. We start by showing that

P A\{M}(R) N G(R)+ - N(Fs) (4.6.18)

R

Let g € P,a\{u,3(R) N G(R)*. Then g sends Fs to an analytic boundary component, which must be
either F or disjoint from Fg. By (4.6.17), it suffices to show that g - (Cge - z9) € Cse(X), which itself
is equivalent to (CglgCs¢) - w9 € Xg. Thus it suffices to show

CgclgCSc € LS,CKoo,(C exp(m_).

Now consider P’ := Cg (P, a\{y,})cCse = Int(Cse) "1 (P, A\ {11} )c, Which is a subgroup of Ge. Our goal
is to prove that
P < LscKx,c exp(m_).

For this purpose, let us compute LieP’. We start with writing LieP, a\ 1,,} as above and in Theorem
Then using the Cayley transformation Ad(Cg:) and by (4.6.11) and (4.6.12), we have the following
decomposition of LieP’ into weight spaces of roots in ® = ®(T, G¢) (together with t¢)

LieP' = tc ® Yo g® Yo 80a® D) 8B ga

to;ta;, . —a;—a —a;taj
~ 12 i or +a, i 12 J a~0

J —oy
2 an 2 or —
i,jgS = i€S

[e3

Again, the equivalence relation ~ on @ is defined by: 1 ~ 5 if and only if B1|ar = B2|a’.

Now t C £ by choice of T', the second term generates [g ¢, the third term is in m~, and the fourth
and fifth terms are in tc. Now the first, third, and fourth terms together generate a normal subgroup
which is contained in Ko, cexp(m™). Hence the first four terms generate a normal subgroup contained
in LgcKocexp(m™). Hence P/ < LgcKoocexp(m™)Kec = LscKoocexp(m™). This establishes
[515).

Now that

Paviuy (R)NG(R)T C N(Fs) € G(R)F

and P, a\{y,} 18 a maximal proper parabolic subgroup of G by Theorem we have P, a\{, Z}(R)Jf =
N(Fs)*. Hence N(Fs) normalizes LieN (Fg) = LieP, a\{,,,}- Chevalley’s Theorem (parabolic subgroups
are always connected) says that the normalizer of Lie(P,a\.u,})c in Gc is precisely (P,a\{u,})c. So
N(Fg) C G(R)+ N (P, A\{M})‘C = szA\{ue}(R) N G(R)+. Now we are done.

R

Now let us return to any X (not necessarily irreducible). Let F' = k- Fg be an analytic
boundary component of X, and let N(F) = {g € G(R)" : gF = F} be its normalizer, which by
Theorem equals Prp(R)NG(R)™ for a parabolic subgroup Pr of G. We have the following
subgroups of Pr = k:PFSk:_lz

o W(F):=Ru(Pp).

e L(F) which is the Levi subgroup of Pr obtained as follows: Theorem [4.6.19] gives the
construction of Pr in terms of the relative root system, and hence a Levi subgroup L(Fyg)
of Ppy as in Theorem now L(F) = kL(Fg)k™!.

e G1(F) :=kLgk™! which is a subgroup of a suitable Levi subgroup of Pp.

e G;(F) which is a reductive subgroup of L(F') with no compact factors,
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e M(F') which is a compact reductive subgroup of L(F),

such that L(F) = G,(F) - Gi(F)- M(F) and L(F)* = G,(F)* x Gy(F)*! x M(F)2d. One can
easily check that

{ge GR)" :gr=xforallz € F} = W(F) x (G)(F) - M(F)). (4.6.19)
Example 4.6.20. In the Siegel case, r =d. Take S ={1,...,d'} C{1,...,d}. Then
(A" 0 B *
xoou ok * A B
PF = c o0 D " cG: |:C, D/:| € Spgd/,R, u € GLd—d’,R R
(0 0 0 (ub)7?
([ 1 0 0 n
m' Ig_qg n' b t t t
W(F) = 0 0 Iy -m n'm+b=mn+0b"
L L O 0 0 Iq g
(A" 0 B 0
0 I;—g¢ O 0 A B
Gh(F) = C’ do D 0 : |:C/ D! € Sp2d’,R = Sp?d’,R?
| 0 0 0 Ig—a
([Iy 0 O 0
0 u 0 0
Gl(F) = 0 0 I 0 U e GLd—d’,R ~ GLd—d’,Ra
([0 0 0 (ub)7!

M(F) = {£L).

4.6.6 Some other remarks

The analytic boundary components are closely related to the Polydisc Theorem, since in (4.6.15) (1,...,1) €
ClSl C (PY)I81is a point on the boundary of the polydisc DSl C (P')ISI. Thus one can also recover infor-
mation of analytic boundary components in terms of the polydisc " ~ D" C X and the corresponding

homomorphism ¢: SLy(R)" — G in (4.6.6]).
More precisely , for every analytic boundary component F' = kFg, there are holomorphic symmetric
maps

L
Ci lc
pl I, xv
such that fr(v/—1) = 29 and fr(c0) € F, and equivariant with respect to a homomorphism
vr: SLa(R) = G (stronger, op: U(1) x SL2(R) — G).

This homomorphism ¢r (resp. @r) is defined using the Polydisc Theorem, or more precisely the map
¢ (resp. and its extension @) from (4.6.6) and below. Indeed, when F = Fg, then ¢, (resp. @p,) is
precisely

QOFS:QHSO("'71;"';”'797“‘)7 (resp. @FS:(e\/jw,g)'—)@(-”,e\/jw,'-~,~-~,g,-~-)).
—— N— — ——— ——
Jgs jes Jgs Jj€S

And in terms of Theorem[4.2.5] P is defined by the cocharacter Ap: Gy, g — G, ¢ — pp <[é tgl} )

This is easy to check with the computation in the proof of Theorem Then F is a rational analytic
boundary component if and only if Ap is defined over Q.
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Chapter 5

(Reductive) Borel-Serre
compactification

Let (G, X) be a Shimura datum. By abuse of notation use X to denote a connected component.
Let I' < G(Q) be an arithmetic subgroup.
Throughout the whole chapter, P will denote a proper parabolic subgroup of Gder,

5.1 General discussion on compactifications of I'\ X

5.1.1 General philosophy of compactifying '\ X

In general, here is what we get a compactification of I'\ X in the following steps:

(i) Consider a certain set of proper rational parabolic subgroups of GI°*. To each such P, we
associate a boundary component e(P). Set X* := X U| |e(P).

(ii) Extend the action of I" on X to X*.

(iii) Endow a nice topology on X* (often called the Satake topology), such that the action of T’
on X* is continuous and prope and that '\ X™* is Hausdorff and compact.

In practice, Siegel sets play a crucial role in defining the topology on X* and in showing the
compactness of I'\ X*. Let us review its definition in the next subsection.

5.1.2 Revision on the rational symmetric spaces and Siegel sets
Recall the rational Langlands decomposition of P from (4.5.9)
P(R)" ~ Np(R) x Ap(R)" x Mp(R)
and the induced rational horospherical decomposition
h: X ~ Np(R) x Ap(R)" x Xp
with the rational boundary symmetric space

Xp = Mp(R)"/(Mp N K.

Namely, any € X* has an open neighborhood W such that {y € T': YW NW # @} is a finite set.
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Let A(Ap,P) = {ai,...,a,} be the subset of simple roots defined as in (4.5.8)); they are

characters of a maximal Q-split torus Ap contained in P. Then we have an isomorphism
Ap(R)"T = R, ar (ar(a)™t . an(a)™h). (5.1.1)
A Siegel set in X associated with P is of the form
Spusy i=h N (Ux Apy x V) C X (5.1.2)
with U C Np(R) and V' C Xp bounded and
Ap;:={ac Ap(R)" : a(a)™! <t, Va € A(4Ap, P)}.

If P < Q are parabolic subgroups of G4°*, then Ap > Aq. Moreover, it can be shown that the
followings are equivalent: (i) Xp is compact, (ii) Mp has Q-rank 0, (iii) P is minimal parabolic in
Gde' | Furthermore, reduction theory asserts the following: If P is a minimal parabolic subgroup
of G, then there exist a finite subset J C GI(Q) and a Siegel set & := U x Ap; x V of P
such that

Yi=J-6 (5.1.3)

is a fundamental set for the I'-action on X.

5.2 Borel-Serre compactification

5.2.1 Borel-Serre partial compactification: definition

For any P, define the Borel-Serre boundary component
e(P) := Np(R) x Xp. (5.2.1)

Since Np is a normal subgroup of P, the boundary component e(P) ~ P(R)"/Ap(R)"(Mp N
K) is then an Np(R)-principle bundle over the rational boundary symmetric space Xp =~
P(R)"/Np(R)Ap(R)T(Mp N K ). Another visualization of e(P) is given in (5.2.8)), where we
see that e(P) is in some way the quotient of X by Ap(R)™.

The Borel-Serre partial compactification X% s defined, as a set, to be

X=X U] |e(P). (5.2.2)
P

The extension of the I-action, or more generally the G (Q)-action, to X5 will be given in
(5.2.11)).

Let us define the topology on YBS, for which we only need to define the neighborhoods of
the boundary points. For this purpose, we need to analyze boundary components e(Q) and e(P)
for two parabolic subgroups P < Q of G9r,

For the reductive subgroup Mq of Q, set P’ := P N Mgq. Then P’ is a parabolic subgroup
of Mq such that, by looking at the root system construction,

MP/:MP, 1&1:>:¢AQ><1A1:N7 NPZNQNNPI. (523)
Thus the horospherical decomposition of Xq associated with P’ is

Xq ~ Np/(R) x Ap/(R)" x Xp: = Np/(R) x Ap/(R)T x Xp. (5.2.4)
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Next, we find another Q-split torus Ap q of Ap which is isomorphic to Ap/. We start with
the case where P is a standard parabolic subgroup. Namely, we fix a basis gA of the relative
root system @ := ®(A, G4r) for some maximal Q-split torus A in G°", and then we obtain
a minimal parabolic subgroup Pg of G4¢* as below , and assume P = P; for some subset
I C @A asin Theorem[£.4.6] Since Q > P, we have Q > Pg and hence Q = P for some J C gA
by Theorem [£.4.6] and it is clear that I C J. By Lemma[4.4.7] we have then A > A . Better,
using definitions of A; and A; we get that Ay = A; ; x Ay, with Ay ;= <ﬂa,eJ\I Kero/) .
Notice that in this case, A(Ap, P) = @A \ I, and hence J \ I C A(Ap, P). In general, P is
conjugate to a unique P7, and then the conjugation of Q by the same element in G (Q) is
standard (i.e. contains Pg), and hence Q = P ; for some J C gA. Let Ap q < P be the suitable
conjugation of Ay y, and let Ip g € A(Ap, P) be the suitable conjugation of J\ I. Then we have

Ap = Aq x Ap,q. Thus Ap/ ~ Ap q by the second equality in (5.2.3). So (5.2.4) becomes

Xq ~ Np/(R) x Apq(R)™ x Xp. (5.2.5)
Therefore by (5.2.3) and (5.2.5)), we have
e(Q) = NQ X XQ ~ NP(R) X AP7Q(R)+ X Xp. (5.2.6)

Definition 5.2.1. The topology on X5 s defined as follows: (i) on X it is the natural one, (ii)
for each parabolic subgroup P of GI°*, the neighborhoods of a point (n, z) € e(P) = Np(R) x Xp
is |_|Q>P U x Ap g+ x V for all neighborhoods U of n in Np(R), all neighborhoods V' of z in
Xp, and all t > 0, with

AP,Q,t = {a S AP,Q(]R)Jr : a(a)*l <t, Va € IP,Q}.

A better description is given in Corollary

5.2.2 Borel-Serre partial compactification: corners and Hausdorff property

Recall the isomorphism Ap(R)* ~ RZ, from (5.1.1). Use Ap to denote the closure of Ap(R)*"

. . . . . BS .
in R" under the natural inclusion RL,; € R". The discussion on the topology of X > in the
previous subsection yields easily the following results.

Lemma 5.2.2. We have a disjoint decomposition

Ap = Ap(R)* U | | (Ap,q(R)" x 0g)
Q>P

where Oq s the origin of the real vector space R"™ arising from AQ(R)* ~ ]R;lo CR".

Proposition 5.2.3. The embedding Np(R) x Ap(R)"T x Xp ~ X C X% can be naturally
extended to an open embedding Np(R) x Ap x Xp < X, Moreover, the image of Np(R) x
Ap x Xp in YBS s equal to the subset

XU |_|Q>P e(Q) (5.2.7)

. ==BS
mn X .
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We will call (5.2.7) the corner associated with P and denote it by X (P). Then we have
X(P) ~ X x 4,m)y+ Ap, e(P) = Np(R)x{(0,---,0)} xXp, X(P)x~e(P)x[0,00)". (5.2.8)

Another corollary of Lemma is the following description of neighborhood bases of points
in the boundaries.

Corollary 5.2.4. For any point (n,z) € e(P) = Np(R) x Xp, a neighborhood basis in X
1s given by U X Tp’t xV C X(P), where n € U,z € V are bases of neighborhoods of n and z
respectively, and t > 0 with

Ap;:={a€ Ap :afa)"' <t, Va € A(Ap, P)}.

This neighborhood basis is highly related to the Siegel sets (5.1.2)). This relation is the key
to the proof of the following proposition.

Proposition 5.2.5. X is a Hausdorff space.

Proof. Take two distinct points y1,y2 € X \ X, with y; € e(P;).

If P; = Py, then e¢(P;) = e(P3) and clearly there are open neighborhoods of y; and y2 which
are disjoint.

From now on assume P71 # Py. Assume that y; and y2 have open neighborhoods which are
non-disjoint. By Corollary we may assume that the neighborhoods are U; x Aipl,t x Vi
and Us X Aip” X Vo with ¢ > 0. We may furthermore assume that Uy, V7, Us, Vo are bounded.
Call the intersection W. Then W is open in U; x Aipji x Vj.

Because U; x Ap, ; x V; is open and dense in Uj ><A7pj7t x Vj, we have that WnN(U; x Ap, X% Vi)
is open and dense in W. So W N (U; x Ap,+ x V1) N (Uz x Ap,+ x V3) is non-empty.

But Py # P, so general theory of Siegel sets says that (U; x Ap,  x V1)N(Ua x Ap, 1 x Va) =0
for t > 1 (say t > to for some fixed ty € R). Therefore by the previous paragraph, ¢t < tg. Hence
we find open neighborhoods Uy x Tm,to x V1 of y1 and Us x Aipw0 x Vo of yo which are disjoint.
We are done. O

5.2.3 Extension of G (Q)-action

For any element v € G4 (C), write 7(-) for the conjugate v(-)y~!.

We start by explaining the action of P(R)™ on the boundary component e(P). Recall
P = Np x (ApMp). Let p € P(R)", which decomposes into p = ngagmg with ng € Np(R),
ap € Ap(R)* and mo € Mp(R). Then for (n,z) € e(P) = Np(R) x Xp, set

p-(n,z) = (ng-*°"n,myz) € Np(R) x Xp = ¢e(P). (5.2.9)

We can rewrite this action in the following way. Instead of decomposing p = ngagmg, we can
also decompose it into p = m/a’n’ with m’ € Mp(R), ' € Ap(R)*T and n’ € Np(R). Indeed
(since Ap and Mp commute), we can take m’ = mg, a’ = ag, and n’ = (@0mo) ™"y Then

p-(n,2) = (" (n'n),m'z). (5.2.10)

Next we extend this action to the action of G4°T(Q) on X" as follows. Let g € G4T(Q) and
(n,z) € e(P) = Np(R) x Xp. Then we can decompose g = kp for k € K, and p € P(R), and
moreover p = m/a’n’ with m’ € Mp(R), o’ € Ap(R)* and n’ € Np(R). Notice that both k and
m/’ are not uniquely determined by g, but determined up to an element in KooNP = K, NMp. In
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particular, the product km’ is uniquely determined by ¢. Notice that *P = 9P is a Q-parabolic
subgroup of G4¢r. Set

g-(n,2) == """ (n/n), k- m'2) € Nup(R) x Xip = e(*P) = e(YP). (5.2.11)

We need to explain the notation k - m’z. Denoting by Kp := K, N Mp, the point m’z € Xp ~
Mp(R)"/Kp can be written as mKp for some m € Mp(R)". Then k- m'z € Xip = Xop is
FmKip = *mKop.

Proposition 5.2.6. The action of GI*(Q) on X defined above is continuous.

Proof. 1t suffices to prove the following: Let {y;} be a sequence of points in X% which converges
t0 Yoo, then {g - y;} converges to g - yoo for any g € GT(Q). This is clearly true if yoo € X.
Thus we may assume Yo, € e(P) for some P.

Now there are two cases to consider: either {y;} C X, or {y;} C e(Q) for some Q > P.
Indeed, by passing to a subsequence we can always reduce to one of these two cases. In the
first case, write each y; under the horospherical decomposition associated with P. In the second
case, write the Xq-component of each y; under the relative horospherical decomposition .
We omit the details of the computation. ]

Finally, let T' < G4°"(Q) be an arithmetic subgroup. We have:

Corollary 5.2.7. T acts properly on YBS, i.e. any point x € x58 has an open neighborhood
W such that

{yeT :AyWNW #0}

is a finite set.

Proof. 1t is known that I' acts properly on X. So it suffices to prove the result for = € e(P) for
any P. By Corollary [5.2.4] we may take W = U x Ap; x V, with U x Ap; x V a Siegel set in

X. Since W is open in X° and that T acts continuously on X (Proposition , we have:

YU X Apy x V)N (U x Apy x V) £ D= AWNW #0

with an argument similar to Proposition [5.2.5] Hence the desired finiteness follows from general
theory of Siegel sets. O

5.2.4 Quotient by I' and conclusion

Theorem 5.2.8. The quotient F\YBS 18 a compact Hausdorff space. If I' is torsion-free, then

F\YBS has a canonical structure of a real analytic manifold with corners.
Moreover, there are finitely many I'-conjugacy classes of proper rational parabolic subgroups
of GI. Taking a set of representatives {P1,..., P}, we have

NX > =T\X U |i| T'p,\e(P;) (5.2.12)
j=1

with T'p, :== T NP;(Q).

We also use I‘\XBS to denote F\YBS.



70 CHAPTER 5. (REDUCTIVE) BOREL-SERRE COMPACTIFICATION

Proof. F\YBS by Proposition and Corollary

For the proper rational parabolic subgroups Py, ..., P,, of GI reduction theory says that
the images of some associated Siegel sets

Ul X AP17t1 X Vl, .. .,Um X APm,tm X Vm

under X — I'\ X cover the whole space. Clearly we can take all the Uj, V}’s to be compact. By

Proposition [5.2.3} the closure of U; x Ap, +; X V; in YBS is Uj x Ap, b X V;, which is a compact
oLy

set. The I'-translates of these compact sets cover X5 because X is dense in x5 So we prove
the compactness of F\YBS.

Next we show that X has a canonical structure of real semi-algebraic manifolds with
corners. Indeed, this is clearly true for X (P) ~ Np(R) x Ap x Xp for each P, and it is not hard
to check that the real semi-algebraic structures of different X (P)’s are compatible (it suffices to
check for Q > P, for which we can use (5.2.5)). The G (Q)-action is easily seen to be given
by real semi-algebraic diffeomorphisms.

Now if I' is torsion-free, then the action of I' on X" has no fixed points. So F\YBS has a
canonical structure of a real analytic manifold with corners.

Finally to get (5.2.12), it suffices to show that I'p is the stabilizer of e(P) in I" for each P.
This is true because: for any g € G4°7(Q), either g € P(R)* and ge(P) = e(P), or g ¢ P(R)*
and ge(P) Ne(P) = 0; see (5.2.11)). We are done. O

Example 5.2.9. For the Poincaré upper half plan $ and the group SLo, consider the parabolic
subgroup
e b | %
P_{[O al} caeQF, be@}.

We have Np = (1) 11) b e R} ~ Gar. Soe(P) ~R, by adding a “real azis” at the point co.

Then T'p\e(P) ~ Z\R is a loop, with I' = SLy(Z).

5.3 Reductive Borel-Serre compactification

It often occurs that the Borel-Serre compactification is too large. In this section we define the
reductive Borel-Serre compactification. For each P, define the reductive Borel-Serre boundary
component to be

e(P) := Xp. (5.3.1)

Then clearly it is obtained from the Borel-Serre boundary component (5.2.1) by collapsing
Np(R). Define the reductive Borel-Serre partial compactification to be

XM= xul |e®), (5.3.2)
P

with the topology as follows. Recall, for each Q > P, (/5.2.5))
XQ ~ Np/(R) X AP,Q(R)+ X Xp.

So e(P) is attached to ¢(Q) at infinity (here, we use the isomorphism Ap(R)" ~ RZ, which is
componentwise the inverse of (5.1.1))). In particular for Q = G9°*, we retain the horospherical
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decomposition X ~ Np(R)x Ap(R)* x Xp. Now for any z € ¢(P) = Xp, a basis of neighborhood
system of of z in X885 given by

(NP(R) X Ap,t X W) U |—|Q>P(NP/ (R) X A[{Q}t X W)

with W a neighborhood of z in e(P) and ¢ > 0. Observe that if W is open, then the union above

is the interior of the closure of Np(R) x Ap; x W in X8,

Similarly to the discussion on Borel-Serre compactifications, we have:

Theorem 5.3.1. X js Hausdorff, and the G (Q)-action on X extends continuously to
<RBS.

The quotient F\YRBS is a compact Hausdorff space containing T\ X as an open dense subset.
If we let {P1,..., Py} be a set of representatives of the I'-conjugacy classes of proper parabolic

subgroups of G, then we have

~-RBS

MNX o =T\XU |i| Tnip, \ X, (5.3.3)

j=1
with Pij =InN ij (Q)

S J—
We also use I‘\XRB to denote I‘\XRBS.

Theorem 5.3.2. The identity map on X extends to a continuous surjective G (Q)-equivariant

map X° L XS,

BS RBS
The identity map on T\X extends to a continuous map T\X —~ — T\X .
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Chapter 6

Baily—Borel compactification

Let (G, X) be a Shimura datum. By abuse of notation use X to denote a connected component.
Let I' < G(Q) be an arithmetic subgroup.

Throughout the whole chapter, we will assume G to be quasi-simple, i.e. G is a simple
group. For the purpose of compactifying I'\ X we can easily reduce to this case. Notice that
G?Rer may not be simple as an R-group, so that X is not necessarily irreducible.

We also fix a maximal Q-split torus S of G4¢*, and a minimal parabolic subgroup Py of Gder
which contains S.

6.1 Baily—Borel compactification as a topological space
Consider the Harish—Chandra embedding
X~DCmt~CV
with D the closure of D in m*. Let F # X be an analytic boundary component of X, with
normalizer N(F) = {g € GI"(R)* : gF = F'}.
Recall (5.1.3) the fundamental set ¥ constructed from Siegel sets associated with the minimal

rational parabolic subgroup Py of Gder.
Let ¥ be the closure of ¥ C X ~ D Cm*. Then ¥ C D, with an induced topology.

Theorem 6.1.1. The followings are equivalent:
(1) TFNY # 0,

(2) F is a rational analytic boundary component (i.e. N(F) equals Prp(R) for a parabolic
subgroup P of Gder), and Pr is a mazimal proper parabolic subgroup of GIer,

Theorem indicates that we can do the following compactification of I'\ X:

(i) Define X°P .= DU| |p Fp C D, where P runs over all mazimal proper parabolic subgroup
of G9T and Fp is the rational analytic boundary component Fp.

(ii) Endow X" with the Satake topology.

(iii) The space F\YBB is then a compact Hausdorff space containing I'\ X as an open dense
subset.
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Then (T'\X)BB := F\YBB is called the Baily—Borel compactification of T'\ X, and

m
M\X)PP =\X U | |Tr\F, (6.1.1)
j=1
where F1, ..., F,, are rational analytic boundary components such that {Pg,,...,Pg, } is a set

of representatives of I'-conjugacy classes of maximal proper parabolic subgroups of G, with
FFj =I'nN PFJ(Q)

6.1.1 Satake topology on X

The Satake topology on X" is defined as follows. For each z € X " C D, the neighborhoods of
any point z € X* is the saturations of the neighborhoods of the corresponding points in ¥ under
the action of I'y := {y € I' : vz = x}. More precisely, a fundamental system of neighborhoods
of x is given by all subsets U C D such that

r,-v="U,
and such that yU N'Y is a neighborhood of v -  in 3 whenever -z € 3.

Proposition 6.1.2. The Satake topology is the unique topology on X such that the followings
hold:

(i) it induces the original topologies on ¥ and on X,
(ii) the G (Q)-action on X7 s continuous,
(iii) for any x € YBB, there exists a fundamental system of neighborhoods {U} of x such that

YU =U forallyeT, and ~YUNU =0 for all v & Ty,

(v) if x,x’ € X°8 are not in one I-orbit, then there ewist neighborhoods U of x and U’ of x’
such that
ronu’ =0.

Corollary 6.1.3. F\YBB is compact and Hausdorff.

6.1.2 Q-roots vs R-roots, and Q-polydisc

Let K be a maximal compact subgroup of Gﬁi{r such that Lie K NLieSg = 0, for the maximal
Q-split torus S < Then there exists 29 € X such that Stabgaer(g)(70) = Koo

In §4.6.2] and §4.6.3] we discussed the complex roots and real roots respectively. Now we
need to analyze the Q-roots of GI°. First, we can make an appropriate choice of K4, such that
Sk < A with A from

Let ¥ = {y1,...,7%} be as in ; it is obtained from a set of strongly orthogonal
complex roots ¥ = {ay,...,q,} from . If G%er is simple, we described the real roots
r® = ®(A, GI) in terms of vi,...,7, in Proposition It turns out that one can also do
this for the rational roots g® := ®(S, G*) when G is simple.

MEven strongly, LieK o is orthogonal to LieSg for the Killing form on LieG$°".
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Proposition 6.1.4. Let s = dim S. There is a partition
{1,...,r} =L ULU---UI; (6.1.2)

such that

X(A)®zQ

X(S ~
(8)©zQ {subspace spanned by ; for i € Iy and ~; —y; fori,j € Iy, £ >0}

S
~ ZQ&, where By = image of any v; with j € I,.
=1

In particular, S = {v; = 1 for i € Iy; ~; = ~y; for i,j € Iy, where £ > 0}.
Corollary 6.1.5. Recall our assumption that G is simple. One of the two cases occurs:
- (Type Cy) o® = {£35(B8i + B;) fori>j, £5(B; — B;) fori > j}.
- (Type BCy) o® = {+5(8i + B;) fori>j, £5(8; — B;) fori > j, £38:}.
If we order the roots such that 81 > ... > fBs, then the set of simple roots is:
- (Type Cs) @A ={v1 :=3(B1— B2), ..., Vs—1 = 5(Bs—1 — Bs), Vs 1= Bs}.
- (Type BCy) oA ={v1:=3(B1—B2), ... Vs—1 := 5(Bs—1 — Bs), Vs := s}

The proof goes as follows: We have the group-theoretic result that G°" = Res;, /QG’ for some
absolutely simple k-group G’ with k a totally real number field. Then G%er =[1,. pogr G with
each G/ a group defined over o(k) C R. Then one analyzes each factor and use the Galois
action.

Next we turn to the Q-polydisc. Recall from the Polydisc Theorem (Theorem 4.6.7) that we
have a totally geodesic embedding D" — X (with D = {z € C: |z| < 1} the Poincaré unit disc)
arising from a group morphism

@: SLy(R)" — GI(R), (6.1.3)

and X = K, - D". This embedding gives rise to the analytic boundary components as in the
diagram (4.6.15)). Let us rephrase it here. Recall $) ~ D with the Cayley transformation sending
v—1+ 0 and co + 1. Then we have the diagram

5D (6.1.4)

| ) |e

(Pl)r _I X\/

where f; is the natural composite H” ~ D" — X ~ D, with D" — X the geodesic embedding
as above and X ~ D the Harish-Chandra realization, and D C XV from . Then for any
subset S C {1,...,r}, the unique standard analytic boundary component containing the point
f3((v/=1)jgs, (00)es) is Fs. In general, an analytic boundary component of X is of the form
g - Fs for some g € G4 (R).

We wish to do this discussion and obtain the relevant results over Q. First of all, any rational
analytic boundary component is easily seen to be of the form g - Fg, with ¢ € G47(Q) and Fg
rational. Next we prove the following lemma.
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Lemma 6.1.6. For S C {1,...,r}, the standard analytic boundary component Fs is rational if
and only if S = I, U---Uly,, where 1 < {1 <--- <t <s, for the partition (6.1.2]).

Proof. For the proof, it is more convenient to use the description of parabolic subgroups given by Theo-
rem In §4.6.6 we explained that the normalizer Pry, = P(Ag), with Ag: G g — GE sending

t 0
tp_>%0(...717...7...){0 t1:|7)’
——
J¢Ss
Jj€eS
with ¢ from (6.1.3]). By Proposition A is defined over Q if and only if S = I,, U--- U I, for some
1</t <~ <l <s. We are done. O

With this lemma in hand, we obtain the Q-version of (6.1.4)

f e p (6.1.5)
QJ/ lg
1\s 30 \%
(P —= X
arising from
©0: SLa(R)® — G& (6.1.6)

such that og(diagonal matrices) is the maximal Q-split torus S of G4°*. We can renumber the
factors of $* and SLy(R)® such that: For the fi,...,3s € 9® from Proposition we have

t17 O ts 0 9
: o . 1.
s 2o 2] w
Now for each subset Sp C {1,..., s}, the unique standard analytic boundary component which
contains the point
Fa(o V=L, ee e 00, )
€S fégQ

is Fg with § = Uzes@ I;. In particular, Fyg is rational.

Proof of Theorem[6.1.1. Assume F meets 3.
Order the roots such that 8y > ... > 3, then S(R)™ consists of

t1 0 te 0

where t1 > ... >t > 1. Hence

S(R)tzo = f3,0 ({(V—-1z1,...,V=1a5) 100> a1 > - > 25 > 1}).

Hence S(R)*z( meets exactly the standard boundary components Fi, ..., Fy with
f37Q(OO, vV—=1,...,V —1) € Fy, fg(OO, 0o, vV—1,...,v —1) ek, ..., fg(\/ —1,v—1,...,vV —1) € Fs.
So F = Fy for some ¢ € {1,...,s}. We can compute the normalizer of each Fy as in Theo-

rem and get
N(Fy) =P a\ ) (R)

for each £ € {1,...,s}. Hence we are done. O
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6.2 First step towards the complex structure

6.2.1 A general criterion for a topological space to be complex analytic

Assume V is a compact Hausdorff space which can be written as a disjoint union

V=2l Vi ][]V

with each V; an irreducible normal complex analytic space. Assume that dim Vp > dim V; for
all j > 1, and that Vj is open dense in V.

Define a sheaf F of A-functions on V as follows. For any open subset U C V| a complex-
valued continuous function on U is an A-function if its restriction to each UNV; (0 < j < m)
is complex analytic.

Proposition 6.2.1. Assume:
(i) For each integer d > 1, the union V(g4 := UdimVdeVj is closed.

(i) Any v € V has a countable fundamental set of open neighborhoods {U;} such that Uy NV
is connected for all £.

(iit) The restriction to V; of local A-functions define the structure sheaf of Vj, for all j > 0.

(iv) Any v € V has a neighborhood U, whose points are separated by the A-functions defined
onU.

Then V is an irreducible normal complex analytic space with structure sheaf F. For each d <
dim Vo, the union V(g is an analytic subspace of V' with dimension max{dimVj : V; C V(4 }.

6.2.2 Application to the Baily—Borel compactification

We shall apply Proposition to the Baily—Borel compactification (6.1.1)) (which is compact
Hausdorff space by Corollary , with Vo = '\ X and V; = '\ Fj for 1 < j < m.
Conditions (i) and (ii) can be shown to hold by checking with the Satake topology from
96.1.1
To check condition (iii), we define the projection

mp: X = F (6.2.1)

for each analytic boundary component F'. We focus on the rational ones. The example of the
Siegel case will be presented in Example [6.3.6]

Recall our choice of a maximal Q-split torus S (from in our minimal parabolic sub-
group Py of G4' (see above Theorem , and the basis gA = {v1,...,vs} (see Corol-
lary of the relative root system o® := ®(S, G4°T). The root vs is called the distinguished
root because it has different length.

Over R, we explained the relation between F' and the boundary symmetric domain associated
with Pr = N(F'); see below Theorem The discussion can be carried over Q.

Let F be a rational analytic boundary component which meets . We have shown in the
proof of Theorem that Pp = P A\(,) for some £ € {1,...,s}. Let I := {vpq1,...,vs}
and I; := {v1,...,v—1}. We thus have the refined rational horospherical decomposition

X =~ Np,(R) x Ap,(R)" x Xp, x Xp, .
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Moreover, the proof of Theorem [6.1.1] exhausts the possibilities of all F’s, and hence implies
that F' can be identified with the boundary symmetric domain associated with Py, . Thus the
refined rational horospherical decomposition above becomes

X =~ Np,(R) x Ap,(R)" x F x Xp, , (6.2.2)

and it induces a natural projection X — F, which is our desired mr. Although the decomposition
is only real semi-algebraic, the projection 7 is also holomorphic.

If F is contained in F’ for another rational boundary component F', then F is a rational
boundary component of F’, and one gets a projection mps p: F' — F. It is not hard to check
that wp is the composite of mp o mps.

Now to check condition (iii) of Proposition we only need to work locally and hence
on the universal covering. But now for any rational boundary component F' of X, any complex
analytic function near F' can be extended to an A-function on a neighborhood of F' in x°P by
the discussion above. This establishes (iii).

Proving condition (iv) is the hardest part. We need to realize X as a Siegel domain of the
third kind?] and define the Poincaré-Eisenstein series.

6.3 X as a Siegel domain of the third kind

Continue to use the notation from In particular, we have the relative root system
o® = @(S, Gdr), the roots 1 > --- > S, which arise from the set of strongly orthogonal roots,
and the basis gA = {1 = %(61 — B2),. .. Vo1 = %(53_1 — Bs)} U{vs}; vs is the distinguish
roots which is either 5 or %ﬁs

Let P be a standard maximal proper parabolic subgroup of G4¢". Then P = PoA\ v for
some ¢ € {1,...,s}. We have seen in the proof of Theorem that P(R) is the normalizer of
the standard rational analytic boundary component F' = Fg with S =1L {J...|J I,

The non-standard maximal proper parabolic subgroup of G are G (Q)-conjugates of
the standard ones, and the rational analytic boundary components are all of the form ¢ - Fg
with g € G°7(Q) and Fg as above. So all the discussion in this section applies to an arbitrary
rational analytic boundary component by applying suitable G4°*(Q)-conjugation.

6.3.1 Rational 5-group decomposition and refined horospherical decomposi-
tion

Let Iy, :=={vps1,...,vs} and I} :={v1,...,vp_1}.
Above Example we defined several subgroups of Pr. We can also define the following
@Q-subgroups of P similarly:

e W(F):=R,(P),
e L(F) is a suitable Levi subgroup of P which we shall define later using Lie algebra,

e G, (F) is the semi-simple group whose Q-root system is spanned by Ij. It is normal
subgroup of L(F), has no compact Q-factors, and F' is a Gy (F)(R)"-orbit,

IIn the original paper of Baily—Borel, this was done using partial Cayley transformation and the map 7 from
Theorem We will directly introduce the more explicit version using the 5-decomposition of the parabolic
subgroup. This more explicit version will be crucial for the toroidal compactifications.
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e G;(F)M(F) is the normal reductive subgroup of L(F’) which is the complement to Gy (F),
with G;(F') with no compact Q-factors and M(F')(R) compact.

Then P = W(F) x (Gy(F) - Gi(F) - M(F)).

Remark 6.3.1. Let us compare them with the subgroups of Pr defined above Ezample [{.6.20.
We have W(F) = W(F)r and L(F) = L(F)g by definition. Later on, we will see that G|(F) =
Gy(F)r in Corollary[6.3.4, However, in general Gy (F)r is not Gy(F). In other words, Gy (F)
may not be defined over Q, in which case we have Gy (F) = Gp(F)r - M’ for some factor M' of
M(F)g.

Denote by g := LieG4°". Then one can compute that

: S E §
LieP = g D 990 @ G-
15, ) ey )
::thQ:EﬁJ or :té?l SD:% 273 or Ag
04+1<i,j<s 1<i<y

Now we define L(F) to be the subgroup of P whose Lie algebra is the direct sum of the first two
factors. Then by construction, L(F') is defined over Q and L(F') is precisely the L(F') defined

above Example
The Lie algebra of W(F') = R, (P) is, by computation, the direct sum of

u= Y g

_ ity
=—5
1<4,5<¢

b= > s

Vit ;
=" or i

2
1<i<l, (4+1<5<s

and

Let U(F') be the exponent of u. One can prove:
Lemma 6.3.2. U(F) is the center of W(F), and V(F) := W(F)/U(F) is a vector group (i.e.

abelian and diffeomorphic to its Lie algebra).

Clearly, LieV (F') can be canonically identified with b.
Write U(F) = U(F)g and V(F) = V(F)g. Then the refined rational horospherical decom-
position (/6.2.2]) can be furthermore refined to be

X ~U(F)(R) x V(F)(R) x Ap(R)T x F x Xp,. (6.3.1)

Notice that the R-split torus Ap is contained in G;(F') by definition of G;(F'), and Xp; ~
(Gu(F)/Ap)(R)T
maximal compact *

Denote by K~ this maximal compact subgroup of G;(F)(R)", then we have

Xp;~ Gi(F)(R)T/K; «Ap(R)". (6.3.2)

6.3.2 Cone in U(F)(R)

We start with the following proposition. Let us go back to R-groups, and recall the subgroups
Gu(F), G|(F), M(F) of Pr defined above Example We have L(F)r = Gip(F) - Gi(F) -
M (F) as almost direct product.

The group L(F') acts naturally on W (F'), and hence on U(F'). So Gi(F), G|(F'), and M (F)
act on U(F).
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Proposition 6.3.3. The centralizer of the action of L(F) = Gp(F) - G|(F)- M(F) on U(F) is
Gu(F) - M(F).

Proof. The subgroups Gp(F'), G;(F), and M(F) can all be defined using the (real) root de-

composition (4.6.12), for example (4.6.14) for G, (F'). Hence we can prove this proposition by
checking roots and direct computation. O

This proposition immediately yields the following proposition:
Corollary 6.3.4. The group G;(F) is defined over Q, and hence is precisely Gi(F)gr.

Proof. Since U(F) is defined over Q and L(F') is defined over Q, the centralizer of the action of
L(F) on U(F) is also defined over Q. So G,(F) - M(F) is defined over Q by Proposition [6.3.3]
But G;(F) is defined to be the complement of G (F') - M(F') in L(F'). So we are done. O

For the morphism ¢g: SLy(R)* — G from (6.1.6)), take the point

O = g [(1) ﬂ[(l) 1]11 € U(F)(R).

{-components

Consider the action of G;(F)(R)™ on U(F)(R).

Proposition 6.3.5. Stabg,(pyr)+(2F) = K co-
The orbit

C(F) == {gQrg™" : g € Gi(F)(R)T}
is an open symmetric homogeneous cone in U(F)(R).
By (6.3.2), we have C(F) ~ Ap(R)" x Xp,;. Hence becomes
X ~U(F)(R) x C(F) x V(F)(R) x F. (6.3.3)

Denote by
Or: X — C(F) (6.3.4)

the natural projection.

Example 6.3.6. In the Siegel case, s =r (i.e. the Q-rank equals the R-rank), and the partition

(6.1.2)) is simply Iy = 0 and I, = {¢}.



6.3. X AS A SIEGEL DOMAIN OF THE THIRD KIND 81

Take P =P a\(y,}- Then as in Ezample we have

([A” 0 B *
* Uk * A" B
P=31lcr 0o r « |€¢ [C” D’} € Spag gy u € GLa—a g ¢
(0 0 0 (ub)7t
Id/ 0 0 n
t t
W(F) = Tg Idad Z' _Z;n ntmAb=mn+bt},
| 0 0 0 I
([A 0 B’ 0
0 Ij—g O 0 A B
Gu(F) = ! 0 D 0 : |:C/ D € Sp2d’,@ = Sp2d’,@a
| 0 0 0 Ij_g
Iy 0 0 0
0 u« O 0
Gl(F) = 0 0 Iy 0 tuc GLd_d/’Q ~ GLd_d/Q,
(L0 0 0 (u)!

M(F) = {+I2}.

Moreover,
Iy 0 0 0

U(F) = 8 Id(;d/ 13, 8 1o =b"p = {b € Mat(ga)xa-a)(Q) :b =0} 3 U = lo-a,
0 0 0 Ig—w

and

C(F) = {b € Mat(d_d/)x(d_d/) (R) 1 b= bt, b> O}
Notice that F ~ $ g in this case. The projections (6.2.1) and (6.3.4) are

T
mp: e — F~ Ha, |:7_t 79/] =
0
/
Op: Hy— C(F), [; :9,] = Im7” — (Immp)* (Im7’) ™! (Imy). (6.3.5)
0

6.3.3 Fibered structure

Recall the Harish-Chandra embedding together with the Borel embedding X ~ D C m™ C XV,
with XV a G47(C)-orbit.
Define
D(F):=UF)C)-D= |J ¢ DCXx (6.3.6)
geU(F)(C)

Then D(F') has a natural complex structure, and U(F)(C) acts holomorphically on D(F'). So
the quotient
D'(F) :=U(F)(C)\D(F) (6.3.7)
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has a complex structure. Moreover since D'(F) ~ V(F)(R) x F real semi-algebraically, we have
that D'(F) — F is a complex vector bundle, i.e. each x € F determines a complex structure on
V(F)(R).

Now we have a holomorphic isomorphism D(F) ~ U(F)(C)xD'(F) = (U(F)(R)®v/—1U (F)(R)) x
D'(F). The cone C(F) should be seen as a cone in v/—1U (F)(R).

Theorem 6.3.7. The projection ®p in (6.3.4) extends to ®p: D(F) — U(F)(R) such that
X ~D =3 (C(F)).
We have the following P(R)-equivariant commutative diagram of holomorphic maps

C(F) C U(F)(R) .
@FT or
X~D C D(F)
\ %U(F)(@)
D'(F)
F

The map pr is a holomorphic vector bundle with each fiber ~ V(F)(R) (real semi-algebraically).

Example 6.3.8. Continue with the Siegel case in Example[6.3.60. We have
™ 7 % ’
DF)~<cT1=|4 | € Matgxq(C) : 7=7", Im7" >0, .

The map ®p: D(F) — U(F)(R) is defined with the same formula as (6.3.5). The map 7l is
/

mod7”, and the map pp o 7 is [Tt T(,),} — 7.

™o

For 7' € F ~ §y, the complex structure on V(F)(R) = W(F)(R)/U(F)(R) determined by
;.

T 18
Iy 0 0 n
mt 1, d—d' nt b
0 0 Iy -m

0 0 0 Ig o

mod b — 7'm + n.

6.4 Poincaré—Eisenstein series and complex algebraic structure
———BB
on "\ X
6.4.1 Bounded realization of the Poincaré series

Consider the Harish-Chandra realization X ~ D C mT ~ CV, where m™ is identified with the
holomorphic tangent space of o € X.

For each g € G(R), we have a map g-: D — D. Denote by J,: D — C*, sending each z € D
to the determinant of the Jacobian of the action g- on D at z. In fact Jy(2) can be computed
as follows; for simplicity we only write the formula for z = 0. Denote by abuse of notation
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Koo = Stabgaer(g)(0), and let M* x Ko ¢ x M~ — G be as in Theorem The image
of this map contains GI*(R). So each g € GI"(R) can be decomposed into m*k(g)m™ in a
unique way. Then we have

Jy(0) = Ady+k(g) . (6.4.1)
One can then prove that |J,(o)| is bounded on D

Lemma 6.4.1. The function g+ |Jy(0)|™ is in L*(GI) for any m > 2, i.e.

/ 1,(0)|™dg < oc.
Gder(R)

Proof. By (6.4.1), the function g — [J4(0)|™ is left and right invariant under K, and in
particular can be viewed as a function on D ~ G4*(R)*/K,,. We have

/ Jy(0)dg = / (o)™ dz
Gder(]R) 'D

with dz a suitable invariant volume form, which up to a positive factor is |J,(0)| 2w for the
Euclidean volume form w on m™.
Now we can conclude because D is bounded and |J4(0)| is bounded. O

Now we are ready to define the Poincaré series associated with any polynomial f on D.

Definition 6.4.2. Let m > 2. The Poincaré series of weight m is Pf,,: D — C defined by

Prm(2) =Y Jy(2)" f(v2).

vyel

The series converges absolutely uniformly on compact sets by Lemma and it satisfies
the modularity condition by the chain rule. Indeed, Py ,, is a holomorphic automorphic form of
weight m.

Theorem 6.4.3. Suppose I' is torsion-free. For any I'-inequivalent points z1,...,z, € D and
any complex numbers by, ..., by, there exists a polynomial f on D such that

Pfym(zl) = bl, e ,Pfym(zn) = bn
for all m > 1.

Proof. Fix 0 < w < 1. The set I'y, := {y € I' : |J,(z)| > wu} is finite by Lemma Thus
we can take a polynomial f such that f(z;) = b; and f(yz;) =0 for all j € {1,...,n} and all
v € I'y. It is not hard to check that |b; — Pf.,(25)| = O(u™), and hence Py,,(2;) — b; with
m — oo because 0 < u < 1. Therefore the image of the linear map f — (Pfm(21), ..., Prm(2n))
contains a basis of C™ and hence is surjective. Now we are done. O

BIThis follows from the K AK-decomposition of GE* and explicit computation for g € A.
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6.4.2 Poincaré—Eisenstein series with respect to an analytic boundary com-
ponent

Now let F' be a rational analytic boundary component and let 7r: X — F' be the holomorphic

projection .

Through the whole subsection, we will identify F' with its Harish—-Chandra realization and
identify X as the Siegel domain of the third kind, fibered over F, as in Theorem [6.3.7]

For each v € I, denote by Jf : X — C* the map sending each z € X to the determinant of
the Jacobian of the the action v- on X at x.

Let Ty :=TN(W(F)G(F))(Q) (see §6.3.1|for the notation). By (4.6.19)) and Corollary

Yoz =z forall v € I'g and z € F.

Definition 6.4.4. For any polynomial f on F and any m > 2, define the associated Poincaré—
Eisenstein series of weight m to be

E¢pm(x) = Z f(WF(’Yx))Jf(x)m

~v€l'/To

For this definition to make sense, we need to check that every term in the sum of the right
hand side is I'p-invariant. This is true for the first term by the discussion above, and is true for
the second term for all m dividing a certain fixed integer mg. From now on, we will take these
m.

We also need to settle the convergence of the series defining E ., (). The key is the following
proposition. Denote by j,: F' — C*, sending each z € F' to the determinant of the Jacobian of
the action g- on F' at z.

Proposition 6.4.5. For any g € Pp(R), there are rational numbers n and q > 0 such that
F .
[Ty (@) = x(9)["|jg(mr(2))*
where x is a rational character of Pp.

This settles the convergence issue: the series defining E ., () is absolutely uniformly conver-
gent on compact sets. Hence Ey ., is a holomorphic function on X. Better, it is a holomorphic
automorphic form.

6.4.3 Analytic structure on F\XBB

We need to prove the separation property (Proposition (iv)) for T\ X "% The key theorem

to prove is:

Theorem 6.4.6. Let F' be a rational analytic boundary component of X. The Poincaré—
FEisenstein series Ey ., associated with F' extends to a holomorphic function on x°P (which
by abuse of notation we still denote by Ey ) with the following properties:

(i) the restriction of Ef .y, to F is a Poincaré series on F,

(ii) Efn vanishes on any rational analytic boundary component F' if dim F' < dim F' and
F'¢TF.

Moreover, all Poincaré series on I’ can be obtained as restrictions of such extensions of Ef,,.
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The “Moreover” part of the theorem immediately implies the separation property because
Poincaré series separate points on each boundary component (Theorem [6.4.3). So

——=—BB
Theorem 6.4.7. T\ X carries a structure of complex analytic space, compatible with the

——BB
complex structure on I'\X. In other words, T\X  is a compactification of T\ X in the category
of complex analytic varieties.

———BB
6.4.4 Algebraic structure on I'\ X
Denote by R nMx P Consider the canonical line bundle (in the complex analytic category)

W—=BB.
SBB

. s . . . . —BB .
Poincaré-Eisenstein series defined before are global sections of w®7%. Since S~ is compact,

it satisfies the descending chain condition for closed complex analytic subsets. So there exist
finitely many global sections Ey, ..., Enx/ of wgg”g which separate points. Thus we get an injective

analytic map
o=[Ey: - : En: S PN

Theorem 6.4.8. This map ¢ endows S°P with the structure of a mormal complex projective

———BB
variety. In particular, T\X ~ carries a structure of normal projective complex varieties which
induces the complex analytic structure in Theorem [6..7

This theorem gives I'\X a complex algebraic structure. Moreover, the complex algebraic
structure on I'\ X is unique by the following theorem. Recall D = {z € C : |z| < 1} is the open
unit disc and let D* := D\ {0} be the punctured disc.

Theorem 6.4.9. Assume I is torsion-free. Then any holomorphic map D® x (D*)? — T'\X
extends to a holomorphic map D* x (D*)? — P\XBB.
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Chapter 7

Toroidal compactification

7.1 Background knowledge on toric varieties

Let k be a field. All varieties are defined over k.
Let T be a k-split algebraic torus.

Definition 7.1.1. A toric variety with torus T is a variety V equipped with an open im-
mersion ¢: T — V and an action T on V such that t - ¢(t') = ¢(tt') for all t,t' € T.

7.1.1 Affine toric varieties

Assume V is affine. The action of T on V' induces an action of T" on the ring of regular functions
kE[V]. So k[V] (as a vector space) is a representation of T'. For each xy € X*(T'), define

EV]y ={feklV]:t-f=x@)f} ={f €k[V]: f(x(t)v) = x(t)f(v), forallveV andte T}.
Lemma 7.1.2. k[V], # 0 if and only if x extends to a regular function on V.
Proof. This lemma is clearly true because k[T] equals the group algebra k[X™*(T)]. O

Corollary 7.1.3. S(V) := {x € X*(T) : k[V]y # 0} is a semi-group, with the identity being
the trivial character xo.

Proof. 1t is easy to check k[V],, =k, so xo € S(V). For x1,x2 € S(V), by Lemma both
x1 and y2 extend to a regular functions on V', and so does the product xix2. So x1x2 € S(V)
by Lemma [7.1.2 O

The following theorem is then easy to check.
Theorem 7.1.4. The following categories are equivalent:
(i) sub-semi-groups S of X*(T) of finite type which generate X*(T) as a group,
(i1) affine toric varieties with torus T'.

For (i) to (ii), S is sent to Speck[S], with k[S] ={)>_ass:as € k, s € S}. For (i) to (i), V is
sent to S(V).
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Among the sub-semi-groups of X*(T), the saturate ones (i.e. (S ® Q)N X*(T) = S) give
rise to normal affine toric varieties.

Next, we want to turn to the cocharacters of T. Denote for simplicity by X, := X.(T). Use
Xy (resp. X, r) to denote X, (T) ® Q (resp. X.(T) ® R).

Definition 7.1.5. A subset 0 C X, g is called a (rational) polyhedral cone if it satisfies
one of the two equivalent conditions:

- 0 1is the intersection of finitely many rational semi-spaces, i.e. there exist Ay,...,\pm €
X*(T)®Q such that 0 = {x € Xy r : \j(x) >0 for all j € {1,...,m}}.

- there exist 1, ...,om € Xyg such that o = {377 ajzj s aj € Ryo}.

For any polyhedral cone o, its dual is 0¥ = {A € X*(T) @R : \(z) >0 for all z € 0}. So &
contains a line in X, g if and only if ¢V is contained in a hyperplane of X*(T) ® R.

Definition 7.1.6. A face of a polyhedral cone o is a subset of the form {x € o : AN(z) = 0} for
some \ € oV

The intersection of two faces of o is still a face, because {x € o : Aj(z) =0} N{z € 0 :
Xe(x) =0} ={z €0o: (A + A2)(x) =0}.

Theorem 7.1.7. The map o — V, := Speck[c” N X*(T')] defines a bijection between:
- polyhedral cones in X, g which do not contain lines,
- isomorphic classes of normal affine toric varieties with torus T .
Moreover, we have:
(1) For u € X, we have p € o < limy_ pu(t) € Vs

(2) Vy is smooth if and only if o N X, is generated by part of a Z-bases of X, (in which case
Vo ~ G x G2).

3) If o1 C o9, then there exists a morphism Vy, — V.. This morphism is an open immersion
= 1 2
if and only if o1 is a face of os.

Example 7.1.8. Consider the simplest example T' = Gy, . Then X, g ~ R. Polyhedral cones
in X, r which do not contain lines are R>o, R<o, and {0}. In the first two cases Vy ~ G, and
in the third case Vi, ~ Gy, 1.

7.1.2 General toric varieties

Definition 7.1.9. A fan ¥ in X, is a collection {o} of polyhedral cones such that:
(i) If c € X and o' C o is a face, then o' € %;
(i) If 0,0’ € &, then o No’ € ¥ and is a common face of o and of o’.

The trivial fan consists of only the trivial cone.

Each fan X gives arise to a toric variety Vx as follows: To each o € ¥ we associate V, as in
Theorem and then glue V,, and V, along the common open subset V,q,.
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Theorem 7.1.10. The map ¥ — Vx, defines a bijection between
- fans in X, r whose polyhedral cones do not contain lines,
- isomorphic classes of normal toric varieties with torus T'.
Moreover, Vs, is a complete variety if and only if Xur = Uyex 0

Example 7.1.11. Continue with Example[7.1.8 If the fan ¥ = {R>0,R<o,{0}}, then we get
Vs ~ IP’}€ by glueing G, and G, along their intersection Gy, k.

Definition 7.1.12. A refinement of a fan X is a fan ¥’ such that
(i) each o' € X' is contained in some o € 3,
(ii) each o € X is a finite union of some {o’'} C ¥'.

Let ¥ and ¥’ be two fans in X,g. Condition (i) above implies that there exists a T-
equivariant morphism Vs» — Vx. Then the valuative criterion of properness implies: this
morphism is proper if and only if ¥’ is a refinement of Y.

Theorem 7.1.13. Each fan ¥ admits a refinement X' such that Vsy is a resolution of singular-
ities of V. If Vs is complete, then we can find such an Y that Vs is smooth and projective.

7.2 Toroidal compactifications of '\ X

Let (G, X) be a Shimura datum. By abuse of notation use X to denote a connected component.
Let I' < G(Q) be an arithmetic subgroup.

7.2.1 The algebraic torus associated with a rational analytic boundary com-
ponent

Take a rational analytic boundary component F' whose normalizer is P.
Recall the diagram from Theorem with C(F) a cone in U(F')(R) such that X ~D =
¢ (C(F)):
F

C(F) C U(F)(R) (7.2.1)
@FT ¢FT
X~D C D(F)
\ %(m(@
D'(F)
F

Let T'y :=TNU(F)(Q), and let
Tp = Ty \U(F)(C). (7.2.2)

Then TF is an algebraic torus, and X,(Tr) = I'y and X,.(Tr)r = U(F)(R). Thus C(F) is a
cone in X, (Tr)r.
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7.2.2 The fibration on each rational analytic boundary

Take a rational analytic boundary component F' whose normalizer is P. It is tempting to take
the quotient of D(F) by I'r := ' N P(Q). It turns out that I'r too large! Instead, we consider
the following short exact sequence

1-T%—>Tp—Tp—1, (7.2.3)

where I'% := {y € Tp : yuy™! = u for all u € U(F)(R)}. We will do the quotient in two steps:
quotient by I'% and then by T'p.
By Lemma and Proposition we have
I'p =0 (W(F)GA(F)M(F))(Q) = I'n (W(F)Ga(F))(R).
Hence T'z is canonically isomorphic to (a finite-indexed subgroup of)

Dy = TN Gy(F)(Q) = T N Gy(F)(R).

Quotient by I'¢,

From ([7.2.1)) we obtain
P\D(F) — Ar — I'p\F =: Sp, (7.2.4)

where Ar = (I'%./Ty)\D/(F) is an abelian scheme over Sp (which is an algebraic variety since
it is a connected component of a Shimura variety).

The fibration I',\D(F) — Ar is easily seen to be a Tp-torsor. We can “compactify” T
using a fan in X, (Tr)r = U(F)(R) as in §7.1.2] (in particular Theorem [7.1.10[ and [7.1.13)). In
our case, this fan must satisfy some properties so that we can do the quotient by I'z.

I') p-admissible polyhedral decomposition of C'(F) and further quotient by I'r;

Definition 7.2.1. A I'; p-admissible polyhedral decomposition of C(F) is a fan Xf in
X.(Tr)r = U(F)(R) satisfying the following properties:

(i) Each polyhedral cone in X is contained in C(F) and is strongly convez.
(i) C(F) CU,ex, 0, i-e. C(F) =Uyex,.(C(F)No).
(iii) For any v € I'y p and any cone 0 € ¥, we have yo € ¥p.

(iv) There are only finitely many classes of cones in Xp modulo I' .

Now take ¥ to be a I'; p-admissible polyhedral decomposition of C'(F'). By Theorem [7.1.10
we get a toric variety Vs, which torus 7. Consider

(T5\D(F)) xTF Vs, (7.25)
which is the quotient of (I',\D(F)) x V5, by the diagonal action of Tx. Finally set
TF\D(F))s,

to be the interior of the closure of T$\D(F) in (7.2.5). Now X ~ D = &,'(C(F)) allows us to
define

TF\D)sr € TE\D(F))s,- (7.2.6)
Finally, the I'; p-admissibility of ¥z allows to do the quotients
I'S\D I'S\D(F

e — Iy rp
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7.2.3 Final conclusion

Definition 7.2.2. A I'-admissible polyhedral decomposition is a collection {Xp}r of Ty p-
admissible polyhedral decomposition of C(F') for all rational analytic boundary components F
satisfying the following properties:

(i) If Fy =~ - F» fory €T, then ¥p, = vXpR,.

(ii) If Fy is contained in the boundary of Fy (i.e. Fy» C Fy which implies C(Fy) C C(Fy)),
then ¥p, ={oNC(F1):0 € Xp,}.

Now take a I'-admissible polyhedral decomposition {¥r}r, and set

M\ Xy = LTr\D)xy (7.2.8)

~

Here the equivalence ~ is defined as follows: Two points
z1 € ('R \D)s,, and 22 € (I'r,\D)s,,
are equivalent (i.e. x1 ~ x9) if and only if
(a) there exists a rational analytic boundary component F' and some 7 € I' such that

FiCF and ~F, CF;

(b) there exists a point x € (I'r\D)y, which projects to z1 and zy respectively under the
natural projections.

— ———BB
Theorem 7.2.3. F\Xt;r is a compactification of T\X, which dominants T\X . More pre-
cisely, there exists a natural morphism

t BB
MNXy — D\X
which is identity on I'\ X.
Moreover, there exists a refinement of X such that the morphism above is a resolution of
singularities.
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